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Chapter 1

REAL NUMBERS
. At the very foundations of mathematics is the concept of a set or collection of objects

and, in particular, sets of numbers on which we base our quantitative work in science and
engineering. The student is already familiar with the following important sets of numbers.

1. Natural Numbers 1,2,3, 4, ... or positive integers used in counting.

2. Integers 0, =1, +2 +3,.... These numbers arose in order to provide meaning to
subtraction [inverse of addition] of any two natural numbers. Thus 2-6=—4,
8—-8=0, etc.

3. Rational Numbers such as 2/8, —10/7, etc. arose in order to provide meaning to division
[inverse of multiplication] or quotient of any two integers with the exception that
division by zero is not defined.

4. Irrational Numbers such as /2, =, etc. are numbers which cannot be expressed as the
quotient of two integers.

Note that the set of natural numbers is a subset, i.e. a part, of the set of integers which in
turn is a subset of the set of rational numbers.

The set of numbers which are either rational or irrational is called the set of real
numbers [to distinguish them from imaginary or complex numbers on page 11] and is com-
posed of positive and negative numbers and zero. The real numbers can be represented as
points on a line as indicated in Fig. 1-1. For this reason we often use point and number
interchangeably.

—5/2 -10/7 32 2 2/3 ] -

R SRR N SRR £ R N

-8 -2 -1 0 1 2 3
Fig.1-1

The student is also familiar with the concept of inequality. Thus we say that the real
number ¢ is greater than or less than b [symbolized by a > b or a < b] if a— b is a positive
or negative number respectively. For any real numbers ¢ and b we must have a > b,
a=b or a<b.

RULES OF ALGEBRA
If @, b, ¢ are any real numbers, the following rules of algebra hold.

1. a+b =b+a Commutative law for addition

2. a+((b+c) = (a+d)+e¢ Associative law for addition

3. ab = ba Commutative law for multiplication
4. a(be) = (ab)e Associative law for multiplication
5 ab+c) = ab + «ac Distributive law



2 REVIEW OF FUNDAMENTAL CONCEPTS [CHAP. 1

It is from these rules [if we accept them as axioms or postulates] that we can prove the
usual rules of signs, as for example (—5)(3) = —15, (—2)(—3) =6, etc.

The student is also familiar with the usual rules of exponents:
am-q® = am+n, am/an = am—n’ aaéo, (am)n = qmn (1)

FUNCTIONS

Another important concept is that of function. The student will recall that a function
f is a rule which assigns to each object z, also called member or element, of a set A an
element y of a set B. To indicate this correspondence we write y = f(x) where f(x) is
called the value of the function at x.

Example 1. If f(z) = 22— 3x+2, then f(2) =22—3(2)+2=0.

The student is also familiar with the process of “graphing functions” by obtaining
number pairs (z, %) and considering these as points plotted on an xy coordinate system. In
general y = f(x) is represented graphically by a curve. Because ¥ is usually determined
from x, we sometimes call & the independent variable and y the dependent variable.

SPECIAL TYPES OF FUNCTIONS

1. Polynomials f(z) = aox™ + a:&" '+ a2 24 -+ +an. If a0+*0, n is called the degree
of the polynomial. The polynomial equation f(x) =0 has exactly n roots provided we
count repetitions. For example 2°—322+3x—1=0 can be written (x—1*=0 so
that the 3 roots are 1,1, 1. Note that here we have used the binomial theorem

n
(@+a)* = a* + G’)a""‘x + <2>a"‘2x2 + -0+ 2m @
where the binomial coefficients are given by

@ = Fo @

and where factorial n, ie. n!,=nn—-1)(n—2)---1 while 0! =1 by definition.

2. Exponential Functions f(x) =a*. These functions obey the rules (1).
An important special case occurs where a =e = 2.7182818 - - -,

3. Logarithmic Functions f(x) =log.x. These functions are inverses of the exponential
functions, ie. if a*=y then xz =log.y where a is called the base of the logarithm.
Interchanging « and y gives y =log.x. If a =e, which is often called the natural
base of logarithms, we denote log.x by Inzx, called the natural logarithm of x. The
fundamental rules satisfied by natural logarithms [or logarithms to any base] are

In(mn) = Inm + Inmn, 1n%”— =Ihm—Inn, Inm® = plam %)

4. Trigonometric Functions sinx, cosx, tanx, cotx, secx, cscx.
Some fundamental relationships among these functions are as follows.

. P . (= i
(@) sinz = cos<——x>, cosx = sm(——-x), tana = m,
2 2 cosx
cos ¥ 1 1
cotr = =— = ———, sect = ——, esex = —1—
sin & tanx cos ¥ sinx
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(b) sin?z +costz = 1, sec’zx—tan?z = 1, csc?z—cot?x = 1
(¢) sin(-x) = —sing, cos (—x) = cosw, tan (—x) = —tana
(d) sin(xxy) = sinxcosy xcosxsiny, cos(rxxy) = cosxcosy = sinx siny

tanax = tany

1=tanax tany
() Acosz+Bsinx = A2+ B%sin(x +a) where tana = A/B

The trigonometric functions are periodic. For example sinx and cosx, shown in

Fig. 1-2 and 1-8 respectively, have period 2.

tan(xxy) =

sinx cos ¥

\ 1 / v =72 /o\ /2 {/2\ v
VAR

Fig.1-2 Fig.1-3
5. Inverse Trigonometric Functions sin~'x, cos~1z, tan~'wx, cot—!x, see™la, escla.
These are inverses of the trigonometric functions. For example if sinz =y then
z=sin"'y, or on interchanging z and y, y =sin"1x.
6. Hyperbolic Functions. These are defined in terms of exponential functions as follows.
. _ef—e T I
(@) sinhz = 5 > coshz = —
_ sinha _ e —e " _coshe = 1 e +e"
tanhz = coshe ~ e +e* cothz = sinha ~ tanha =~ e*—e™*’
1 _ 2 1 _ 2
secha = Chw = € +e®’ eh® = Fhz @ e
Some fundamental identities analogous to those for trigonometric functions are
(b) cosh?x —sinh?x = 1, sech?x + tanh?x = 1, coth?x —ecsch?zx = 1
(¢) sinh(x=xy) = sinhz coshy = coshx sinhy
cosh (¥ +=y) = cosh coshy = sinh « sinhy
tanh x = tanhy
-+ =
tanh (@ % ) 1 = tanh « tanhy
The inverse hyperbolic functions, given by sinh—!x, cosh~!x, etc. can be expressed
in terms of logarithms [see Problem 1.9, for example].
LIMITS

The function f(x) is said to have the limit | as « approaches a, abbreviated lim f(x) =1,

if given any number ¢> 0 we can find a number § >0 such that |f(x)—| < ¢ whenever
0<|z—al<8.

Note that |p), i.e. the absolute value of p, is equal to p if p >0, —p if p<0 and 0 if

p=0.

- i
Example 2. lim (x2—4z+8) = 5, lim ——2 = 4, im 5°% =
Ze1 T £ —2 0 X
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If lim fi(x) =4, lim f.(x) =L then we have the following theorems on limits.
(@ lm [fi(x) = f2(x)] = ,l,im fi(x) = glcl_r.r; fol) = Lixl

® lm @ @] = [limfAe][linae] =

lim fi(x)
fi(x) swa _ Lo
1i = = = if L#0
(c) lm fa(x) lim f5(x) L'
CONTINUITY
The function f(x) is said to be continuous at a if lim f(x) = f(a). .
e T2 p#2
Example 8. f(x) = «2—4x+ 8 is continuous at = =1. However, if f(x) = <%~ 2 ,
6 x =

then f(x) is not continuous [or is discontinuous] at # =2 and ¥ =2 is called a
discontinuity of f(x).
If f(x) is continuous at each point of an interval such as 1S =% or 2 <& =,
ete., it is said to be continuous in the interval.
If fi(x) and f.(x) are continuous in an interval then fi(x) = fa(x), fi(x)f2(x) and
f1(x)/f2(x) where f2(x) = 0 are also continuous in the interval.

DERIVATIVES
The derivative of y = f(x) at a point « is defined as
) _ fe+h)—flx) _ Ay _ dy
fla) = hﬁ 13 - Alxr_r.lo Ax  dx (5)

where h=Ax, Ay = f(x+h) — f(x) = f(x+Ax) — f(x) provided the limit exists.
The differential of y = f(x) is defined by
dy = f'(x)dx where da = Ax (6)

The process of finding derivatives is called differentiation. By taking derivatives of
¥y’ =dy/dx = f’(x) we can find second, third and higher order derivatives, denoted by
” —_ dzy/dxz f”(x)’ 27 — dsy/dxs fn/(x) etc

Geometrically the derivative of a function f(x) at a point represents the slope of the
tangent line drawn to the curve y = f(x) at the point.

If a function has a derivative at a point, then it is continuous at the point. However,
the converse is not necessarily true.

DIFFERENTIATION FORMULAS

In the following u, v represent functions of ¥ while a, ¢, p represent constants. We
assume of course that the derivatives of u and v exist, i.e. v and v are differentiable.

a du , dv a (u\ _ v(du/dx) — uw(dv/dx)
L dx (w=2) = & " dx 4. dx (v) - v?
d _du d — du
2. dz (cu) = CTx 5. dz u? pur—! T
d _ dv du d . u
3. iz (wv) = L Pl 6. iz (@) = a*lna
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d . _ nudu 4 = _ du
7. w2 = @ 14. dxcscu = cscucotudx
d _ ldu 4 -ty = —L 9
8. % Inu = Edw 15. dz Sm—*u = de
9 & — cosu 16. & cos-tu = -1 _du
Iz sinu = ¢ SU i \/1——_{¢5dx
d — —sinu™ 4 pon-1y = L G
10. s-cosu = —sinu - 17. iz tan~tu = 1+ da
_ du d _ _ =1 du
11. &-Etanu = sec%t% 18. &—Ecot ly = 1T & dz
d _ du d . _ du
12. E—cotu = —csczu% 19. a—ismhu = coshu—dx
d _ du d . du
13. %secu = secu tanu% 20. %coshu = sinhu an

In the special case where u =, the above formulas are simplified since in such case
du/dx = 1.

INTEGRALS
If dy/dx = f(x), then we call y an indefinite integral or anti-derivative of f(x) and

denote it by
f r@yae )

Since the derivative of a constant is zero, all indefinite integrals of f(x) can differ only by
a constant.

The definite integral of f(x) between * =a and « =10 is defined as
b
f f(x)de = ’lm; Rif(a) + f(a+ k) + f(a+2h) + - -+ + f(a + (n—1)h)] 8)

provided this limit exists. Geometrically if f(x) = 0, this represents the area under the
curve y = f(x) bounded by the x axis and the ordinates at x=a and ¢ =b. The integral
will exist if f(x) is continuous in a =2 =b.

Definite and indefinite integrals are related by the following theorem.

Theorem 1-1 [Fundamental Theorem of Calculus}. If f(x)= g(x) then

b b d
(t@yar = (" Lo@ds = o) = g(b)—g(a)
2 _ 2 d 23 _ 23 2 _ 23 138 _ 7
Example 4. j;nﬂdw = J; E;(—?;-)dw = ?1 = 3-3 T 3

The process of finding integrals is called integration.

INTEGRATION FORMULAS

In the following u,v represent functions of x while a,b,c,p represent constants. In
all cases we omit the constant of integration, which nevertheless is implied.

f(ut'v)dx = fudxtfvdx 2. fcudx = cfudx
3. fu(%)dx = uv—fv(%)dx or fud'v = uv—fvdu

This is called integration by parts.
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4. fF[u(x)] de = fF(w) fvu,] where w = u(x) and w’ = dw/dx expressed as a

function of w. This is called integration by substitution or transformation.

p+1
5. fw’du = pﬁﬁ’ p*=-—1 14. fcscudu = In(cscu — cotw)
6. fu“du = @ = Inu 15. fe““ sinbudu = e(a sin bu — b cos bu)
% a’ + b?
7. f ardu = 2 a»0,1 16. f e cosbudy = C@cosbut b sinbu)
Ina @+ b2
8. feudu = e 17. f——d“— = sin'%
‘/a2_u2 a
; - _ _du 1. Y
9. fsmudu = —cosu 18. Cra@ = g tant o

10. fcosudu = sinu 19. f—di_ = In(u+ Vuz—a?)
\/uz_az

11. ftanudu = —Incosu 20. f—iL__ = In(u +Vu®+a?)
Vur+a?
12. f cotudu = Insinu 21. f sinhudu = coshu

13. f secu du = In(secu + tanwu) 22. f coshudu = sinhu

SEQUENCES AND SERIES

A sequence, indicated by ui, us, . .. or briefly by (u.), is a function defined on the set of
natural numbers. The sequence is said to have the limit [ or to converge to I, if given any
¢> 0 there exists a number N >0 such that |u.—1I| <¢ for all > N, and in such case
we write lim u, = [. If the sequence does not converge we say that it diverges.

ne> 0

Consider the sequence u;, u; + U2, U +Us+Us, ... O Sy, 82, Ss, ... wWhere S, =
Ui+ Uz + ¢+ + Ua. We call (S,) the sequence of partial sums of the sequence (u.). The
symbol -

U+ U+ Us+ -+ or D up orbriefly > u, 9)
n=1

is defined as synonymous with (S,) and is called an infinite series. This series will converge
or diverge according as (S,) converges or diverges. If it converges to S we call S the sum
of the series.

The following are some important theorems concerning infinite series.
Theorem 1-2. The series >, 7715 converges if p>1 and diverges if p =1.
n=1

Theorem 1-3. 1If S|u.| converges and |[v.| = |us|, then 3|v.| converges.
Theorem 1-4. If 3|u,| converges, then Zu, converges.

In such case we say that Su, converges absolutely or is absolutely convergent. A property
of such series is that the terms can be rearranged without affecting the sum.

Theorem 1-5. If S|u.| diverges and v» = |us|, then 3v, diverges.



CHAP. 1) REVIEW OF FUNDAMENTAL CONCEPTS Vi

Theorem 1-6. The series 2|u.|, where |u.| = f(n) Z 0, converges or diverges according as
® M
f f(x) d = lim f f(x)dx exists or does not exist.
1 - 00 1

This theorem is often called the integral test.

Theorem 1-7. The series Z|u,| diverges if lm |u./ 0. However, if lim |un] = 0 the
series may or may not converge [see Problem 1.31].

Theorem 1-8. Suppose that lim Until— 4. Then the series Su, converges (absolutely)

N~ 0

if r< ,1 and diverges if » > 1. If r =1, no conclusion can be drawn.
This theorem is often referred to as the ratio fest.

The above ideas can be extended to the case where the u. are functions of 2 denoted
by #(x). In such case the sequences or series will converge or diverge according to the
particular values of 2. The set of values of x for which a sequence or series converges is
called the region of convergence, denoted by R.

Example 5. The series 1+ 2+ 22+ 23+ -++ has a region of convergence ® [in this case an
interval] given by —1 < & <1 if we restrict ourselves to real values of z.

UNIFORM CONVERGENCE

We can say that the series ui(x) + u2(x) + - - - converges to the sum S(x) in a region R,
if given ¢ > 0 there exists a number N, which in general depends on both ¢ and «, such
that |S(x) —Sa(x)| < ¢ whenever n > N where S.() = ui(x)+ - -+ +un(2). If we can find
N depending only on ¢ and not on «, we say that the series converges uniformly to S(x) in
R. Uniformly convergent series have many important advantages as indicated in the
following theorems.

Theorem 1-9. 1If u.(x), n=1,2,8,... are continuous in e=x =b and Su.(x) is uni-
formly convergent to S(x) in e=x=b, then S(x) is continuous in
a=x =D,

Theorem 1-10. If Sun(x) converges uniformly to S(x)in e = x = b and ua(x), n=1,2,8, ...
are integrable in a = x = b, then

j;bS(x) dx = j;b{ul(x) +us()+ -+ }de = j;bul(x) dx + j;buz(x) de + - -

Theorem 1-11. If u.(x), n=1,2,8,... are continuous and have continuous derivatives in
e =x=b and if Su.(x) converges to S(x) while 2us(x) is uniformly con-
vergent in ¢ =x = b, then

S'(x) = d% {u(®) +us(®) + - - -} = wi(®) + up(®) + - - -

An important test for uniform convergence, often called the Weierstrass M test, is
given by the following.

Theorem 1-12. 1If there is a set of positive constants M., %»=1,2,3,... such that
|un(x)] = M» in R and =M. converges, then Su.(x) is uniformly convergent
[and also absolutely convergent] in R,
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TAYLOR SERIES
The Taylor series for f(x) about & =a is defined as

’7 — )2 (n—1) n—1
o) = f@ + r@w—o + TOE=D L LERES 4 R o)

@@ —a)y

where R, = v between « and x (11)

is called the remainder and where it is supposed that f(x) has derivatives of order n at
least. The case where n =1 is often called the law of the mean or mean-value theorem
and can be written as

. f@) —fl@) _

x—a
The infinite series corresponding to (10), also called the formal Taylor series for f(x),
will converge in some interval if lim R, =0 in this interval. Some important Taylor

N 0

series together with their intervals of convergence are as follows.

= f'(®0) %o between a and x (12)

1. e = 1+x+-g—§+gi!+ﬁ—:+--- —o < g <
2. sinx = x——g+§;—%+--- —o <<
3. cosx = 1——29%+Z—:—%+--- —o < g <
4. In(l+2) = x—%z+%3—%4+--- -1<z=1
5. tan~lzx = x—%z+%5—$-7+--- -l1=2=1

A series of the form D, ca(z — a)" is often called a power series. Such power series are

uniformly convergent in Zt:rfy interval which lies entirely within the interval of convergence
[see Problem 1.120].

FUNCTIONS OF TWO OR MORE VARIABLES

The concept of function of one variable given on page 2 can be extended to functions of
two or more variables. Thus for example z = f(x,y) defines a function f which assigns
to the number pair (x,y) the number z.

Example 6. If f(z,y) = 22+ 82y + 2y2, then f(—1,2) = (—1)2 4+ 3(—1)(2) + 2(2)2 = 8.

The student is familiar with graphing 2z = f(x,y) in a 3-dimensional zyz coordinate
system to obtain a surface. We sometimes call © and y independent variables and z a
dependent variable. Occasionally we write 2z = 2(x,y) rather than z = f(x,y), using the
symbol 2z in two different senses. However, no confusion should result.

The ideas of limits and continuity for functions of two or more variables pattern closely
those for one variable.

PARTIAL DERIVATIVES
The partial derivatives of f(x,y) with respect to x and y are defined by

g_; = m i@ty i@y o L fEy s kgc — f(@,9) (13)

B0 h oy om0
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if these limits exist. We often write h = Ax, k = Ay. Note that 8f/ox is simply the ordinary
derivative of f with respect to x keeping y constant, while 8f/dy is the ordinary derivative of
f with respect to y keeping x constant. Thus the usual differentiation formulas on pages
4 and 5 apply.

p
Example 7. If f(x,y) = 3% — dzy + 2% then %’;— = 6x — 4y, a_:;' = —dzx + 4y,

Higher derivatives are defined similarly. For example, we have the second order
derivatives

The derivatives in (13) are sometimes denoted by f. and fy. In such case f.(a,b), fy(a,d)
denote these partial derivatives evaluated at (a,b). Similarly the derivatives in (14) are
denoted by fz, foy, fuer fuw vespectively. The second and third results in (14) will be the same
if f has continuous partial derivatives of second order at least.

The differential of f(x,y) is defined as
_ of of
df = a—xdw + 3y dy (21%)
where h = Ax =dx, k= Ay = dy.
Generalizations of these results are easily made.

TAYLOR SERIES FOR FUNCTIONS OF TWO OR MORE VARIABLES

The ideas involved in Taylor series for functions of one variable can be generalized.
For example, the Taylor series for f(r,y) about z =a, y =b can be written

fl®,y) = f(a,b) + f:(a,b}(x—a) + fy(a, b)(y—Db)
+ 7 [fex(0, )@ = 0 + 20, D)@ = )y — B) + Fun(@, D)W — VY] + -+ (16)

LINEAR EQUATIONS AND DETERMINANTS
Consider the system of linear equations

ax +by = ¢
(17)

X + by = ¢

These represent two lines in the xy plane, and in general will meet in a point whose coor-

dinates (x,y) are found by solving (17) simultaneously. We find

_ C1b2 —_ b102 _ QA1C2 — CiQe
- albz — b1a2 ’ ¥y = a1b2 — b1a2 (18)
It is convenient to write these in determinant form as
¢: b as €
c: b dz C2
= , (29)
a; b ar by
az b, (¢2 bz
where we define a determinant of the second order or order 2 to be
a b
c d ad — be (20)
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Note that the denominator for « and y in (19) is the determinant consisting of the coefficients
of « and y in (17). The numerator for x is found by replacing the first column of the
denominator by the constants ¢, ¢: on the right side of (7). Similarly the numerator for
y is found by replacing the second column of the denominator by c¢i, c.. This procedure is
often called Cramer’s rule. In case the denominator in (19) is zero, the two lines represented
by (17) do not meet in one point but are either coincident or parallel.

The ideas are easily extended. Thus consider the equations

auxr +bwy+ecz = ds
s + by + 22 = ds (21)
asx + bsy + ez = ds

representing 3 planes. If they intersect in a point, the coordinates (z, y, 2) of this point are
found from Cramer’s rule to be

d1 b1 Cy as d1 C1 a1 b1 d1
d: b2 ¢ 0 d: ¢ az b d2
ds bs c¢s as ds cs as bs ds
&t = —, y= —— 0z = — (22)
a b ¢ a b a a; by ¢
az by c2 a b: ¢ az b: ¢
as bs C3 as bs cs as bs ¢

where we define the determinant of order 3 by

a b o
a2 by 2| = ibacs + bicots + C102b3 — (D1@2Cs + @162bs + €1b2as) (23)
as b3 C3

The result (23) can be remembered by using the scheme of repeating the first two columns
as follows

(24)

SN

and taking the sums of the products of terms as indicated by the arrows marked + and —.

+ +

The determinant can also be evaluated in terms of second order determinants as follows

b2 Ce
b3 Cs

A2 Co
as Cs

a2 b (25)
as 3]

ax - b + &

where it is noted that as, by, ¢: are the elements in the first row and the corresponding second
order determinants are those obtained from the given third order determinant by removing
the row and column in which the element appears.

The general theory of determinants, of which the above results are special cases, is
considered in Chapter 15.
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MAXIMA AND MINIMA

If for all  such that |x—a| < 8§ we have f(x) = f(a) [or f(x) = f(a)], we say that f(a)
is a relative maximum [or relative minimum). For f(x) to have a relative maximum or
minimum at z = a, we must have f(a) =0. Then if f”(a) <0 it is a relative maximum
while if f”(a) > 0 it is a relative minimum. Note that possible points at which f(x) has
a relative maxima or minima are obtained by solving  f’(x) = 0, i.e. by finding the values
of « where the slope of the graph of f(x) is equal to zero.

Similarly f(x,) has a relative maximum or minimum at z=4a, y=b if f:(a,0)=0,
fs(a,b) = 0. Thus possible points at which f(x,¥) has relative maxima or minima are
obtained by solving simultaneously the equations

offox = 0, affoy = 0 : (26)
Extensions to functions of more than two variables are similar.

METHOD OF LAGRANGE MULTIPLIERS
Sometimes we wish to find the relative maxima or minima of f(x,%) =0 subject to
some constraint condition ¢(x,y) =0. To do this we form the function h(z,y) = f(x,y) +
A » d t .
#(@,9) and se ohlow = 0, ohfoy = 0 27)

The constant A is called a Lagrange multiplier and the method is called the method of
Lagrange multipliers. Generalizations can be made [see Problems 1.54 and 1.150].

LEIBNITZ’S RULE FOR DIFFERENTIATING AN INTEGRAL

b
Let Ie) = f f(x, o) dz (28)
a
where f is supposed continuous and differentiable. Then Leibnitz’s rule states that if a and
b are differentiable functions of «,

- _ j;bg—idx + 0,03~ fa, 03 (29)

MULTIPLE INTEGRALS

A generalization of the integral for functions of one variable leads to the idea of
multiple integrals for functions of two or more variables. Because several ideas involved
in the theory may be new to some students, we postpone consideration of this topic to
Chapter 6.

COMPLEX NUMBERS

Complex numbers arose in order to solve polynomial equations such as #2+1=0 or
2%+ 2+ 1= 0 which are not satisfied by real numbers. We assume that a complex number
has the form a + bi where a,b are real numbers and 7, called the imaginary unit, has the
property that 2= —1. We define operations with complex numbers as follows.

1. Addition. (@+bi) + (c+di) = (a+¢c) + (b+d)

2. Subtraction. (a+bi) — (c+di) = (a—¢) + (b—d)

3. Multiplication. (a+bi)(c+di)) = ac + adi + bei + bdi? = (ac—bd) + (ad + be)i
4

a+bi _ a+bi c—di _ ac+bd+bc—ad.

Division.

c+di  ctdi c—di E+E T EFra’
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Note that we have used the ordinary rules of algebra except that we replace 2 by —1
wherever it occurs. The commutative, associative and distributive laws of page 1 also
apply to complex numbers. We call a and b of a + b the real and imaginary parts respec-
tively. Two complex numbers are equal if and only if their real and imaginary parts are
respectively equal.

A complex number z=2x+1iy can be considered as a
point P with coordinates (x,%) on a rectangular zy plane
called in this case the complex plane or Argand diagram P, )
[Fig. 1-4]). If we construct the line from origin O to P and

let p be the distance OP and ¢ the angle made by OP with Ev
the positive x axis, we have from Fig. 1-4 [ | w
@ = pcosp, Y = psing, p = Val+y®  (30) ° ’
and can write the complex number in so-called polar form as Fig.1-4
2 = 2+ 1y = plcosg+ising) = pcise (81)

We often call p the modulus or absolute value of z and denote it by [2|. The angle ¢ is

called the amplitude or argument of z abbreviated argz. We can also write p=V?22
where Z=x—1y is called the conjugate of z =z +1y.

If we write two complex numbers in polar form as

2, = plcos¢, +ising), 2, = p,(cos¢, + ising,) (32)

then 22, = p,p,[COS (¢, + p,) + 8in (¢, + ¢,)] (33)
z P . .

7 = p[co8($=9) + isin (4~ 4] (84)

Also if n is any real number, we have
2" = [plcos¢ + ising)]* = p*(cosne +isinng) (85)

which is often called De Moivre’s theorem. We can use this to determine roots of complex
numbers. For example if » is a positive integer,

2U/n = [p(cos ¢ + % sin ¢)]V/"
_ n ¢ + 2k . . + 2k
= pV {cos <———n——”> + zsm<qS s ”>} k=012 ...,n-1 (36)

Using the series for ¢*, sinz, cosx on page 8, we are led to define

e® = cos¢ +iging, e~ = cos¢ —ising (37

which are called Euler’s formulas and which enable us to rewrite equations (81)-(36) in
terms of exponentials.

Many of the ideas presented in this chapter involving real numbers can be extended
to complex numbers. These ideas are developed in Chapter 13.
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Solved Problems

REAL NUMBERS AND LAWS OF ALGEBRA

1.1. Prove that 1/2 is an irrational number.

Assume the contrary, i.e. suppose that V2 = p/lq where p and g are positive integers having
no common integer factor other than 1 [in such case we say that p/q is a fraction in lowest terms].
Squaring, 2 = p2/q%2 or p2 = 2q2. Then p? is even and so p must also be even. Thus p =2m
where m is a positive integer. Substituting into p2 = 2¢2 we find q2 = 2m?2, so that ¢2 is even and
thus ¢ is even, i.e. ¢ =2n where n is a positive integer. Since p and ¢ are both even they have
2 as a common factor, violating our assumption that they have no common integer factor other than
1. This contradiction shows that the assumption that V2 is rational is incorrect and proves that
V2 is irrational.

s . : 3

1.2. Which is larger /2 or 1/3?

Assume V2 = % Then raising each side to the 6th power we have 23 = 32 which is wrong.
It follows that VZ < V/3.

1.3. Assuming that the real numbers a, b, ¢ satisfy the rules of algebra on page 1, prove
that (b+c)a = ba + ca.

From rule 5 on page 1 we have a(b+¢) = ab + ae. But by rule 3 it follows that a(b+¢) =
(b+c)a, ab =ba, ac=ca. Thus (b+c)a = ba + ca.

FUNCTIONS
14, If flx) = 22* -3z +5 find (a) f(—1), (b) £(0), (¢) f(x+h).
(@ f(-1) = 2(-13—3(-1)+5 = 2(-1)+3+5 = 6
(b)) f0) = 208-300+5 =04+0+5 =75
(¢ fx+h) = 2(x+h3—8x+h)+5 = 2(3+822h+32h2+ %) —3x—3h + 5
= 223 + 6x2h + 6xh2 + 2h3 — 3x — SR + 5
1.5. Using the rules of exponents (1) on page 2, prove the rules of logarithms (4) on
page 2.

By definition, if ¢* =m then z =Inm. Similarly if e =n then y =Inn.

Since e*+ev = ¢**¥ we have mn = e*+¥ or z+y =In(mn), ie. In(mn) =Inm+Inn.

Since e%/e¥ = e*~¥ we have m/n=e*"% or z—y =In(m/n), ie. In(m/n) =Inm—Inn.

Since (e%)? = ¢ we have mP = ¢*® or xp =InmP, ie. InmP = plnm.

1.6. Prove that (a) sin®x = §(1 —cos2x), (b) cos?z = §(1 + cos 2z).

Since cos(#+y) = cosx cosy —sinz siny we have on letting y = z,
cos2x — sin2z = cos2x (1)
Also we have cos?z + sin2x = 1 (2)

From (1) and (2) the required results follow by subtraction and addition respectively.
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1.7. Prove that Acosx + Bsinx = VA2+B?sin(z+«) where tana = A/B.

We have
: —= 2 a4 —_— 1
Acosx + Bsing VA2+ B [ = 2cos<z7+ & 2:, (1)
Letting

A B
or tana =

. A
sin = —_ cos = ——— =
T VAT * T Varip B
[see Fig. 1-5], (1) becomes
Acosy + Bsine = VA2+ B2Z[sinacosz + cosa sinw]

VA2 + B2 sin (z + @)

as required.

1.8. Prove that (a) cosh’x — sinh*’x = 1, (b) sech?z + tanh?z = 1.
(@) By definition, cosh = L(e*+¢~%), sinhx = }(e*—e~%). Then
coshzy — sinh2z = }(e*+e7%)2 — L(e*—e %2
= He2r+2+e72) — LeZ—2+e %) = 1
(b) Dividing both sides of the result in (a) by cosh2 x, we have

cosh? sinhzge _ 1
cosh2 ¢ cosh2 z coshZ x

or 1 — tanh22z = sech2s

Since sinh #/cosh ¢ = tanhx, 1/coshx = sechz. From this we obtain sech?w + tanhZa = 1.

1.9. Prove that cosh~'z = xIn(z + Va?—1).

By definition, if y =cosh—1x then & =coshy=](e¥+e¥). Thus e*+e ¥=2x or
e —2xev+1 = 0. Solving this as a quadratic equation in e¥, we find

22 = Vdx2—4
v = = VYT eVl

2
or y=In(xxya2—1). Since

In(z—Vze—1) = 1 2o @1\ —1 +Vz2—1
n(x .2 ) n<w+\/_xT—_i n(z .2 )

the required result follows. Note that we must have # Z1 if y = cosh—1g is to be real.

LIMITS AND CONTINUITY

110. If (a) f(z) =22 () f(x) ={x 2 , prove that ll_rg f(x) = 4.

2
0 =2

(@) We must show that given any > 0, we can find § >0 [depending on e in general] such that
j#2— 4} <e when 0 <|o—2| <8,
Choose § =1 so that 0 < |x—2| <1 Then
[22—4] = |(=—2)(z+2) lz—2[je+2] = |z—2[|(x—2) + 4|
|e—2[{lx—2]| + 4} < 5§
where we have used the result that |a+ b = [a] + [b].

Take § as 1 or ¢/5, whichever is smaller. Then we have |#2—4| <e whenever 0 <
j#—2| < 8, and the required result is proved.

A

(b) There is no difference between the proof for this case and the proof in (a) since in both cases
we exclude z =2,
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L11. Prove that if limfi(2) =1; and lim fa(x) =1 then lim [fi(%) +fx(z)] = L + .

We must show that for any ¢ > 0 we can find § > 0 such that
I[f1 (@) +fe(@)] —(y+1)| < e when 0<|z—a] <8
We have ,
i@ +f2@] — G+ W) = @4+ [f2@ =L = [f1@)—U|+ |f2(@) — b
Now by hypothesis, given ¢ > 0 we can find §; >0 and 8, >0 such that
Ifi@ =1 < 2 when 0 < |z—a| < 3§
[fa@) =1l < /2 when 0 < |z—al < 3§

Then from (1), (2) and (8) we have
[[fi@) + fa@)] — (4 +1)| < e/2+¢/2 = ¢ when 0 < |z—2o <38

where & is chosen as the smaller of 8, and §,.

15

@)

(@)
0]

In a similar manner we can prove other theorems on limits such as lim [f{(2) —fo(®)] = 1, — L5,

lim [f, () f2(@)] = Lly and lim f;(#)/fo(s) = lfly if I#0. See Problem L75.
x~-a Ta

0 =2

2 xH#2
1.12. Prove that (a) f(x) = % is continuous at * =2 while (b) f(z) = { is not

continuous at = = 2.

(a) Method 1.
By Problem 1.10(a), ]in; f(®) = f(2) =4 and so f(«) is continuous at « =2,
z—->

Method 2.

We must show that given any ¢ > 0, we can find § > 0 [depending on e in general] such
that |f(x) — f@2)] = |#2—4| < ¢ when |#~—2| < §. The proof patterns that given in
Problem 1.10,

(b) Since f(2) =0 we have lirt; f(x) # f(2), so that f(x) is not continuous [or is discontinuous]
x -

at # = 2. We can also give a proof involving ¢, § methods by showing that given any e¢> 0

we cannot find § > 0 such that |f(x) —f(2)] <e when |z—2| <s.

DERIVATIVES
1.13. Prove that if % and v are differentiable functions of %, then
d _ du , dv d _ L dv du
(@) %(u+v) = %+%, % I (wv) = L + Y Ix

(@) Write Au = w(x+ k) —u(x), Av = v(z+ h) —v(x). Denote u(z), v(x) briefly by u, v respectively.

Then by definition, if » = Az we have

w(x + k) + v(x 4 k) — [u(z) + v
Lw+o) = lim (o4 h) ol h) = [ule) + o)
&* he0 h
= lm w(x + k) — u(x) + lm (e 4+ h) — v(x)
k=0 k B0 3
= i é}i i Av = g_y’. .dl
A].:TO Az + A];TOE dz T
d — e Wzt R)v(e+ R) — u(x) viz)
b — =
= lim (u + Au)(v + Av) — uv
Az~ 0 Az
. . Av Au Au dv du
= I —_— —_ prubid = — Pt
A;To <qu + vAa: + A”Ax) udw + vda:

. s Au . du
since lim Av=—= = =2 =
¢ o da <Alzu-?o Av) dw 0.
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Prove that if f(z) has a derivative at the point a, then f(x) is continuous at a.

We have f(a+ k) — fla) = f(a_+l%;f(_a) *h if h+# 0. Then if the derivative exists,
i - = iy | Lot = F@], -
lim [fa+0) — f@] = Jim [HEER) |- ma = o

Thus ']lin:) fla+ k) = f(a) and the required result follows.

Prove that if p is any positive integer and u is a differentiable function of z, then

d du
—_— YyP = p—1 —_—
@l TP g
By definition
. [ule + R)]P — [ul@)]? (u + Au)P — P
—eypr = - s
dz " ;].1-% k Alxl-r?o Az
. uP + puﬂ_l Au + %p(p— l)uP"Z(Au)Z 4 e — yP
= lim
Az =0 Ax
. Au Au du
= —-1== — -2=7 “oe = —122
A]zullo [p ur Ax + (e~ 1w Ax au + :I pwr dx
The result can also be shown to hold for all values of p.
. . 8inb d . du d
= - = - ——CcoSU =
Assuming that 11_13(1) 5 1, prove that (a) 3z Sinw = coswuz, (b) 17

. du d )
—sinuo, (¢ %tanu— sec’u 7.

d . . sinu(@+ k) — sinu(x) . sin(u+Au) — sinu
—_— w = lim = lim
(0/) dx sin h~0 h Az =0 Ax
- . sinu cosAu + cosu sin Au — sinu
= lim

Az ~0 Az

_ . sin Au . 1 — cos Au
= lim |eosu——— — sinu | —(——
Az =0 Ax Ax

= lim [cosu sinAu Au _ sinu [sin? (Au/2) \ Au | Au
Az—0 Au Az 2 (Au/2)2 | Az
du
= cosuU——
¢ do

where we have used the result of Problem 1.6(a).

(b) From part (a) we have 4 sin v = cos 'v@— Then letting » = %— u so that sinv = cosu,

we find dz dz
qa - T _ 8 [7_ = _—ginu®®
dp Cos% = cos <2 u> o <2 u) = sin
(¢) By differentiation formula 4, page 4, we have d d
d d /sinu (cos u)zw- sinu — (sinw) qp COS%
i Pt T <cos u> = cos?u
du _ . iy G%
_ (cos u)(cos u) Ia (sin u)(— sin ) o
- cosZ u
cos?u + sinudu _ 1 du

du
= - = secy——
cosZu de cos2u dx dx




CHAP. 1] REVIEW OF FUNDAMENTAL CONCEPTS 17

d 1 du
17, —tan"'uy = ———.
1.17. Prove that a7 TT 0 da
If v=tan—1u, then u = tanv. Then by Problem 1.16(c),
du  _ v _ 2y P = o v
ir secz'v% = (1+tan v)dx = (1+u)dw
dv 1 du
Thus dz ~ 1+« dw

1.18. Given that l])ing (1+b)/>=e = 27182818 ..., prove that

d _ 1ldu d ., _ .,du
(@) dx nu = u dz’ () daz ¢ T ¢4z
d _ . In(u+Aau) — Inu _ . u u + Au Ay
(@) da nw = A]zu-?o [ Az jI - A];r.r.lo {Au [ln< u >j| 'M.Aa:}
u/Aw
= l[Alim m(1482) e o Ly e Ldu
ulaz—o u dx u de u dz

We have assumed here that

u/Au u/Au
lim 1n<1+ﬂ> = ln[lim (1+A—“) }
Ax =0 u Az=0 u

which can be demonstrated by showing that In « is continuous,

(b) If v =e%, then u =Inv. Thus by part (a),

d _ 1dv . do _  du

de =~ wvdx de =~ d=x
. d _ du
i.e. %(eu) = eu ™

119. Find (a) [1% Vat+ 2z, (b) d_déc_ sin(Inx), (¢) [1% In (€% + cos 27).

il

d d d
LAy oy = 2 ()4 -2 %
(@) Ve + 22 pom (4 + 2x)1/2 (ot + 22) " 1/2 o (x4 + 22)

= L@t+22)"12(4a3+2) = (at+2)-1/2(208 + 1)
®) % sin(lng) = cos(lna) d% Ing = &s(xl-“—””)
(c) (% In(e3 + cos 20) = m gd; (e3% + cos 2x)

= m [e“dix (3x) — sin 20501% (2x):| = %sﬁ

120. If x% —e*® = siny find dy/dx.

Consider y as a function of # and differentiate both sides with respect to . Then

4 Dy = D
2z @) — () = osing
d d
or x2d—z + 20y — 2e2¢ = cosy%
ie. (2 — cos y)% = 2e2¢ — 2py
and dy _  2e2r — 2py

dx 22 — cosy
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2.
1.21. Show that if ¥ = 322 +sin2x, then Z—afg+4y = 1242 + 6.

We have d 2
y = 322 4 sin 2, Exl = 6x + 2 cos2w, d_xz = 6 — .4 sin 2
Then i’ + 4y = (6—4sin2x) + 4(3x24sin2s) = 1222 + 6

de

1.22. Find the differentials of (a) y = 2*—Inz, (b) y=e **+cos3zx.

(@) dy = %dx = g;(xz-—]nx)dx = <2x——>dx
®) dy = %dm = (iix (e=% + cos3w) = —(2e~2 + 3 sin 30) do
INTEGRALS

up+ 1 du
1.23. Prove that (a) f wdu = »¥1'P* -1, (b) f;; = Inu, (¢) f (u+v)de =
f udx + f vdx, (d) f cos u du = ginu where constants of integration are omitted.

_d (w1 _ pt+lhw
(@) Since d’u<p+1>_ P11

(b) Since ilnu, = l, we have J‘d_u = lnu.
du U %

. f upt1 |
= ur e — Wi Vi du = —— if % —1.
u? if p 1, e have uP du 1 I p

(¢ 1If F=f(u+v)dx, G=fudx Hzf'vdx then by definition %—u-{-v, %—:u,
%—Ig=v. Thus %g %+%}£ ¢Zv(G+H) and so F = G+ H apart from a constant

of integration and the required result follows.

. d . .
(d) Since Esmu = cosu, we have cosu du = sin u.

124. Find (a) fx\/ﬂ_ﬁm dz, (b) fe“’ cos (e¥*) dz, (c) f —cosT g

x — sin x
(@) Let u=22+1 so that du = 2xdx. Then

[ ovEFian = fﬁ%

1 1/2 = 1, w2 = w2 = (w24 1)3/2
2[“ du = grgpte = Fte T S+

(b) Let u = e3¢ so that du = 3¢3zdx. Then

fe“cos(e“)dx = fcosud—:;" = %fcosudu

= 1. 1. .
= 3s1nu,+¢: = 3s1n(e)+c

(¢) Let w = # —sinx so that du

(1 —cosx)dx. Then

1-—cosx d
x_—;i—n—a;dx = J‘-'i'l{' = lnu+c = ]n(x-—-sinx)+c
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1.25. (a) Prove the formula for integration by parts, and (b) use the formula to find

z sin 2z dx.

(a) Since d(uv) = udv + vdu we have

J‘d(u'v) = fud'v+f'vd'v or w = fudv+f'vdu
so that fud'v = uv-—fvdu

(b) Let =2, dv=sin2xdx. Then du= de, v= —% cos2z. Thus applying integration by
parts,

f rsin2xde = (#)(—% cos 2x) — f (—3 cos2x)dx = ~3x cos 2z + 1sin2z + ¢

22+ 1’
(@) Let «=22+1 so that du =2rdxy. Then

xde _ 1(du _ - 2
J‘x2+1 = 2J‘u = 4Inu +¢ dIn(e2+1) 4+ ¢

2 w2
1.26. Evaluate (a) f zdz (b) j; cos 3z dx.
1

Thus flzx;”f”l = %]n(w2+1)+cj = [4l5+c — [}In2+
= 4§Inb —1m2 = IIn}
(b) Let u =382 so that du = 3dx. Then
J‘cos3xdx = %f cosudu = fsinu+c¢ = LlsinSx + ¢
w/2 /2
Thus J; cos3xdr = LsinSx + ¢ . = -4

In practice when evaluating definite integrals, we omit the constant of integration ¢ since
it does not enter anyway.

1.27. Find the area under the curve y=sinz between =0 and z =~ [see Fig., 1-2,
page 3].

w

w
Area = f sinzder = —cosx0
0

1.28. (a) By using definition (8) page 5 for ¥
the definite integral, obtain an ap-

2
proximate value for d—f and

1
give a geometric interpretation.
(b) Show how the result in (a) can be
improved.
(@) Let a=1, b=2 and divide the inter-

val from a to b of length b—¢ =1 into
10 equal parts so that =» = 10, k=

b— 1 .
—n—a = ic = 1 [see Fig. 1-6]. We
have approximately
2
d
f S = AW+ FALD + £12) + -+ + f(L9)]
1
- 1,1 ,1 ., ...,.1
= 4 [1 tiitigtoot 1.9]

-1{1.0000 + .9091 + .8333 + .7692 + .7143 + .6667 + .6250 + .5882 + .5556 + .5263]
7188

It
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The correct value is lna = .6932. Note that each term of the approximating sum represents
one of the 10 rectangular shaped areas shaded in Fig. 1-6.

The result obtained in (a) overestimates the true value since the upper edge of each rectangle
lies above the curve y = 1/x. To obtain an underestimate we use the lower rectangles. In
this way we find approximately

%
1 x

A[f(1.1) + f(1.2) + f(1.3) + < -+ + f(2.0)]

1[1 +—+L+ +i}

1.1 1.3 2.0
= .1[.9091 + .8333 + .7692 + .7143 + .6667 + .6250 + .5882 + .5556 + .5263 + .5000)
= .6688

As a better estimate of the integral we take the arithmetic mean of the overestimate and the
underestimate, i.e. 3(.7188 4 .6688) = .6938 which compares very well with the correct value
.6932, Since the ar1thmet1c mean of the areas of any upper rectangle and corresponding
lower rectangle is the area of a trapezoid, this method of averaging is often called the
trapezoidal rule,

SEQUENCES AND SERIES
1.29. (a) Find the limit of the sequence .3, .33,.333, ... and (b) justify your conclusions.

(@)

(®)

The nth term of the sequence can be written

- 8,38 . 8 .42 8 8 i .1 ..., . 1
=ttt Tt T 10 [1+ tiet +10n-1}
. 1, 1 1
Now if S:1+ﬁ+1ﬁ+"'+ﬁm
e _ 1 . o, _1 1
then 105 = p0tie ™t T T im

so that by subtracting we have

9¢g = 1L _ w0/, 1
105 = 1w or S_9<1 i&>

Thus the nth term is «, = ;(l—ﬁi> and as n = «, u, > 1.

To give a proof that 1/3 is in fact the required limit we must show that given ¢ > 0 we can
find N [depending on ¢] such that |u,— 3] <e for = > N. Now

_1 1/, _13)_1 _1 | _ _1
“n T3 l3<1 1on> 3 3e10n| ~ .10 < °
when 107 > 1/8¢ ie. n > logy(1/3¢) = N

Thus we have found the required N and the statement that the limit is 1/3 is proved.

1.30. Show that the series 1 -1 +1—1+1—1+ ... does not converge.

The sequence of partial sums is 1,1—-1,1—1+1,1—1+1—1, ... or 1,0,1,0, .... Since

this sequence does not converge, the given series does not converge.

131 Use the integral test, page 7, to show that > — (a) converges if p>1 and
(b) diverges if p = 1. “= nr

(a) Using f(r) = 1/n® we have f(x) = 1/xP so that if p =1,

v o0
dx . M . 1-p
J — = lim z—rdy = lim %
1 & M= 1 Mool — P

M -
= lim [M‘ P__1_
1 Mo w l—p l—p

Now if p > 1 this limit exists and the corresponding series converges.
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(b)) If p <1 the limit does not exist and the series diverges. If » =1 then

® g M M
f = = lim dor  _ lim Inx = lim InM
1 x Mo 1 x Moo 1 Mo

which does not exist and so the corresponding series for p =1 diverges.

This shows that 1+ 1 + 3 + .- diverges even though the nth term approaches zero.
[See Theorem 1-7, page 7.]

. 1 1 1 1
1.32. Investigate the convergence of 1 — > + FE + BT
The series of absolute values is 1 + 21—2 + %+ % + 515 + :+«+ and converges by Problem 1.1
since p = 2. Thus the series converges absolutely and so converges by Theorem 1-4, page 6.

Lox 2 a2t axt ¢ l=z=
1.38. Prove that the series TR + FTT B 4+ --- converges for ~1=a =1,

n
1%

The nth term of the series is u, = (—1)»~ ot Now
s | Rarry (—1)rgr+1/(n 4 1)2 n n? _
r}’-’fi Uy N ,}’_‘.'L (—1)n—1an/n2 s | (B 1) el = el

Then by Theorem 1-8, page 7, the series converges if [z <1, ie. —1<2<1 and diverges for
|#| > 1. For |x| =1, i.e. # = =1, no conclusion can be drawn. However, for # =1 and —1 the
series becomes
1_1,1 -1 _1_1_1_ .
7 227 32 12 22 32 22
which are absolutely convergent and thus convergent. It follows that the series converges for
—-1=sz=1.

1
_4_2+ e,

UNIFORM CONVERGENCE
1.34. Investigate the uniform convergence of

x? x? x?
T+e T xa * ey T

for —1=szx=1.

_ x2 x2 x2
Method 1. Let S,(x) = T2 T+ =22 oot 1+ 22)n

If =0, then S,(0) =0.

: Ifi’:‘ .:;1# 0,1 ltz?gn )]Sn(:c) =1- mﬁ using the fact that the series is a geometric series
see Problem 1.110(a)}.

Then 0 if =0

1 if =0

Since each term of the series is continuous while the sum function S(x) is discontinuous at = = 0,
it follows by Theorem 1-9, page 7, that the series cannot be uniformly convergent in —1 < 2 = 1.

Method 2. We have from the results of Method 1,

S(x) = lim S,(x) = {

1
|Sp(x) — S(x)] = 4{(1F+a)r+t
0 if =0

if x#0

. In(1
Then |S,(x)—S(@®) <e if (1+a2)2*1>1/e or n > E%T(+_/e:¢)37)_ 1 = N. However, since we

cannot find an N which holds for all # in ~1 = =1 [consider 2 =0 for example], it follows
that the series cannot be uniformly convergent in —1 S g = 1.
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1.35.

1.36.

1.37.

1.38.
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Prove Theorem 1-9, page 7.
We must show that S(z) is continuous in a =« = b.
Now S(x) = S,(x) + R,(x), so that S(x+hk) = Sy(¢x+h) + R, (x+h) and thus

S(x+h) — S(x) = Sy(x+h) — Sy®) + By(x+ k) — Ry(w) 1)

where we choose k so that both « and x4+ hk liein e=2=b [if =20, for example, this will
require h < 0}.

Since S,(x) is a sum of a finite number of continuous functions, it must also be continuous.
Then given ¢ > 0, we can find & so that

S+ k) — Sp(@)] < /8  whenever |k] <3$ 2
Since the series, by hypothesis, is uniformly convergent, we can choose N so that
[Ra(®)] < ¢/8 and |R(x+h)] < ¢/8 for n>N €]

Then from (1), (2) and (3),
S+ k) — Sx)| = |Spx+h)— Syx)] + [Blx+h) + |Bx)] < e
for |h| < 8, and so the continuity is established.

Prove Theorem 1-10, page 7.

If a function is continuous in a = « = b, its integral exists. Then since S(x), S,(x) and R, (x)
are continuous, b b b
f Sx)yde = f Sulz) dz + f R (x) dx
a a a

To prove the theorem we must show that
b
f R, (x) dx
a

be(:c)dac - ben(ac) dx

can be made arbitrarily small by choosing n large enough, This, however, follows at once, since by
the uniform convergence of the series we can make |R,(x)| < ¢/(b—a) for n > N independent of

« in [, b], and so
b b b :
f R, (x)dx| = f |Ra()| de < f E _dx =
b-a
a a a

This is equivalent to the statements

b b b b
f S@de = lim J' S e)de  or lim | S@de = f {lim s,,<x)} da
a n=+w0 a n=—, o0 a a n— w0

Prove the Weierstrass M test [Theorem 1-12, page 7).
Since 2 M, converges, we have

Mn+1+Mn+2+"' < e for n > N

[+ 1(®)] + oy yol@)] + -+~
My, + Myyo + -0+ < &

IIA

Then IR,,(:C)‘ = g eq(®) + Uy 1 2(x) + '”l

IIA

Since N is independent of w, the series must be uniformly convergent.

0 o
sinnz .
Prove that 2: —B 18 uniformly convergent for —x =2 = .
n=1

S 1

We have L’;;‘i‘ = Since Elﬁ converges, it follows by the Weierstrass M test that the
n=

1
-

given series is uniformly convergent for ~r =2 =< {and in fact any finite interval].
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TAYLOR SERIES
1.839. Obtain the formal Taylor series for sinx about z =0.

1.40.

FUNCTIONS OF TWO OR MORE VARIABLES AND PARTIAL DERIVATIVES
141.

Let f(x) = sinx. Then
fix) = cosx, f'(x) = —sinx, f"(x) = ~cosx, [W(x) = sinx, [fO)x) = cosw,
so that
fO) =0, f(0) =1, f10)=0 [0 =~-1 [f0) =0, [0 =1,

Thus from

1@ = f@ + fae—a + LOEZF frae=af .

with @ =0, we have

1—e®
x

1
Use series methods to obtain the approximate value of f dx .
(1}

From the expansion for ¢* on page 8 we have on replacing x by —z,

— — I:vc2 a3 at

e F 1 ® T e 3! 4! ’

1—e = x a2 a3
Then — = 1_ﬂ+§f—ﬁ+'”

23

Since this series is uniformly convergent for 0 =x =1 [as can be proved by using Problem

1.120], we can integrate term by term to obtain

1
1—e¢® _ 2 el wt !
j; = = rogmtrE oot
o, 1 11
=lTrmtym oot

= .7966 approx.

If f(z,y) = 322+ 4y — 292, find (a) f(2,-3), (b) f=(2,-3), (¢) f+(2,—3), (d) f+=(2,-3),

(e) fxy(z, —3)’ (f) fyx(zy _3); (g) fyy (2, "‘3).
(@ £2,-8) = 3(2) + 4(2)(—3) — 2(—3)2 = —30

(b)) filzy) = («Z_fx_ = 6x +4y. Then f,(2,—3) = 6(2) +4(-3) = 0.

© fy@y) = % = 4x — 4y. Then f,(2,—8) = 4(2) — 4(—8) = 20.

@ fulwy) = oF = a%(gg) = L@st4) = 6. Then f,,(2,-3) =6.

© fol®y) = ;Tf:g; = %(%) = %(4:1:-—43/) = 4. Then f,( —3) =4.

R a%(%) = 2(eta) = 4 Then fu2-9) =4,

@) Fu@y) = a%fi = %(%) = aiy<4x—4y) = —4. Then fy,(2,—3) = —4.

Note that the results in (¢) and (f) illustrate the fact that f,, = fyr since in this case f is

continuous and has continuous partial derivatives up to and including the second order.



24

1.42.

1.43.

1.44.
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If f(z,y)=sin(z*+2y), find (a) fz, (b) fu, (©) faz, (d) fay, (€) fuz, () fun.
@ f= = ;3% sin (#?+2y) = cos(x®+2y) %(-’02 +2y) = 2 cos(x2+ 2y)
() fy = aa—y sin(#2+2y) = cos %2+ 2y) :—y(.«:? +2y) = 2 cos(x2+2y)
(e) fzz = ';;fx = -6%7- [22 cos (22 + 2y)]

— K 2 K
= 2 3 €08 (@2 +2y) + cos (x?+ 2y) Y (2x)

(x2 4+ 2y)
ox

= 2 I:— sin (22 + 2y) :I + 2 cos (2 4+ 2y)

= —422 sin (22 +éy) + 2 cos (22 + 2y)

@ fog = % fy = a—i— [2 cos (22 4+ 2y)] = —2sin(x?+ 2y) %(ﬁ +2y) = —4x sin(22+ 2y)
(e) f, 2 f. = 5 [22 cos (x2+2y)] = 2:vci cos (22 + 2y)
e dy’*® dy dy
= 2 [— sin («2 + 2y):—y (=2 + 2y):‘ = —da sin (2 + 2y)
S - 9 2 = —9 gin (22 8 (2 = —4 sin (22
N fu = F” fy = 3 [2 cos (#2+2y)] = —2sin(22+ 2y) F” (22 + 2y) 4 sin (22 + 2y)

Note that f,, = f,, in (d) and (e).

If f(z,y) = 32+ 4oy — 2y?, find df.

Method 1. df = g—i—dx + %{;dy = (6w +4y)de + (4u—4y) dy

Method 2. df d(3x2) + d(4xy) + d(—2y?)

= 6xdr + 4(xdy +yda) — dydy = (bx +4dy)de + (4o — 4y)dy
oz oz
If z= x — = = 0.
f(y/x), show that x 3 TV 3 0
Method 1.
Let u = y/x so that z = f(u). Then
% _ 8zdw _ 4009 - _yw
o du dx f (u)a_;;(y/ ¥) = )
Ei = EEQE = ’ i — Z,(u)
3y 9u oy f(u)ay (y/w) = -
9z 2 _ |yl fay] _
Then x6x+yay x|: 2 j|+2/[ . =0
Method 2. dz = flly/e)dy/z) = f'(y/z) [06 dy ;2 ydac:|
Then since dz = g%d-" + —gsdy, it follows on equating coefficients of dx and dy that
e _ _ylx) 8z _ ['/e)
% 22 T e

and the result follows as in Method 1.
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1.45.

1.46.

If dz = M(z,y)dx + N(z,y)dy, prove that oM/3y = dN/sx where M and N are
assumed to have continuous partial derivatives.

Since dz = (32/d%) dx + (92/8y) dy = M dx + N dy, we must have 92/6x = M, 32/3y = N since
« and y are independent variables.

2, 2,
Then since 0= _ 0% [if these derivatives are continuous], we have
dy dx dx dy
822 _ oM 2z _ oN aM _ aN

dyox 9y’ xdy  ox o Gy T
Similarly we can prove that if 0M/3y = 3N/3x then Mdx + Ndy can be written as the differ-
ential of 2, i.e. dz, often called an exact differential.

9z _ dzou a9z dv

If z==z(u,v) where u=u(x,y), v=v(,y), prove that (a) 3z =~ omox 3v oz’
Y dudy oy’

From 2z =z(u,v), u=u,y), v=2(zy) we have

o g, 0 o | du _ g,
dz = u du + o dv (1) du = Y dx + 3y dy (2) dv o dax + 39 dy (3)
Then using (2) and (8) in (Z) we find on combining terms,
o (o sz ou | dzdv
dz = <au o T v ax> de + <au v 6y> dy )

But considering that z is a function of # and y since u,v are functions of x and y, we must have
dz = (92/9x)dx + (32/3y) dy 5)
Equating corresponding coefficients of dx and dy in (4) and (5) yields the required results.

TAYLOR SERIES FOR FUNCTIONS OF TWO OR MORE VARIABLES
1.47. Verify the result (16) page 9 for the function of Problem 1.41.

From Problem 1.41 we have f(2,—38) =30, f,(2,~-8)=0, f,(2,—8) =20, f;,(2,—8)=8,
fay(@,—3) = f4z(2,~8) = 4, f,(2,—8) = —4. Also the higher derivatives are all zero. Then from
(16), page 9, we should have

S22 + 4oy — 22 = —80 + 0(=z—2) + 20(y+3) + % [6(x—2)2 + 8(x—2)(y+3) — 4(y + 3)?
Now the right side can be written

—30 + 20y + 60 + 3(x2—4x+4) + 4(xy—2y+32—6) — 2(32+6y+9) = 322 + daxy — 22
and the result is verified in this special case.

LINEAR EQUATIONS AND DETERMINANTS

1.48.

1.49. Solve {

Verify that the solutions of (17), page 9, are given by (18).

We have 1 azx+ by = e 2) agx + by = ¢y
Multiply (1) by b, to obtain abox + biboy = e¢,by
Multiply (2) by b, to obtain biage + biboy = bycy

Then by subtraction, (a,b, — bjag)z = ¢1by — bic, which gives the required result for . Sim-
ilarly on multiplying (Z) by @y, (2) by a, and subtracting we obtain the result for y.

3z +4y = 6 . )
2¢ —5y = g Using determinants.
By Cramer’s rule we have
ls 4' . ‘3 sl
8 5 = (6)(=5) — (4)(8) _ 62 _12 8/ _ (8)8) — (6)(2) _ 12
- 3 4| (8)(—5) — (4)(2) 3 ¥= 3 4 T B -@e 0 28
2 -5 2 -6

A check is supplied by substituting these results in the given equations.
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3x+ y—2z = —2

1.50. Solve x—2y+32= 9 forz

1.51.

2r+3y+ z = 1

By Cramer’s rule we have 3 1 —2
1 -2 9
2 3 1
z =
3 1 -2
1 -2 3
2 3 1

—84
—42

(@) For what value of k will the system of equations
1-kzx+y =0
{ kx—2y = 0
have solutions other than the trivial one =0, y=0. (b) Find two non-trivial

solutions.
(a) By Cramer’s rule the solution will be
0 1
0 —2
x = ——
1—k 1
k —2

-

Now since the numerators are equal to zero, these can be non-trivial [i.e. nonzero] solutions

only if the denominator is also equal to zero, i.e.

1—-k 1
» k —o (1 =k)=2) — (1)(k)

k—2 = 0 or k=2

(b)) If k=2 the equations become —x+y =0, 2x —2y = 0 and are identical, i.e. x =y. Then
solutions are ¢ =2, y =2, =38, y =3 for example. Actually there are infinitely many

such non-trivial solutions.

MAXIMA AND MINIMA. METHOD OF LAGRANGE MULTIPLIERS
152. Find the relative maxima and minima of f(x) = x* — 8x% + 2222 — 24« + 20.

1.53.

The relative maxima and minima occur where

fiix) = 423 — 2422+ 446 —24 = 0 or (x—1)(x—2)(x—3) = 0, ie 2=1,2,3

Then since f'/(x) = 1222 —48x + 44, we have f"(1)=8>0, f'(2)=—-4<0, f'(3) =8> 0. Thus
a relative minimum of 11 occurs at x =1, a relative maximum of 12 occurs at x =2 and a

relative minimum of 11 occurs at = = 8.

Determine the dimensions of the largest rec-
tangular parallelepiped which can be inscribed
in a hemisphere of radius a [Fig. 1-7].
The volume of the parallelepiped is
V = (22)2y)z) = 4dxyz
and the equation of the surface of the hemisphere is
2+y2+22=a? or z=Va?—a—y2.

The volume is a maximum where V2 = U =
22y222 = a2y2(a2— 22— y?) is a maximum. To find
this we solve simultaneously the equations

Fig. 1-7
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U/ dx = 2alxy2? — 4a3y? — 22yt = 0, aU/dy = 2a%x2y — 4a2y® — 22ty = 0
Since « = 0, y ¥ 0, these give

202+ y2 = @2, a2+ 2y = a?

from which * =y = ¢/V3 andso z = a/V3.

154. (a)

()

()

Then the required volume is 4a3/3V/3.

Prove the method of Lagrange multipliers for the case where the function
f(x,%) is to be made a maximum or minimum [or extremum] subject to the con-
straint condition ¢(x,y) =0.

Show how to generalize the result of (@) to the case where the function to be made
an extremum is f(,y,2) and the constraint condition is ¢(x,¥,2) = 0.

Illustrate the method of Lagrange multipliers by working Problem 1.53.

(@) Assume that ¢(z,y) = 0 defines y as a unique function of z, i.e. y = g(x), having a continuous

(%)

derivative g’(x). Then we must find the maximum or minimum [extremum) of

flz,y) = flx, 9(x))

But as in elementary caleculus this can be found by setting the derivative with respeet to «
equal to zero, i.e.

of L ofdy _ o) —

Also from ¢(x,y) =0 we have the identity ¢(x,g(x)) =0 so that
0 4 dody _

et = or g+ py0'(®) = 0 )
Eliminating g’(x) between (1) and (2) we find
fr — qf—qux =0 )
assuming ¢, #= 0. Now if we define A= —f,/¢, or
fytrgy =0 “*)
(3) becomes fe+ My =0 (5)

But (4) and (5) are obtained by considering h(x,y) = f(x,y) + Ap(x,y) and setting
dhfox = 0, oh/3y = 0 (6)
so that the method is proved. We call A\ the Lagrange multiplier,

In this case we assume that ¢(x,%,2) =0 can be solved to yield z = g(x,%) so that
f@,4,2) = f(x,¥,9(x,v))

But the extremum of this function of x# and y can be found by setting the partial derivatives
with respect to # and y equal to zero, i.e.

3f of oz

HTRE =0 o fatfw =0 o
af af 8z _ _

w T azey 0 o futfay =0 ®

Also the constraint condition yields the identity ¢(»,y,g(»,¥)) =0 so that by differentiation
with respect to # and y we have

¢ d¢ 82 _
3 T azom — 0 O sxt g9, =0 9
3 , 940z _
T+ 2T =0 or g, +eg, =0 (10)

oy 9z oy
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Eliminating g, and g, among the equations (?), (8), (9), (10) we find, assuming ¢, #* 0,

fe— %% = 0, fy — %sby =0 (11)
Then calling A = —f,/¢, or
fot g, = 0 (12)
equations (11) yield
fr+ Ay = 0, fy ¥ 2y = 0 (13)

But (12) and (18) can be obtained by letting h(x,y,2) = f(x,¥,2) + \¢p(%,¥,2) and setting the
derivative with respect to x,y, # equal to zero so that the required result is proved.

We must find the maximum of 4wyz subject to the constraint condition x2+y2+22—a2=0.
To do this we form the function
hiz,y,2) = 4dxyz + N2+ y2+22-—a?) (14)
and set the partial derivatives of & with respect to x,y, 2 equal to zero. Thus we obtain
dh/dx = 4dyz + 2xx = 0, ahfdy = 4dxz + 2Ny = 0, dhfdz = daxy +2xz = 0  (15)
Multiplying these by «, y, #z respectively and adding, we find
120yz + 2N (2 + ¥2 +22) = 122yz + 2xa2 = 0

or A = —6xyz/a?. Then substituting this value of A in equations (15) and solving simultaneously
with «2 + y2 + 22 = a2, we find

x =y =2z = a/V3
as in Problem 1.53.

LEIBNITZ’S RULE

155. If I() = f “ Si’;"‘” da, find L.

do

dl - faz i(sir;a—x)dx + sina®de? __ sina? da

42

da e 0 o2 de a da

a2 2 sin a3 . 2
sin « sin

= f cosax dyx + ——— — ——
« [+4 [+4

. 2

sin ax [*

[+4

+ 2sina®  sing? _ 3sina® — 2sine?
« a a a

COMPLEX NUMBERS
1.56. Perform the indicated operations.

(a)
(%)
(e

(@

(—T7T+3) — (2—4)

(A4—20) + (—6+5i) = 4—2—6+5i = 4—6+ (—2+5);i = —2 + 8

—T+8—2+4i = =9+ Ti

B—2)(14+38) = 3(1+8))—2i(1+3]) = 3+9{—2{—6i2 = 3+9—2{+6 = 9+ 7T¢

~5+5i _ —b+5i 4+8 _ (-5+5i4+3) _ —20— 15i + 20 + 15i2
4—3 ~ 4-8 d+8 16 — 92 - 16 + 9
~85+5i _ 5(=7T+i) _ =7, 1.
T T2 = 25 5 ' B
i+t i— 14 GO FEN2HEDE _ i—1—i+1+4
1+ - 1+ - 1+
_ 4 1—i _ i—4® _ i+l _ 1.1

T5i'1—3 — 1= - 2 2 t 3t
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(f) 13—4d14+38] = V(B2 +(—42V@2+@B)2 = (5)5) = 25

1 1-8 148 —6i| _ — _ 3

(9) ’1+3z 1-3¢ 1—9i2 1-—9:2 ‘ = VO + (&2 = 5

1.57.

1.58.

If 2, and 2: are two complex numbers, prove that (2122 = [21] [22].
Let 2, = «; + iy;, 2o = 2, + iys. Then
laazel = I+ iy)(me +iyg)l = |wime — yave + i@1ye + 2oy)|

\/("01-’02"' Y1¥2)? + (wys + 22y1)? \/;’1 @y + viv; + #jy; + =ul
@yl +vy) = \/xﬁ +y? \/w§ +ty; =zt e sl = 2l |zl

Solve 2*—2x—4 =0,

The possible rational roots are x1,x2, +4, By trial we find «# =2 is a root. Then the given
equation can be written (x—2)(x2+2x+2)=0. The solutions to the quadratic equation

—b xb2=
o = DEVL—dae o e=1 b=2 ¢=2 this gives z =

It

ax2+bx+c¢c = 0 are

2a
-—2124—-8 _ -—212\/—4 _ —2212i = _1=4

The set of solutions is 2, —1 +4, —1 — 1.

POLAR FORM OF COMPLEX NUMBERS

1.59.

1.60.

Express in polar form (a) 3 +3i, (b)) —1+/34, (¢) —1, (d) -2 — 2y/34.

™
240°
—2
2
é‘v 3 V3 | L
3 =Y ey
(a) ) )] (d)
Fig.1-8

() Amplitude ¢ = 45° = /4 radians. Modulus p = V82432 = 3V/2. Then
848 = plcos ¢ + ising) = 3V2(cosx/4 + isinn/d) = 3V2cis#/4 = 82 emiss
() Amplitude ¢ = 120° = 2+/3 radians. Modulus p = \/(—1)2 +(V8)2 = V4 = 2. Then
—-1++3¢ = 2(cos 27/3 + 1 8in 22/8) = 2 cis 2n/3 = 2e27i/3
180° = 7 radians. Modulus p = V/(—1)2+ (0)2 = 1. Then

—1 = l(cosw + i sinx) = cisr = emi

(d) Amplitude ¢ = 240° = 4,/3 radians. Modulus p = \/(—2)2+ (—2v/3)2 = 4. Then

—2 — 23 = 4(cos 4/3 + i sin 4n/3) = 4 cisdr/3 = detniss

(¢) Amplitude ¢

Evaluate (a) (=1 +1/84)0, (b) (—1+i)v2,
(¢) By Problem 1.59(b) and De Moivre’s theorem,
(—1+V3i)0 = [2(cos2x/3 + i sin 24/3)]10 = 210(cos 20x/3 + i sin 20/3)
1024(cos (27/3 + 67) + i sin (27/3 + 67)] = 1024(cos 2+/3 + i sin 24/3)
1024(— + §V384) = —512 + 512V/3i

i
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() —1+i = V2 (cos185° + i sin185°) = /2 [cos (135° + k- 360°) + i sin (135° + k * 360°)]

Then
(1493 = (J/2)3 [cos <l§§°_+3_’9_36_0°.>

.. <135°+k°360°):l
+ i sin —3

The results for k=10,1,2 are 2

V2 (cos 45° + i sin 45°), [ .
285° s

V2 (cos 165° + i sin 165°),
V2 (cos 285° + i sin 285°) 4 \
The results for k = 3,4,5,6,7,... give repetitions
of these, These complex roots are represented geomet-

rically in the complex plane by points Py, P, P3 on the
circle of Fig. 1-9. Fig.1-9

—
165°

50

bl

P

3

1.61. Assuming that the series for ¢* on page 8 holds for complex values of z, arrive at
Euler’s formula e = cos¢ + ¢sind.

If =1 we have

. i5)2 is)3 i8)2 i3)5
eld = 1+z¢+%+%+%—+%+ﬂ-

¢? |, ¢t BB
<1_ﬁ+ﬁ""'>+’<¢ 315

= cos¢ + ising

Similarly we find e~ = cos ¢ — isin g.

Supplementary Problems

REAL NUMBERS AND LAWS OF ALGEBRA
1.62. Prove that (a) V2, (b) V3, (¢) V2 + V3 are irrational numbers.

1.63. Arrange in order of increasing value: 11/9, VE, \/§ \3/3/ \?'/E Vs 60.
1.64. Explain why (a) 1/0, (b) 0/0 cannot represent unique numbers.

1.65. Explain why we must define (a) (—5)(8) = —15, (b) (—2)(—3) = 6 if the rules of algebra on page 1
are to hold.

FUNCTIONS
1.66. If f(x) = (322 +22—5)/(x—4), find (a) f2), (1) f(-1), () £(3/2), (d) f(—=), (e) f(V/2).

1.67. An odd funetion is one for which f(—x) = —f(x) while an even function is one for which
f(—x) = f(x). Classify each of the following according as they are even or odd: (a) cos2z,
(b) sin3x, (c) tanx, (d) e*, (¢) e*—e~%, (f) e+ e~ 7,

1.68. (a) Prove that ec¢inb = po, () Find e—2lnz,
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1.69. Prove that (a) sin3x = 3sinx—4 sin3%, (b) cos3x =4 cos3x — 3 cos .

1.70. Prove that (a) coth?x —csch2@ = 1, (b) cosh? x + sinh2 ¢ = cosh 2z, (¢) sinh—1¢ =1In(x + \/aa_zﬁ ).
1.71. If cosxz = 8/17, find (a) sin2x, (b) cos2x, (c) sin (%/2).

1.72. Find tanh (In 3),

LIMITS AND CONTINUITY

17, Find (o) lim @ +4z+6), () lim 20+3
. T~ - —

1x+2

, (e) lim \/;— 2 and prove your conclusions,
=4 x2 — 16

1.74. If lim f(x) = I, prove that hm [f(x)}2 = I2.

T—a

1.75. If lim f,(x) =1, and lim fy(x) = l,, prove that
z~—a T2y

@ Im (@~ @] = b=k (@ lin [1AE] = Vs b*0,
(b) }iﬂ; [f1(®) f2(®)] = Ly, @) 31_131 [f1(@)/fe(®)] = Lil, L+ 0.

1.76. If f(x) = |%|/x, prove that lin}) f(x) does not exist.
z—

1.77. Using the definition prove that f(z) = 3 —«2 is continuous at (@) x =1, (b) * = a.
‘1.78. If f(x) is continuous at a, prove that [f(#)]? is also continuous at a.

1.79. If f,(x) and f,(x) are continuous at a prove that (a) fy(x) + fo(x), (B) fi(x)—fa(x), (&) fy(%) f2(%),
(d) f1(®)/f2(x), f2(a) % 0 are also continuous at a. Revise the statement if a is replaced by an
interval suchas a =2 =b or a<a<b

® smo(l/av) ® ;é(()) prove that f(x) is continuous (a) at =0, (b) in any interval.

1.80. If f(x) = {

1.81. Prove the statement at the end of Problem 1.12(b).

DERIVATIVES

1.82. Using the definition, find the derivatives of (a) f(x) = 22— 2x+5 and (b) f(x) = (x—1)/(x+1).

1.83. Prove the differentiation formulas (a) 2, (b) 4 on page 4. '

1.84. Assuming that dismu = cosu gu’ aZv cosu = —sinug—:, prove the formulas (a) 12, (b) 18,
(¢) 14 on page 5.

1.85. Prove formulas (a) 15, (b) 16, (c) 18, (d) 19, (e) 20 on page 5.

186. Find (o) —\/(_295—)5 ®) 72 c052 (e=32), (c) L sin (tan~12), (d) = x2 n? 22 +1), (¢) - <—Z—£—i—z>
0 iloga x.
dx
187, If e+ 92 = cosx, find dy/dx.
188. If o =a(0—sing), y = a(l —cos9), find dy/dx.
1.89. If y=Bx+1)/1~-2), find d2y/dax? at * = 2.
190. If y = (¢;sinx + ¢, cos %)/Vx, show that xy’ + 2y + xy = 0 where ¢,,¢, are any constants,
191. Find d2y/d«? for the function defined in Problem 1.88.
1.92. Find the equation of the tangent line to thé curve xy2+y = 8x—1 at the point (1,1).
1.93. Find the differentials of (a) ¥y = #2lna + 8z, (b) y = (2x— 1)/ (x+2).

194, (a) Show that if « > 0 and A« is numerically small compared with , then V& + Ax is approximately
equal to Vz + (A%)/2V@. (b) Use this result to find the approximate values of V.12 and V8.75.
(¢) By obtaining a similar result for \/ % + Ax, find an approximate value for \/ 5 and \/_
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1.95. Prove the law of the mean, page 8, and illustrate by an example.

INTEGRALS

1.96. Find the integrals (a) f (23 — 422+ 3Vz ydx, () f e~2xdx, (¢ f (5 cos 2x — 8 sin 4x) dv,

ln x sin 2% x2 dx f
@ [ B2a, @ ({22 g ) [ Vatia, o [ gors ® S5

1.97. Prove the integration formulas (a) 7, (b) 11, (¢) 12, (d) 13, (e) 14 on page 6.

1.98. Find (a) f xe3xdx, (b) f x(cos 3x + 4 sin 3x) dx, (o) f xInxde, (d) f tan (2¢ + 3) dx,
(e) f x2e~ % dwx.

1.99. Evaluate (a) f vV +1dx, (b) f xe—2 dw, (©) f 52 + i

1.100. Prove the integration formulas (a) 15, (b) 16, (¢) 17, (d) 18, (e) 19, () 20, (g) 21, (k) 22 on
page 6.

1101. Find (a) f dx () f _d= f (4 cosh 8 — 2 sinh 3%) dw

V4 — 2 Vixz—1
dx . dx
W f @ =
a? + 2% + 2 e
T/2 3
1102, Find (a) V1 — cosxde (¢) f e* sin x dx (e) f eVrde
0
+ 2 1 x da
b f ALY d _ xox
® ) @ ) GrheTD
1.103. (a) Find the area bounded by y = 4o — 2 and the « axis.
(b) Find the area bounded by the curves y = 22 and y = «.

1.104. Using the trapezoidal rule, find the approximate value of f PR + i by dividing the interval from
0 to 1into (a) 5, (b) 10 equal parts. (c¢) Show that the mtegral has the exact value 7/4 and compare
with the approximate values.

1.105. Prove the trapezoidal rule which gives the approximate value of

b
f flx) = -g[f(a) + 2f(a+ h) + 2f(a+2h) + + -+ + 2f(a + (n — 1)h) + f(a+ nh)]
a
where h = (b—a)/n.

1.106. Assume that a function f(x) is approximated by the Y
parabolic function ¢y+c¢;®+cx2 in the interval
a =% =a+2h [see Fig. 1-10]. Show that we have
approximately

a+2h L [ |
f flx)de = g[f(a) + 4f(a + h) + f(a + 2h)] | : :
a
|
The result is often called Simpson’s rule. | : !
| ] [

1.107. (o) Show how Simpson’s rule [Problem 1.106] can be | | |

b ! | |

used to find the approximate value of f f(w) dx { | |

a | |

and (b) use the result to find the approximate values 1 _:_ 1
a

at+h a+2h

of the integrals in Problems 1.28 and 1.104. Compare
the accuracy of the results with those of the
trapezoidal rule. Fig.1-10
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SEQUENCES AND SERIES
1.108. Find the limit of the sequence whose nth term is u, = (n—1)/(2n + 1), justifying your answer.

1.109. Show that the series 1—3) + (3 —4)+ (4 —3) + - converges and find its sum.

1— :

1.110. Prove that (a) a +ar+ ar2+ -+ + arn~! = %—T) and (b) if |r] <1 then

atartarttard+ - = la

—r
1.111. Show that .181818 ... = .18 + .0018 + .000018 + -.- = 2/11.
2 1 2 ki lnn
1112, Investigate the convergence of the series (a) F g ‘/_\/;_, (¢ g e, (d) 2
smn (=1)*n n= n= =
() 2 ’ (f)22n+1
x3 , x5 a7

1.113. Prove that the series & — 37 + = 5171 + -+ converges for —» < g < «©,

1.114. Prove (a) Theorem 1-3, (b) Theorem 1-4, (¢) Theorem 1-5, page 6.

1.115. (a) Consider the series uy — uy + ug3 — w4+ --- where u; > 0. Prove that if wu,4; =u, and
lim u, =0, then the series converges. (b) Thus show that 1 — %+ 4 — % + -+- is convergent

Nt

but not absolutely convergent.

4 3 45 7
fooee, -4+ % 4.

. . _Be et
1.116. Find the interval of convergence of (a) » ) + 3 1 3 5 7

o0
1.117. Find the interval of convergence of (a) E 2n , (B 21 nzx—: 7

UNIFORM CONVERGENCE

1.118. Prove that the series #(1 —«) + «2(1 —x) + 2#3(1 —x) + --- converges for —1 <z =1 but is not
uniformly convergent in this interval. Is it uniformly convergent in —1/2 = ¢ = 1/2? Explain.

1.119. Investigate the uniform convergence of the series (a) E m -1=x=1, (b) E T2 for
— g < @, n=1 1% n
1.120. Prove that a power series ¢y + cy(x —a) + co(x —a)2 + --- converges uniformly in any interval

which lies entirely within its interval of convergence. [Hint: Use the Weierstrass M test.]
1.121. (a) Prove that if S,(x) converges uniformly to S(x) in a =« = b, then

b b
lim Sp(x) de = f lim S, (z)dx
a a Nt

Nt

1 1
(b) Show that lim nxe—n%" dp - f [lim nxe—mz]dav

N ot 0 Nt 0

and supply a possible explanation.

1.122. Prove Theorem 1-11, page 7.

1.123. (a) By using analogy with serles, give a definition for uniform convergence and absolute conver-
gence of the integral f f(z, ) de.

(b) Prove a test for uniform [and absolute] convergence of the integral in (a) analogous to the
Weierstrass M test for series.

(¢) Prove theorems for integrals analogous to Theorems 1-9, 1-10 and 1-11 on page 7.
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TAYLOR SERIES
1.124. Obtain the formal Taylor series (a) 1, (b) 3, (¢) 4, (d) 5 given on page 8.

1.125. Expand sin« in a Taylor series about a = 7/6 and use the result to find sin 31° approximately.
Compare with the result from a table of sines.

1 11 — cosz
1.126. Find an approximate value for (a) f e—2 dw, (b) f — da.
0 0
5 o7 2 4 46
1.127. Show that (a) sinhz = x+g+%+%+ «++, (b) coshw = 1+925_!+ﬁ+§7+ cor for —o < g <,

PARTIAL DERIVATIVES
1128. If f(x,9) = @ sin (y/z), find (a) f(2,7/2), () fo(2,7/2), (0) £4(2,/2), (@) fou(2,7/2), () fuy(2,7/2),
(N fyz@,7/2), (9) fyy (2, /2).

1.129. Verify that f,, = f,, for the case where f(x,9)=(@—9)/(x+y) if 2+y+#0.

1130, If f(x,y) = «2tan—1(y/x), show that x%+ y% = 2f. Are there any exceptional values for
z and y?

1181, If V(x,y,2) = (224 y2+22)~1/2, show that ﬂ+ ﬂ-i— il 4 = 0 if x,9,z are not all zero.
. . y Y Y » dx2 ay2 922 [

1132, If f(x,y) = ycos(w—2y), find df if ¢ =14r, y=7, de=4r, dy=m.
1133, If f(x,y,2) = *2z — y23 + x4, find df.

L134. If 2 = #2f(y/w) where f is diﬁerentiable, show that «(df/0x) + y(3f/oy) = 2f and compare with
Problem 1.130.

1135. If « = pcosg¢, ¥ = psing, prove that if U is a twice differentiable function of « and y,
PU  PU _ 22U 13U 19U
oxz "y T 32  pdp ' o2 g2

TAYLOR SERIES FOR FUNCTIONS OF TWO OR MORE VARIABLES
1.136. Expand f(x,y) = 2xy + 42 + y3 in a Taylor series about ¢ =1, b =2 and verify the expansion.

1.137. Write Taylor’s series for f(x,¥,2) expanded about ¢ = a, ¥y = b, z = ¢ and illustrate by expanding
f(®,9,2) =xz+y? about =1, y=—1, z=2,

LINEAR EQUATIONS AND DETERMINANTS

% — y = —4 20+ y+ 2z = 38
1.138. Solve the systems (a) { ct3y = 5 (b) x—2y—22z = 4,
3¢ — y+4z = 2
1.139. Determine whether the system of equations
26— y+ z =0
3x+2y—4z = 0

t— y+2: =0

has non-trivial solutions. If so give two such solutions. If not replace the first equation by
ke—y+2z=0 and determine %k so that the system has non-trivial solutions and give two such
solutions.

1.140. Show that if two rows (or columns) of a second or third order determinant are interchanged, the
sign of the determinant is changed.

1.141. Show that if the elements in two rows (or columns) of a second or third order determinant are
equal or proportional, the value of the determinant is zero.
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22+ y+ 2 =5
1.142. Discuss the system of equations x—2—382z = 4
be +5y+ 6z = 8

from a geometrical viewpoint.

MAXIMA AND MINIMA. THE METHOD OF LAGRANGE MULTIPLIERS.

1.143. Find the relative maxima and minima of f(x) = 12+ 8x2— % and use the results to graph the
function,

1.144. Find the relative maxima and minima of (a) ®2Inw, (b) a seco + b ecsco.

1.145. Find the area of the largest rectangle which can be inscribed in a semicircle of radius a with base
on its diameter.

1.146. If f(a) =0 and f’(a) =0, is it possible that f(x) has a maximum or minimum at x=a?
Explain. [Hint: Consider f(x) =a* or f(x) = —wx4]

1.147. A box having only five rectangular sides is required to have a given volume V. Determine its
dimensions so that the surface area will be a minimum.,

1.148. Find the shortest and largest distance from the origin to the curve x2+xy+%2 =16 and give a
geometric interpretation. [Hint: Use the method of Lagrange multipliers to find the maximum of
w2+ y2]

1.149. (a) Find the relative maximum and minimum of %2+ y2+ 22, given that 424 9y2+ 1622 = 576
and (b) interpret geometrically.

1.150. Generalize the method of Lagrange multipliers to the case where f(x, y, z) is to be made an extremum
[i.e. maximum or minimum] subject to two constraint conditions ¢ (%,%,2) =0, ¢.(%,%,2) =0.
[Hint: Let h(z,y,2) = f(®,4,2) + \o1(®, ¥, 2) + Mopo(®,9,2) and prove that dh/éx =0, oh/dy =0,
dh/3z = 0 where A\, A, are two Lagrange multipliers.]

LEIBNITZ’S RULE

cosa
1151, If I{a) = f (x2 sin o — #3) dz, find dI/da by (a) integrating first and (b) using Leibnitz’s
rule. sine

a3
1152. Find dl/de if (o) I(e) = f tan=1 Zds, (8) I(a) = f VE —a? gy
[:4

o2

Ha -+ Aa) — I{a)

A and write the result as the sum of three

1.153. Prove Leibnitz’s rule. [Hint: Consider
integrals. Then let Aa— 0.]

COMPLEX NUMBERS. POLAR FORM

L154. Perform each of the indieated operations: (a) 2(5—8) — 8(—2+1) + 5(i—8), (5) B— 205, (0) 51
10 1—i\"° 2 —4i? A+9@2+3)(4—29)
+4+3i’ (d) <1+i> » (@) 5+ 7|’ 0 1+ 2921 —9) :
z 2
1.155. If z, and 2, are complex numbers, prove (a) -z—l = Ilz—lll’ b) |zf{ = |2|2 giving any restrictions.
2

1156. Prove (a) |zy+ 2o] = [2q| + |25, (B) for+ 2o+ 2] = |2g] + |20] + 23], (0} |2y — 29| = |2y] — |24,
1.157. Find all solutions of 2x% — 843 — Ta2 — 8x + 6 = 0.

1.158. Let 2z, and 2, be represented by points P, and P, in the Argand diagram. Construct lines OP, and
OP,, where O is the origin. Show that 2, + z, can be represented by the point Pg, where OPj is the
diagonal of a parallelogram having sides OP, and OP,. This is called the parallelogram law of
addition of complex numbers. Because of this and other properties, complex numbers can be con-
sidered as vectors in two dimensions. The general subject of vectors is given in Chapter 5.

1.159. Interpret geometrically the inequalities of Problem 1.156.
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1.160.

1.161.

1.162.

1.163.

1.164.

1.63.

1.66.

1.67.

1.68.

1.72.

1.73.

1.86.

1.87.

1.89,

1.93.

1.96.

1.98.

1.99.

REVIEW OF FUNDAMENTAL CONCEPTS [CHAP. 1

Express in polar form (a) 3V3+38i, (b) —2—2i, (¢) 1—vV34i, (d) 5, (¢) —5i.

b) 12 cis 16°
( (8 cis 44°)(2 cis 62°) *

Evaluate (a) [2(cos25° + i sin 25°)][5(cos 110° + 4 sin 110°)],

Determine all the indicated roots and represent them graphically:

(a) (AVZ+4VZ3, (b) (115, (¢) (VB—9)1/3, (d) VA4

If z,=p,cisg, and 2, = p, CiS ¢y, Drove (a) 2,253 = pypq Cis (¢ + $3), (b) 21/ = (p1/py) cis (31 — ¢2).
Interpret geometrically.

Show that De Moivre’s theorem is equivalent to (eid)n = ¢ind,

Answers to Supplementary Problems

V3 VB/V2 V60 < V2 < 11/9

(a) —11/2 (b) 4/5 (c¢) —19/10 (d) b+ 2x —3x2)/(x+4) (e) —(8+ 9\/5)/14
(a) even (b) odd (¢) odd (d) neither (e) odd (f) even

(b) 1/x2 1.71.  (a) 240/289 (b) —161/289 (c) m/17
4/5

(a) 18 () 1 (c) 1/32

(@) §(@z—1)-1s8
(b) 6e—3= sin (¢—3%) cos (¢~ 37)

(¢) cos ('t-.an‘l 2)/(1 + x2)

(d) 2¢ In2 2z + 1) + 422 In 2z + 1)/(2x + 1)

(e) (sin—1x + cos—!x)/V/1— a2 (cos—1x)2
(f) l/xIna or log, e/«

—(ye*y + sin x)/(xe*y + 2y) 1.88. sin 6/(1 — cos 6) = cot (6/2)

—-20/27 191, —1/a(l —cos6)? or —csct(6/2)/4a 1.92. 3y—-2¢=1

(@) (x+2xInx+3)de (b) 5dx/(x+2)2

(a) 4ot — 4% + 2032+ ¢
(b) —fe~2 + ¢
(¢) gsin2x + § cosdw + ¢
@ $In2x+c

(¢) dIn(1 —cos2x) + ¢
()t + 443 + ¢

@) In2x3+5)+ ¢

(h) 1 In(ex/2+e—2/2) + ¢

(a) 1e%2(Bx—1)+ ¢
(0) 3[(4+3x)sin8x + (1 —12%) cos 8x] + ¢

©) E23(1119(:—-%) +e¢
(@) 14/3

®) fe—et) () 3In(})

@d —fIncos(@x+3)+¢
() e 2(x2+2x+2)+ ¢
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1.101.

1.102.

1.103.
1.110.
1.116.

1.117.

1.128.

1.132.
1.138.
1.141.

1.144.
1.145,

1.148.

1.151,

1.154.
1.157.
1.160.
1.161.

1.162.

(a) sin—1(x/2) + ¢
(b) tan~'(x+1)+ ¢
© 312+ Vax2—1)+e¢

(@) 2(V2—1)
(®) 3e+1)32+22+1)2+¢

(¢) 62—x (sinxz —cosx) + ¢
(a) 82/8
(a) diverges (b) converges

(@) -1<x=1

(@ 2=gx=2

(b) 1/6 1.107.
(¢) converges
b)) ~-1=sx=1

®) -1sxz=1
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(d) sin-1@zx—1)+ ¢
(¢) % sinh3x — 2 cosh8x + ¢

(d) In (9/8)
(¢) 3635(952/3 —21/34+2) + ¢

1

(d) diverges (¢} converges (f) diverges

@ V2 @) ‘/Té(bw) @ V22 @ ‘/_<8—1r) () 7V2/16 () =V2/16 (9) —V2/4

V2 4+ Tr) 1.133.
(a') zv=-1, y=2

rel. min, 12 at ¢ =0,

(a) rel. min, —1/2¢ at x = e~ 1/2

Y2V, V2v, v

a2 1.147

max. 41/2, min. 4/6/8

2
(a) %1]’1(“ +1> + 8a2tan~142 — 2a tan—1la,

Rz + 428) de — 23 dy + (22 — 3y22) dz
®) =2 y=0, z2=-1
rel. max, 28 at x = =2

(b) rel. min. (a2/3 + b2/3)3/2 for 6 = tan—1(b/a)1/3

Ve
()] —;-01—1/26"“2 — e~ — f aav%"“’”z dw
[ 4

at+1
@ 1—4i () —9—46i () L-2; @ -1 (o D) 5—3
8 3 —1=%4
(a) 6cisn/6 (b) 2\/§ cisbnz/4  (¢) 2 cisb7/3 (d) Sciso (e) 5 cis37/2
(@) —5V2+5vV2i (b) —2%
(@) 2cis15°, 2¢is185°, 2 cis255°
(b) cis86°, cis108°, cis180° = —1, ¢is252°, cis324°
(©) VYZcis110°, V2 cis230°, V2 cis 350°
(d) cis22.5°, «cis112.5°, ¢is202.5°, cis 292.5°



Chapter 2

Ordinary
Differential Equations

DEFINITION OF A DIFFERENTIAL EQUATION

A differential equation is an equation involving derivatives or differentials. The fol-
lowing are some examples of differential equations.

Example 1. (y”)2+ 38z = 2(%')® where ¥’ = dy/dx, y"' = d2y/d«?

Example 2. Z—Z + % = y?

Example 3. %1%.— 3%?— + 2Q = 4sin2t

Example 4. g—g = z—f—z- or (x+y)de+ (y—=x)dy = 0
Example 5. (;2;; %2;; 0

Equations such as those in Examples 1-4 involving only one independent variable are called
ordinary differential equations. Equations such as that of Example 5 with two or more
independent variables are called partial differential equations and are treated in Chapter 12.

ORDER OF A DIFFERENTIAL EQUATION

An equation having a derivative of nth order but no higher is called an nth order dif-
ferential equation. In Examples 1-5 above, the orders of the differential equations are
2, 1,2, 1, 2, respectively.

ARBITRARY CONSTANTS

An arbitrary constant, often denoted by a letter at the beginning of the alphabet such as
4, B, C, ¢, ¢s, etc., may assume values independently of the variables involved. For example
in y =22+ ¢z +ce, ¢ and ¢; are arbitrary constants.

The relation y = Ae=*+8 which can be written y = AeBe~% = Ce—* actually involves
only one arbitrary constant. We shall always assume that the minimum number of con-
stants is present, i.e. the arbitrary constants are essential.

SOLUTION OF A DIFFERENTIAL EQUATION

A solution of a differential equation is a relation between the variables which is free
of derivatives and which satisfies the differential equation identically.

Example 6. y=a2+cw+c, is a solution of y” =2 since by substitution we obtain the
identity 2 = 2.

38
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A general solution of an nth order differential equation is one involving n (essential)
arbitrary constants.

Example 7. Since y = #2+¢,x+¢, has two arbitrary constants and satisfies the second order
differential equation y”’ = 2, it is a general solution of »” =2,

A particular solution is a solution obtained from the genera} solution by assigning
specific values to the arbitrary constants.

Example 8. y = «2—3x+2 is a particular solution of '’ =2 and is obtained from the general
solution y = %2+ ¢,@+ ¢, by putting ¢; =3 and cp; = 2.

A singular solution is a solution which cannot be obtained from the general solution

by specifying values of the arbitrary constants.
Example 9. The general solution of y = «y’' —y’2 is y = ex — 2. However, as séen by substi-
tution another solution is y = x2/4 which cannot be obtained from the general

solution for any constant ¢. This second solution iz a singular solution. For a
relationship between the general and singular solutions see Problem 2.5.

DIFFERENTIAL EQUATION OF A FAMILY OF CURVES

A general solution of an nth order differential equation has n arbitrary constants (or
parameters) and represents geometrically an n parameter family of curves. Conversely
a relation with » arbitrary constants [sometimes called a primitive] has associated with it a
differential equation of order n [of which it is a general solution] called the differential
equation of the family. This differential equation is obtained by differentiating the prim-
itive n times and then eliminating the » arbitrary constants among the n+ 1 resulting
equations. See Problems 2.6 and 2.7.

SPECIAL FIRST ORDER EQUATIONS AND SOLUTIONS

Any first order differential equation can be put into the form
Z—Z = f(x,y) or M(x,y)dx+ N(z,y)dy = 0 (1)
and the general solution of such an equation’contains one arbitrary constant. Many special

devices are available for finding general solutions of various types of first order differential
equations. In the following table some of these types are given.

General Solution

Differential Equation (or method by which it can be obtained)

1. Separation of variables Divide by g,(y)f2(x) = 0 and integrate to obtain
f1(x) ga(y)
%) 91(y) dz + fo(x dy = 0 de + d
1@ 0:10) de + f,@) 9:) dy ety e ™
2. Exact equation The equation can be written as

Mdx + Ndy = dU@&,y) = 0

where dU is an exact differential. Thus the solution is
U(x,y) = ¢ or equivalently

fMax+f<N—é%fMax>dy = ¢

where 0% indicates that the integration is to be performed
with respect to « keeping y constant.

M@,y)de + N, y)dy = 0

oM _ N

where 3y -~ o
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Differential Equation

General Solution
(or method by which it can be obtained)

3. Integrating factor

M(z,y)de + N@&,y)dy = 0

oM aN
where -317 # Fy

The equation can be written as an exact differential
equation JMde + uNdy = 0
where p is an appropriate integrating factor so that
‘%(nM) = 5% (uN) and then method 2 applies.

The following combinations are often useful in finding
integrating factors.

(a) zdy—yds d(l)

a2 x
xdy — ydx x
b)) —F——= = —d{=
o 29 (%)
vdy —yde _ Y
© Tmre T d(ta“ o

B

x2 — y2 2 4+ y
de + yd
@ TETaT = n@+e)

See also Problem 2.17.

4. Linear equation

D+ Pty = QW)

An integrating factor is given by

P(x)d
_ ef ) dz
and the equation can then be written

L) = uQ

with solution uy =

f,qux 4+ ¢ or

ye‘fpdx = f Qe“rpdx de + ¢

5. Homogeneous equation

dy _ ¥
dx_F<x>

Let y/x =v or y= vz, and the equation becomes

v+x%§ = F(w) or

which is of Type 1 and has the solution

xdv+ (F(v)—v)de = 0

_ dv
e = ) Fmy -t

where v = y/x. If F(v) = v, the solution is y = cx.

6. Bernoulli’s equation

Wy Py = Q@ n#0,1

Letting v = y1~7, the equation reduces to Type 4 with
solution

pel™® fPdz (1—n) er(l—n)dez de + ¢

If n =0, the equation is of Type 4. If n = 1, it is of
Type 1.
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General Solution

Differential Equation ' (or method by which it can be obtained)
7. Equation solvable for y Differentiate both sides of the equation with respect
, to x to obtain
y = g(x,p) where p=y dy _ dg _ o9 , dgdp
de =~ de = 0dx dpdx
o9 . dg dp
or p o + ap dx

Then solve this last equation to obtain G(x,p,c) = 0.
The required solution is obtained by eliminating p be-
tween G(x,p,¢) =0 and y = glx, p).

An analogous method exists if the equation is solvable
for .

8. Clairaut’s equation " The equation is of Type 7 and has solution
y = cx+ F(c)
The equation will also have a singular solution in general.

¥y = px+ F(p) where p =y

9. Miscellaneous equations (a) Letting ax + By = v, the equation reduces to Type 1.
dy _ (b) Let x =X+ h, y=Y+k and choose constants k
(@ 5. = Flaz+By) and k so that the equation reduces to Type 5. This is
de ible if ly if «/ /Bs. If a4/
a® + By + possible if and only if a;/ay # B,/8s. aj/ag =
(b) % = (ﬁﬂ%) B1/Bs, the equation reduces to Type 9(a).
2

EQUATIONS OF HIGHER ORDER

If a differential equation is of order m > 1 and has one of the variables 2 or ¥ missing
explicitly from the equation, then it can be reduced to a differential equation of order
m—1 by lettlng ¥y =p ,yu — @ or ,y// — @@ — pd_ﬂ (2)

! dzx dy dzx dy

See Problems 2.25 and 2.26.

EXISTENCE AND UNIQUENESS OF SOLUTIONS

It is often important to be able to predict directly from a differential equation and
associated conditions whether a solution exists and is unique. For the case of a first
order differential equation ,

v = flz,y) 3

an answer is supplied in the following

Existence and Uniqueness Theorem. If f(x,¥) is continuous and has a continuous partial
derivative with respect to y at each point of the region R defined by |z — 2o <3,
|v —%o| <3, then there exists in R one and only one solution to (8) which passes through
the point (xo, ’yo).

An immediate generalization of this theorem is possible for the nth order differential equa-
tion y™ = f(x,v,9’, ...,y D).

APPLICATIONS OF DIFFERENTIAL EQUATIONS

Many problems of science and engineering, when formulated mathematically, lead to
boundary-value problems, i.e. differential equations and associated conditions. Solutions
to these can be of great value to the scientist and engineer.
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In a mathematical formulation of a physical problem, a mathematical model is chosen
which often approximates the actual situation. For example, in treating rotation of the
earth around the sun, we may consider that the sun and earth are points.

If a mathematical model and corresponding mathematical formulation leads to fairly
good agreement with that predicted by observation or experiment, then the model is good.
Otherwise a new model may have to be chosen.

SOME SPECIAL APPLICATIONS
The following table lists some special applications of an elementary nature which arise
in science and engineering.

I. MECHANICS The basic law of mechanics or dynamies is that of Newton, i.e.

Fo= Low )

where m is the mass of the moving object, v is its velocity, t is the time and F is the net force
acting on the object. The quantity mv is often called the momentum.

If m is constant, then this equation becomes

dv

F mTﬁ

= ma )
where a is the acceleration.
On or near the earth’s surface, mass m is connected with weight W by m = W/g or W = mg

where ¢ is the acceleration due to gravity.

Various systems of units are available,

(a) C.G.S. [centimeter (cm), gram (g), second (sec)]. If m is in grams and e in cm/sec?, then
F is in dynes.

(b) M.K.S. [meter (m), kilogram (kg), second (sec)]. If m is in kilograms and a in m/sec?, then
F is in newtons (nt).

(¢) F.P.S. [foot (ft), pound (Ib), second (sec)]. If W is in pounds a and g in ft/sec2, then F =
ma = Wal/g is in pounds.

On the earth’s surface g = 32 ft/secz = 980 cm/sec? = 9.8 m/sec2 approximately.

II. ELECTRIC CIRCUITS A simple series electric circuit [Fig. 2-1] may consist of
(1) a battery or generator supplying an electromotive force or
e.m.f. (voltage or potential) of E volts, . =~
(2) a resistor having a resistance of R ohms, &)
(3) an inductor having an inductance of L henries, R c
(4) a capacitor or condenser having a capacitance of C farads.
The current I measured in amperes is the instantaneous time f‘o%z)'\
rate of change of charge @ on the condenser measured in cou- '
lombs, ie. I = dQ/dt. Fig. 2-1

From basic principles of electricity we have
Potential drop across resistor = IR
Potential drop across inductor = L dI/dt
Potential drop across capacitor = @Q/C
Kirchhoff’s Laws.
(a) The algebraic sum of the currents flowing into a junction point is zero.
(b) The algebraic sum of the potential drops around a closed loop is zero.

For single loop circuits law () implies that the current is the same throughout the loop.
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I1II. ORTHOGONAL TRAJECTORIES

A curve cutting each member of a one parameter family of curves at right angles is called an
orthogonal trajectory of the family. If dy/dx = F(z,y) is the differential equation of a one param-
eter family (not containing the parameter), then the differential equation for the family of

orthogonal trajectories is
dy/dx = —1/F(z,y)

IV. DEFLECTION OF BEAMS

A horizontal beam situated on the x axis of an
vy coordinate system and supported in various ways,
bends under the influence of vertical loads. The de-
flection curve of the beam, often called the elastic curve
and shown dashed in Fig. 2-2, is given by y = f(x)
where y is measured as positive downward. This curve
may be determined from the equation

EI 17
Tromm = M@ ()
where M(x) is the bending moment at x and is equal to
the algebraic sum of the moments of all forces to one
side of 2, the moments being taken as positive for
forces in the positive y direction and negative otherwise. Fig. 2-2

For small deflections %’ is small and the approximate equation
Ely” = M(x) Y]

is used. The quantity EI where E is Young’s modulus and I is the moment of inertia of a cross
section of the beam about its central axis, is called the flexural rigidity and is generally constant.

V. MISCELLANEOUS PROBLEMS

Various problems of science and engineering pertaining to temperature, heat flow, chemistry,
radioactivity, etc., can be mathematically formulated in terms of differential equations.

NUMERICAL METHODS FOR SOLVING DIFFERENTIAL EQUATIONS
Given the boundary-value problem

dy/dx = f(x, %) Y(Zo) = Yo (8)

it may not be possible to obtain an exact solution. In such case various methods are
available for obtaining an approximate or numerical solution. In the following we list
several such methods.

1. Step by step or Euler method. In this method we replace the differential equation of
(8) by the approximation :

0 h - 0
) ®)

so that Y(@o+h) = y(xo) + hf(%o, Yo) (10)

By continuing in this manner we can then find y(xo +2h), y(vo+3h), etc. We choose
h sufficiently small so as to obtain good approximations.

A modified procedure of this method can also be used. See Problem 2.45.
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Taylor series method. By successive differentiation of the differential equation in (8)
we can find ¥’ (%), ¥”/(%0), ¥’ (%0), . ... Then the solution is given by the Taylor series

¥m) = v + vz + LEEZ D]

assuming that the series converges. If it does we can obtain y(zo+ k) to any desired
accuracy. See Problem 2.46.

+ o (11)

Picard’s method. By integrating the differential equation in (8) and using the bound-
ary condition, we find

e = v+ ffd (12)
Assuming the approximation yi(x) =y, we obtain from (12) a new approximation

we) = w+ J fwud (19)
Using this in (12) we obtain another approximation

wo) = w o+ f i) de (14)
Continuing in this manner we obtain a sequence of approximations 1, ¥2, ¥3, .... The

limit of this sequence, if it exists, is the required solution. However, by carrying out
the procedure a few times, good approximations can often be obtained. See Problem 2.47.

Runge-Kutta method. This method consists of computing
ke = hf(xo,y0)

kz = hf(xo + ?}h, Yo + %kl) (15)
ks = hf(xo + ?}h, Yo+ %kz)
ke = hf(xo +h, yo+ ks)

Then Yo+ h) = yo + F(kr+2ke+2ks + ks) (16)

See Problem 2.48.

These methods can also be adapted for higher order differential equations by writing

them as several first order equations. See Problems 2.49-2.51.

Solved Problems

CLASSIFICATION OF DIFFERENTIAL EQUATIONS

2.1.

Classify each of the following differential equations by stating the order, the depend-
ent and independent variables, and whether the equation is ordinary or partial.

(@) 229" + 2y’ + (®2—n2)y = 0 order 2, dep. var. y, indep. var. z, ordinary

dz
b) i 22+ y2 order 1, dep. var. x, indep. var. y, ordinary
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1

(o) % = prpy) order 1, dep. var. y, indep. var. ¥, ordinary

Note that this equation is identical with the equation in (b).

3
(d) <%> +ut =1 order 2, dep. var. u, indep. var. ¢, ordinary
2 2
(e) % = % order 2, dep. var. Y, indep. var. « and ¢, partial

() (x242y2)dx + (Bu2—4y2)dy = 0 order 1, dep. var. y (or z) indep. var. x (or y), ordinary

SOLUTIONS OF DIFFERENTIAL EQUATIONS

2.2. Check whether each differential equation has the indicated solution. Which solutions
are general solutions?

(@) ¥—x+y=0,y=Ce=+a—1,
Substitute y = Ce—*+2x—1, y' = —Ce~*+1 in the differential equation. Then
y—2+y = Ce*+1—x+Ce*+x—1 =20
Hence y = Ce~*+42—1 is a solution.

Since the number of arbitrary constants (one) equals the order of the differential equation
(one), it is a general solution.

Y 2% . o s —
(b) dx_3y2—x2’ xzy ¥y = c

Differentiating 2y —y2 = ¢ we have 22y’ + 2xy —3y2y! =0, ie. (®2—3y2)y’ + 22y = 0
dy _ 2y

F : . 3 .
or y == 5P Then the solution is a general solution.
24 a_ . _ — 4 gin & = eet -3t 4 gi
(e) 7D + 2dt 3] = 2cost—4sint; I = c¢et + ce™ 3t + sint.

Substitute I = c,et + cpe~3t + sin ¢,
sin¢ in the differential equation. Then

a2 dal
7o) + 25 37

2
% = c¢ret — 3ce 3t + cos t, Z—tg = c et + 9cye 3t —

Il

(c1et + 9cpe =3¢ — sint) + 2(ciet — Bege~3t + cost) — 3(c et + cpe3t + sin¢)
= 2cost — 4sint

and so the given relation is a general solution since the order of the differential equation and
the number of arbitrary constants in the solution are both equal to 2.

2, 2
(d) x3<gx—g> = 21)3—:;; v = ex2,

2

Substituting v = ca2, i”_v = 2¢x, % = 2¢ in the differential equation, we find %x3(2¢)2 =
2(cx?)(2ex) or 4c2x3 = 4c2¢3. Thus v = cx? is a solution. However, it is not a general solu-
tion since the number of arbitrary constants (one) is not equal to the order of the equation
(two).

23. Determine the particular solution of the differential equation of Problem 2.2(c)
satisfying the conditions I(0) =2, I’(0) = —5.

From Problem 2.2(c) the general solution is
I = I(t) = eg6t + ce3 + sint

At t=0, I0) = ¢;+¢; = 2 e 1) e +e =2



46

24.

2.5.

ORDINARY DIFFERENTIAL EQUATIONS [CHAP. 2

Differentiating with respect to ¢ yields

'ty = ciet — 3cye 3 + cost
so that at £t =0
r'e) = ¢;—38+1 = -5 ie (2 ¢ —38c; = —6
Solving (I) and (2) simultaneously, we flnd ¢, =0, ¢;=2 and the required particular
solution is 7 = 92¢-3 4 sint

Show that the solution of the boundary-value problem
Q"(t) + 4Q(t) + 20Q(t) = 16e~* ¢
QO) = 2, Q0 = 0
is Q(f) = e (1 + sin4¢ + cos 4?).
We have  Q(t)

v
=)

e—2t(1 + sin 4¢ + cos 4t)

Q'(f) = e 26(4 cos 4t — 4 sin 48) — 2e~2t(1 + sin 4t + cos 4%)
= e~2t(2 cos 4t — 6 sin 4t — 2)
Q’(t) = e—2t(—8 sin 4t — 24 cos 4t) — 2¢~2t(2 cos 4t — 6 sin 4t — 2)
= e~ 2t(4 sin4t — 28 cos 4¢ + 4)
Then Q' (t) + 4Q'(t) + 20Q(t) = e 2(4 sin4t — 28 cos 4t + 4)

+ 4e—2t(2 cos 4t — 6 sin 4t — 2)
+ 20¢—2t(1 + sin 4¢ + cos 4t)

16e—2t

Furthermore Q(0) =2 and Q’(0) = 0. Thus the given relation is a solution to the boundary-value
problem.

Determine graphically a relationship
between the general solution ¥ =
cx—c¢* and the singular solution
y = x2/4 of the differential equation
y =2y —y

Referring to Fig. 2-3, it is seen that
Yy = cx —c2 represents a family of straight
lines tangent to the parabola y = x2/4. The

parabola is the envelope of the family of
straight lines.

The envelope of a family of curves
G(z, 9, ¢) = 0, if it exists, can be found by solv-
ing simultaneously the equations 9G/dc = 0
and G = 0. In this example G(x,y,¢) =
y—cx+e2 and 8G/dc = —x + 2¢. Solving
simultaneously —2+4+2¢ =0 and y—ecx+
c2=0, wefind £ =2¢, y =¢2 or y = x2/4, Fig. 2-3

DIFFERENTIAL EQUATION OF A FAMILY OF CURVES

2.6.

(a) Graph various members of the one parameter family of curves y = cx®. (b) Obtain
the differential equation for the family in (a).

(@) The graphs of various members of the family are indicated in Fig. 2-4 below.

(b) From y = c#® we have dy/dr = 3cx2. Then since ¢ = y/#3, the required differential equa-

tion of the family is
dy  _ Y )2 dy _ 3y
de 8 <x3> x or de =
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Fig. 2-4

2.7. Find the differential equation of the two parameter family of conies ax? + by® = 1.
Differentiating with respect to # we have
2ax + 2byy’ = 0 or a = —byy'/x
Substituting into ax2 + by2 = 1 gives
(—byy'/x)x2 + by? = 1 or —bayy’ + by?2 = 1
where a has been eliminated. Further differentiation gives
—bleyy” +oy'2+yy'] + 2byy’ = 0
Then the required differential equation obtained on division by b+ 0 is

wyy” +xy?—yy = 0

2.8. (a) Find a general solution of the differential equation dy/dx = 322
(b) Graph the solutions obtained in (a).
(¢) Determine the equation of the particular curve in (b) which passes through the
point (1, 3).
(a¢) We have
dy = 3x2dx or fdy = f 32 dx

so that y =%+ c¢ is the general solution.

y=a%+3
y=2a8+2
y=a23+1

= 3

(b) The curves y = «3+ ¢ for various values of ¢ are
shown in Fig, 2-5. The set of curves for all values
of ¢ is a one parameter family of curves whose dif-

S

_— x
ferential equation is dy/dx = 342, Through each _/” - ”1_1
point of the xy plane there passes one and only one _/” =ai-2
member of the family. _/y =g8—3

NI

(¢) Since the curve passes through (1, 3), we have y = 3
when « = 1. Thus from y=x3+¢, 3=134+¢ or
¢=2 and the required curve has the equation
y=a3+2 Fig. 2-5

2.9. (a) Solve the boundary-value problem
¥ = 8-2 0 =2 y(1) = -3
and (b) give a geometric interpretation.

. 2
(a) Integrating once, we have y’ = 3% — 2% +¢;. Since y'(1) =~8 [ie. ¥ =—8 when &= 1},

we have —8 = § —2+4¢, and ¢, = —§. Thus



48 ORDINARY DIFFERENTIAL EQUATIONS [CHAP.2

3x2 5
! —— —— — —-— —
v = 3 22 5

Integrating again, y = —a;j — 22— 5—; + ¢5 Since y(0) =2 [ie, y=2 when x=0],

we find ¢, = 2. Then the required solution is

= 2B _ e 52
vy = 3 5 + 2

3
(b) Geometrically y = % — 2 —% + 2 represents that particular member of the family [whose

differential equation is ¥’ = 82 —2] which passes through the point (0,2) and which has a
slope of —8 at the point where « = 1.

3
Note that if we integrate the differential equation twice, we have y = % — 22+ ¢12 + ¢y

so that the solution represents a two parameter family of curves. The particular member of
the family found above corresponds to ¢; = —§, ¢, = 2.

SEPARATION OF VARIABLES
2.10. (e) Find the general solution of (4x+xy?)dx + (¥ +2%y)dy = 0.
(b) Find that particular solution for which y(1) =2.

(@) The equation can be written as x(4+y2)dx +y(1+22dy = 0 or

x dx y dy
T+t Ity 0
Integrating, iIn(l+2?) + IIn4+y) = ¢
ie. In[l+2)d+9y?)] = 24 or (A+aH)d+y?) = 21 = ¢

Thus the required general solution is (1 + x2)(4 + y2) = ¢.

(b) For the particular solution where y(1) =2, ie. y=2 when 2=1, put «=1,y=2 in
1+ 22)(4+92) = c to obtain ¢ =16. Thus (1 + x2)(4 + y2) = 16.

2.11. Solve the boundary-value problem % +3y =8, y(0) = 2.

We have dy/dz = 8—38y so that on separating the variables,

dy  _ dy _
§—gy W or f'g—_Ty = fdx

Thus —4+In(8-3y) = 2+ ¢

Putting # =0 and y =2, we have —31In2 =¢; and so the required solution is

—4+In(8—-3y) = =z — 31 In2

This can also be written as $In(8—38y) — }In2 = —2, In(8—38y) —In2 = —3g, ln<8 - 31/> -

—3x, 8 _231’ = e~3 or flnally 2

y = %(4 — e—sz)

Check: 1f y = 3(4—e~32), then y(0) = $(4—e% = 2(8) = 2. Also dy/dx = £(8e—3%) = 2¢—3x
so that
dy

%+3y = 273 4 81 3(4—e"3) = §
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2.12.

2.13.

Solve the preceding problem if y(0) =2 is replaced by %(0) = 4.

If we use the result —1 In(8—3y) = « +¢; of Problem 2.11, we find on formally putting
2 =0, y=4 that the logarithm of a negative number is involved. The difficulty can be avoided
on noting that actually
dy
f 8 — 3y
so that the solution is —} In|8 ~3y| = x — 1 In4. Since 8 — 3y is negative, the result can then
be written as

= 1 -
= 3ln|8 3y|
—3In@By—8) = = — }In2 or y = 4@2+e 3

Solve dy/dx = secy tanz.

Separating the variables, we have dy/secy = tanxdx

osydy = sin &
or cos Yy ay cos &
. . d(cos x)
. d - AR
Then integration yields f cos y ay oS &
or siny = —Incoszx + ¢
ie. Incosx + siny = ¢

EXACT DIFFERENTIAL EQUATIONS

2.14.

(a) Show that (8x2+y cosx)dx + (sinx—4y®)dy = 0 is an exact differential equa-

tion and (b) find its general solution.

(a) Here M = 842+ ycosx, N = sinx — 4y3 so that aM/dy = cosx = N/dx and the equa-
tion is exact.

(b) Method 1 [Grouping of terms by inspection]. Write the equation as

8x2dx + (ycosxdx +sinxedy) — 4y3dy = 0
ie. d@®) + d(y sinx) — d(y*) = 0
or dx® +ysine—yt) = 0
Then on integrating, 23 4+ ysine — y* = ¢

Method 2 [Direct method]). Since M dx + Ndy = dU an exact differential and dU = %dm +

19 dy, we must have

a
Y ey ama W=
ox oy
U _ g0 u _
or e 322 4+ y cos =, o sina — 443 (1)

Integrating the flrst equation in (1) partially with respect to 2 [keeping y constant], we have
U = f(3x2+ycosx)6x = % + ysinz + F(y) 2)

where F(y) is the constant of integration which may depend on .
Substituting (2) in the second equation of (1), we find
yeosz + F'y) = sinx — 4y3 or F'ly) = —4y3
so that F(y) = —y* + ¢;. Then from (2),
U=a3+ysing—yt+¢
Thus Mde + Ndy = dU = d(x8+ysine—yt+e) = 0

from which we must have .
23 + ysinae — yt = ¢
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Method 3 [Formula]. From the result 2 on page 89 we see that the solution is

f(3x2+ycosx)ax + ‘f [(sinx—4y3) —a—';f (3x2+ycosx)6x]dy = ¢

a
i.e. 23 + ysinze + f[(sinx—4y3) —@(x3+ysinx):|dy = ¢

or 23 + ysineg —yt = ¢

INTEGRATING FACTORS

2.15. (a) Show that the equation (3zy®+2y)dx + (22%y +x)dy = 0 is not exact but that
(b) it becomes exact after multiplication by z. (¢) Thus solve the equation.

(a) Here M = 3xy2 + 2y, N = 222y + 2 and oM = 6xy + 2, v = 42y + 1 so that the equa-

tion is not exact. % 9%
(b) Multiplying by «, the equation becomes
(Baw2y2 + 2xy)dx + (Cx3y+23)dy = 0

N
from which M = 8a2y2 + 22y, N = 223y + 22, Then %_Il{ = 622y + 22 = %—x and the equa-
tion is exact, Y

(¢) By any of the methods of Problem 2.14 we find the required solution x2y + #3y2 = c.

2.16. Solve (a¢) (y+a¥)dx —xdy = 0, (b) (x*+2zy>—y)dx +2dy = 0.

(@) Write as yde — xdy + x*de = 0. The combination ydxr — x dy suggests integrating factors
1/22, 1/y2, 1/(x% + y2) [see page 40, entry 3]. Only the first leads to favorable results, i.e.

- 3
Y —2dy | oge = 0 or —d(¥) + a(Z) = o
22 ® 3
so that ¥4 Cal ¢
x 3
(b) Write as x(x2+y2)de + 2dy —yder = 0 and multiply by the integrating factor 1/(x2 + y2)
to obtain
vdy —ydx _ 2 AN
cdr + ——x2+y2 = 0 or d<?> + d(tan . = 0
2
Then T ttan1¥ = ¢
2 x

217. (a) If Mdx+Ndy =0 has an integrating factor ;. which depends only on z, show
that . =ef’®% where f(z) = (My,— N2)/N, M,=0M/ay, N,=oN/ox. (b) Write
the condition that . depend only on y. (c) Use the result to solve Problem 2.15.
(a) By hypothesis, uMdx 4+ u1Ndy = 0 is exact. Then
M) _ AN

oy ox
Since g depends only on 2 this can be written
M _ Ny ds _ (oM _aN
Fay — '“ax—'—Ndx or de ”(@“3;
de  _ M,—-N, -
Thus . = <———N de = f(x)dx
and so Ing = ff(x)dx, g = e f@az
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(b) By interchanging M and N, « and y we see by part (a) that there will be an integrating factor

u depending only on y if (N,— M,)/M = g(y) and that in this case p = e'f s dy

(¢) In Problem 215, M = 8axy2+2, N = 20% +a, M, = 6xzy+2, N, = 4ey+1 and

M,—N,  2y+1 _1 Samar _ . .
N iy p depends only on x. Thus by part (a), e = elnz = g ig

an integrating factor and we can proceed as in Problem 2.15(b).
LINEAR EQUATIONS
2.18. Solve the equation % + P(x)y = Q).

Write the equation as

[Px)y — Q@)]de + dy = 0
Then M =Pay—Q=), N=1 M, = % = P@), N, = %’ =0

My—N: _ P)—0
N
an integrating factor. Multiplying by this factor, the equation becomes

ej'de <d_y + Py) = Qefpdx

Since = P(x) depends only on x, we see from Problem 2.17 that e'f P@ar 4o

dx

which can be written as
d (e'[ Pdz

fPax
dx Qe

y)

Then on integrating we have

eIdey = er'rde de + ¢

or y = e JPax er'rsz dx + ce—fPaz

2.19. Solve xiy— — 2y = x® cosd4x.

dx
. . dy _ 2 _ ., . . dy _
Write the equation as dx gV T ¥ cos 4z, a linear equation of the form Tz + Py = Q
with P = —2/x, @ = x2cosd4x. As in Problem 2.18, an integrating factor is e'r (m¥mdz _
e—2lnz = glne™2 = x~2 Multiplying by x~2 we have
dy
-28 _ 9,3, —
x dz 223y cos 4x
which can be written as
d
L -2 =
az (x—2y) cos 4x
Then by integrating we find #~2y = 1lsinder+c¢ or y = }a?sindx + cx,

HOMOGENEOUS EQUATIONS
2.20. Solve (2a°+y®) dx — 3xy*dy = 0
Write as
dy _  2x% + 48
de 3xy?

The right side is seen to be a function of y/x either by writing it as

2 L oyd _ 2 1y
3xy? + 3xy ~  3(y/x)? + 3 (E
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or by letting y = v& and showing that the right side depends only on v, i.e.
203 +y3 _ 2a8 4+ 828 _ (2+0%)xd _ 2+ 08

3xy2  8xe v 3v2q3 -

Thus the equation is homogeneous. From y = ve we obtain

dv _ 2+ 8 dv _ 2—2¢8
LR 302 or Y ~ 302
Separating the variables, we have
3v2dv _ — flﬁ
¥-1
Integrating, In(v3—1) = —2Inx + ¢
or In[(»8—1)22 = ¢

Thus (v3 — 1)22 = ¢ = ¢ and the required solution on letting v = y/x is y3 — 23 = ca.

[CHAP. 2

Note that in the integration we assumed v3—1 > 0. Similar reasoning analogous to that of

Problem 2.12 shows that the solution is also valid if v3—1 <0.

Solve % = 529;%%
The right side is a function of y/x. Thus letting y = vz,
”Z_: tv o= 52+—4:
or ﬁ?‘ﬁdv + flxﬁ = 0
Integrating, f ﬁﬁdv + f flxﬁ =
Since f 5241-)—;1221—5‘2” = f v£v++21v) iv5 + f w T f)gi i

= 1n(v2+2v+5)—§tan 1(

the required solution is

In (y2 + 22y + 522) — 3 tan—1 (%)

BERNOULLYS EQUATION

2.22,

Solve x@+y = zys.

v+ 1

da
The equation written as g_l +¥ = = y® is a Bernoulli equation [see page 40} with P(x) = 1/x,
Qx)=1, n=3.
Making the transformation y!—# =v, ie. y~2=wv, we find on differentiating with respect
to z,
_ady dv dy 1 .dv
—oy—3%Y _ v 9 . _,88Y
Wl T d % 2¥ iz
Thus the equation becomes
1 dv Y dv 2
- 3-_- L = 3 = - 2 =
LA™ + x y or dx xy? 2
X dv -
i.e. i 2v = =2

Since the general solution of this is v = 2x + cx2, the solution of the required equation is

1

2 — 1
4 2x + ex?’
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EQUATIONS SOLVABLE FOR ONE VARIABLE
223, Solve ap>+2px—y = 0 where p=1%"

The equation can be solved explicitly for y, i.e. y = «p?+ 2pwx. Differentiation with respect

to x yields d dp dp
—1—/- = = fuat 2 o
de p 2pxdw + p +2p+2xdw
dp _
or pp+1) + 2x(p+1)%- = 0 1)

Case 1, p+17 0. In this case (I) becomes on division by (p + 1),

dp _
p + 22 e = 0
whose solution is a#p2 =c¢. Then
¢ 2¢c
€z = =, =c+= 2
= P Y o 2)
are the parametric equations of the general solution. By eliminating p from (2) we can obtain the
1 ion in the f
general solution in the form Y—cp = dew (3)

Case 2, p+1=0. In thiscase p = —1, and substituting into xp2+2px—y =0 wefind +y =0
which is a solution of the differential equation, as can be checked. However, it cannot be obtained
from the general solution (8) by any choice of ¢. Thus z+y = 0 is a singular solution.

CLAIRAUTS EQUATION
224. Solve y = px=yp?’+1 where p=v".
Use the method of Problem 2.23. Differentiating,

/

)

dx 1 /pz +1 dx
: dp ( 2 ) —
from which ==z =x = 0
dax \ /pz +1
Case 1, dp/dx = 0. In this case p = ¢ and so the general solution is
¥y = cx *Ve2+1

Case 2, dp/dx % 0. In this case 2 *p/Vp2+1=0 or 2 = xp/Vp2+1 and
2
y = s—2 _ + VpP¥l = =1

vp2+1 vr2+1
. . 2
To eliminate p, note that x2 + y2 = S 1 = 1. The equation «2+y2=1 satisfies the

pP+1 p2+1 "
given differential equation but cannot be obtained from the general solution for any choice of ¢
and so is a singular solution,

EQUATIONS OF ORDER HIGHER THAN ONE
2.25. Solve y” + 2y = 4x.

Since y is missing from the equation, let y’ = p, ¥’ = dp/dw. Then the equation becomes
dp _
de + 2p = 4z (1)
a linear first order equation having integrating factor e'r Zar e2r, Multiplying by e2%, (1) can be
written as

El% (pe?*) = 4wxe2®
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4[(w)(5223> - m(%if)] + o

ie. p = dy/lde = 22— 1+ cle= %

so that pe2r = 4 fa:ezr de + ¢

Integrating again, we find the required general solution
y = a2~x—}eem®+e;, = a2 —a+Ae"*+ B

Solve 1+4yy” +y?* = 0.

Since « is missing from the equation, let ¥’ =p, ¥
equation becomes

—dp _dpdy _ dp
T de T dy de dy’

’r

Then the given

I d}] ' .
sepavl ating Variables and integrating,

pdp f@ =
1+p2+ Y Ct

i.e. 2In(l+p) + Iny = ¢ or In[1+ Pyt = ¢
from which (1+ p?)y2 =a2 and

p = dylde = =Va?—yy

d
Separating variables, * -—Zz——yyz- = dx
Integrating, Ve —92 = a+b
Squaring gives (x+b)2+y2 = a

which is the general solution,

MECHANICS PROBLEMS

2.27.

2.28.

An object is thrown vertically upward from the ground with
initial velocity 1960 cm/sec. Neglecting air resistance, find
(@) the maximum height reached and (b) the total time taken
to return to the starting point.

Let the object of mass m be located at distance x em from the

ground after time ¢ sec [see Fig. 2-6]. Choose the upward direction as
positive. By Newton’s law,

Net force = Weight
d2x _ d2c _
moas = —mg or e =9 = 980 (1)

The initial conditions are x =0, dx/dt =1960 at t = 0.
Solving (1) subject to the initial conditions, we find
x = 1960t ~ 490¢2 (2)

(@) The height is a maximum when dx/dt =1960—980t=0 or t=2. Then x = 1960(2)—
490(2)% = 1960. Thus the maximum height reached is 1960 cm,

() =0 when (1960 —490t) = 0 i.e. £t =0, 4. Then the required time to return is 4 sec.

A 192 1b object falls from rest at time £ =0 in a medium offering a resistance in 1b
numerically equal to twice its instantaneous velocity in ft/sec. Find (a) the velocity
and distance traveled at any time ¢ >0 and (b) the limiting velocity.
Choose the positive direction downward.
Net force = Weight — Resistance

%“% = 192 -  2v or %—%:32-% (1)
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(a) Solving (f) subject to the initial condition v =0 at ¢ =10, we find for the velocity at any
tlme, v = 96(1_6_"3) (2)

Replace v by dx/dt in (2) and use the initial condition # =0 at ¢t =0 to obtain for the
distance traveled, © = 96(t + 3e—1/% — 3)

(b) The limiting velocity is
lim 96(1 —e~t/3) = 96(ft/sec)

£ =r 00

and can also be obtained by setting dv/dt = 32 —v/3 = 0.

2.29. Solve Problem 2.28 if the medium offers a resistance in lb numerically equal to 3v2

Net force =  Weight — Resistance
192 dv 2 dv
—_—— = —_ —_— = 4 — 2
g dt 192 3v or 2 7t 6 v 1)
Then separating variables and integrating, we find
v _ (dt 1, (8+0) _ ¢
f64-—v2 = fz or 161n<8—v> =gte

(@) Since v=0 at t=0, ¢=0. Then

1 8+v\ _ ¢t _ dx _ elt — g4t
16 In (8—12) -2 or v T @ T 8(64‘+e“4‘> @)

which is the velocity at any time.

Integrating the second equation in (2) subject to « = 0 at ¢t =0, we find for the distance

traveled,
t —4t
x = 2In <_€f_‘|;23__) = 21n cosh4t
(b) The limiting velocity is
. et —g—at\ 1 — e8¢ _
e 8<m> = o 8<ﬁ> = 8 (ft/ser)
. . dv v2

and can also be obtained by setting v 32 -9 = 0.

2.30. A boat of mass m is traveling with velocity vo. At ¢ =0 the power is shut off.
Assuming water resistance proportional to v where n is a constant and v is the
instantaneous velocity, find v as a function of distance traveled.

Let 2 = distance traveled after time ¢ > 0.

Net force = Forward thrust — Water resistance
d
mﬁ 0 — kvn
where & is the constant of proportionality. Then
d d
md—: = mﬁ"z—‘: = mvz—z = —kvn or mvl—ndy = —kdx

Case 1, n 2. Integrating, using v = v, at ® =0 where v, is the velocity at t =0,
2—n i 2—n — E —
v v, m (2 —n)x
Case 2, n = 2. Integrating, using v =93 at =0,

v = «er—kx/m
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23l A

horizontal frictionless table so that a length b
of the chain dangles over the side. How long
will it take for the chain to slide off the table?

ORDINARY DIFFERENTIAL EQUATIONS [CHAP. 2

uniform chain of length a is placed on a

Suppose that at time ¢ a length « of the chain is

dangling over the side [Fig, 2-7). Assume that the den-

sity (mass per unit length) of the chain is . Then Fig. 2-7
Net force = Mass being accelerated * Acceleration
dv
(og)x = s 1)
. dv _ dv de _ dv
Then since dt - dwdt =" dn’ (Z) becomes
dv _ g%
Ydz T a @

Integrating (2), using * = b when v =0,

v:%: %m ®

Separating the variables in () and integrating again using * = b when ¢t =0,

2 — ph2
1n<zv_+_Tw_b_> - \/Et
a

Since the chain slides off when x = a, the time T taken is

r = 2, a+ Va2 — b2
= 7 n R

ELECTRIC CIRCUIT PROBLEMS

232. A

resistor of R =10ohms, an inductor of R = 10 ohms

L = 2henries and a battery of E volts are con-

nected in series with a switch S [Fig. 2-8]. At L = 2 henries
t = 0 the switch is closed and the current I =0, - ~
Find I for ¢ >0 if (a) E =40, (b) E = 20e~%, s )
(¢) E = 50 sin 5¢. Fig. 2-8
By Kirchhoff’s laws,
Potential drop across R + Potential drop across L + Potential drop across E = 0
dl —
101 + 25 + (—E) = 0
dl _ E
or 7 + 51 = )
dI

(a) If E = 40, @ —— 1+ 51 = 20. Solving this subject to I=0 at ¢=0, we have I = 4(1 — e~ 5¢),

dl

(%)

()

If E = 20e-3t, @t + 51 = 10e~3t or multiplying by the integrating factor est, — (Ie5t) = 10e2t
from which we obtain I =5(¢~3t—¢~5) on using I =0 at t=0.

dl

If E = 50 sinbt, it + 51 = 25 sin 5¢, ‘%(leﬁ) = 2565 sin 5¢. Integrating,

5t
ISt = 25 f eStgin Gtdt = 5%(sin 5t — cosb5t) + ¢

Since 1=0 at t=0, ¢=4% and so I = J(sin5¢ — cos5t) + Se—5t,

The term Le—5¢, which approaches zero as ¢ increases, is called the tramsient current.
The remaining terms #(sin 5¢ — cos 5t) comprise the steady-state current.
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2.33. A resistor of R =5 ohms and a condenser of C = .02 farads are connected in series
with a battery of E = 100 volts [Fig. 2-9]. If at ¢ =0 the charge Q on the condenser
is 5 coulombs, find @ and the current I for ¢ > 0.
= 9@

Potential drop across R = 51 = at
Potential drop across C = 02 = 50Q

Potential drop across E = —F

Then by Kirchhoff’s laws, dQ
5 qt + 50Q = E

If E =100 volts, 4Q + 10Q = 20, ‘%(el"‘Q) = 20e1%t, Then integrating and solving subject

dt
to Q=5 at t=0, wefind @ = 2+ 8¢~1% and I = dQ@/dt = —380e~10¢,
R = 5 ohms L
00
Sabem ¢ = 02 farad
(o}
(E) It
\_/ )]
Fig. 2-9 Fig. 2-10

2.34. An inductor of L henries and a condenser of C farads are connected in series
[Fig. 2-10). If @ =Qo and I=0 at t=0, find (¢) @ and (b) I at £> 0.

2
Potential drop across L = L% = L%
Potential drop across C = %
¢2Q L Q _
Then Ldt2 + c - 0 (1)
nce 9@ = @#Q _ dl _ dldQ _ ,dl
Since it =1, we have ae gt dodt IdQ so that (Z) becomes
a , 9 _ Q _
LIdQ+C = 0 or LIdI+CdQ = 0 (2)
Integrating the second equation of (2) yields
2
e+ 2 = ¢ @
Since I =0 when Q@ = Q,, we have C; = Q§/2C. Thus (3) becomes on solving for I,
dQ 1 3
I = % = =—J/@-@ 5
dt e Yo (
Separating variables in (4) and integrating,
dQ - 4 dt 1@ t
—= = x| 2 o sin1E = =L 4, (5)
V@2 - @2 VLC Q VIC
Since @ = @, for t =0, we find Cy = #/2. Thus from (5),
.. Q L4 4 t
sin~l = = ~* ——  or Q = @Qpcos
@ 2 JIic * VIC
and I = aQ =

- % sin ——
dt Ve  VLC
Note that the charge oscillates with amplitude Q,, period 27VLC and frequency (1/period)

1 . . .
The current oscillates with amplitude Qo/V LC and the same period and frequency as the

27V LC )

charge.
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GEOMETRY PROBLEMS

2.35. () Find the orthogonal trajectories of the family of curves y =ca® and (b) give a
geometrical interpretation.

(a) The differential equation of the family is

dy _ _ ¥ y _ 2
dx = 2cx = 2<ﬁ>” or ix = =

Since the slope of each member of the orthogonal family must be the negative reciprocal of
this slope, we see that the slope of the orthogonal family is

& _ _ 1 . dy_ _=
de = 2ylw dx 2y
Solving this we find that the equation of the orthogonal trajectories is
22+ 292 =k

() The family y = cx? is a family of parabolas while the orthogonal family x2+2y2=1%k is a
family of ellipses [see Fig. 2-11].

A4 QX, Y)

P(x, )

Fig. 2-11 Fig. 2-12

2.36. Determine a curve such that the length of its tangent included between the x and ¥
axes is a constant a > 0.

Let (x, y) be any point P on the required curve and (X,Y) any point @ on the tangent line AB
[Fig. 2-12].

The equation of line AB passing through (x,y) with slope ¥’ is
Y-y = y(X—2)
Set X =0, Y =0 to obtain the y and « intercepts
OA = y—zy, OB =az—yly = —(y—=y)y
Then the length of AB, apart from sign, is
\042+ 0B = (y—wy)VIT o2 /y

Since this must equal *a, we have on solving for y,

. ap
= x T = ap = 1
Y e Y @
where y' = p.
To solve () differentiate both sides with respect to «, so that

dp a dp

! — —_— —a ———— i,

V=P T 25 TP Gk g

pl, « 2 | =
oF de [” = (1+p2)3/2] 0
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Case 1, dp/dx = 0. In this case p = ¢ and the general solution is

ac
y = ex * 2
Vite ®
Case 2, dp/dx = 0. In this case, using (Z) we find y
- =@ R Al
T FaEem VT e
: 2/3 2/872
23 = 97 2/3 a=’’p
Then x irper Y 1¥p? 2
so that x2/3 + y2/8 = q2/3 3
which is a singular solution,
The curve (3) which is a hypocycloid [Fig. 2-13] and which is
the envelope of the family of lines (2), is the required curve. Fig. 2-13

FLOW PROBLEMS

2.37.

2.38.

A cylindrical tank has 40 gallons (gal) of a salt solution containing 2 lb dissolved salt
per gallon, i.e. 2 1b salt/gal. A salt solution of concentration 3 lb salt/gal flows into
the tank at 4 gal/min. How much salt is in the tank at any time if the well-stirred
mixture flows out at 4 gal/min?

Let the tank contain A 1b salt after ¢ minutes. Then

Rate of change of amount of salt = Rate of entrance — Rate of exit
d4 b _ gl gl Al gl
dt min - gal  min 40 gal ~ min
Solving the equation % =12 — 1% subject to A = 40 gal » 2IbgsTa;.1t = 80lbsalt at t=0, we

find A = 120 — 40e-t/10,

A right circular cone [Fig. 2-14] is filled with water.
In what time will the water empty through an orifice
O of cross-sectional area a at the vertex? Assume
velocity of exit is v = «\/2gh where & is the instan-
taneous height (“head”) of the water level above O
and « is the discharge coefficient.

At time ¢t the water level is at k. At time t+dt, dt > 0,
the water level is at h + dh where dh < 0. We have

i

Change in volume of water Amount of water leaving

—7r2dh = avdt = axV2ghdt

From similar triangles OAB and OEF, r = Rh/H. Then

2h2
_”’Z;‘ dh = axy2ghdt

Solving, subject to A= H at ¢t =0, we have

t = 2wR? (H5/2 — p5/2)

SaxH2\/2g

2 ’
Then time for emptying, when A =0, is T = i % .

bax
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CHEMISTRY PROBLEMS
2.39. Radium decays at a rate proportional to the instantaneous amount present at any
time. If the half life of radium is T years, determine the amount present after
t years.
Let A gm of radium be present after ¢ years. Then

Time rate of changeof A « A

dA dA
2t x A or a

Solving subject to A = A, at ¢t =0, we find A = Agekt,
The half life is the time T when the amount present is half the original amount, i.e. 4,/2.

= —kA

Then

A

70 = Age ¥T or e kT = 1, ¢k = T and A = Ayle~ k)t = AT
Another method. ¢~*T = 1, k = 1_1;1_2_ and A = AgethnT,

2.40. Chemical A dissolves in solution at a rate proportional to the instantaneous amount
of undissolved chemical and to the difference in concentration between the actual
solution C, and saturated solution C;. A porous inert solid containing 101b of A is
agitated with 100 gallons water and after an hour 4 Ib of A is dissolved. If a saturated
solution contains .2 1b of A per gallon, find (a) the amount of A which is undissolved
after 2 hr and (b) the time to dissolve 80% of A. :

Let « Ib of A be undissolved after ¢t hours. We have

dx dx _ 10—«
d_t o« a:(Cs—Ca) or ;l? = ke« (.2 100 >

de _ kx(x+10)
dt 100
Separating the variables and integrating,

e o L1 1 g, -
fx(x+10) = 1o <x x+10>dx = Kt G

1 2%

Then = xa(x +10)

i.e. Elnx+10 = «t + C;
Using the conditions ¢t =0, x =10 and ¢t =1, x = 6, we find
' _ b8/t
71— 1@3/4¢

(@) When t=2hr, « =38.911b of A undissolved.
(b) When «=21b, (3)* =1 and t=3.82hr.

TEMPERATURE PROBLEM

241. Newton’s law of cooling states that the time rate of change in temperature of an
object varies as the difference in temperature between object and surroundings. If
an object cools from 80°C to 60°C in 20 minutes, find the temperature in 40 minutes
if the surrounding temperature is 20°C.

Let U = temperature of object after ¢ minutes. Then
au du

G < U-20 o T = KU-20)

Solving, U= 20+ecekt. At t=0, U=280 so that ¢=60 and U =20+ 60ekt. At ¢ = 20,
U=260 so that e20k = 2/3 ¢k = (2/3)1/20, Then

U = 20+ 60¢kt = 20 + 60(ck)t = 20 + 60(3)+/20
When ¢t =40, U = 20+ 60(2/3)2 = 46.7°C.
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BENDING OF BEAMS

242. A beam of length L is simply supported at l
both ends [Fig. 2-15]. (a) Find the deflection
if the beam has constant weight W per unit
length and (b) determine the maximum

S ———

deflection. Fig. 2-15

(a)

®)

The total weight of the beam is WL, so each end supports weight 4WL. Let x be the distance
from the left end A of the beam. To find the bending moment M at x, consider forces to the
left of x.

(1) Force WL at A has moment —(3WL)x.
(2) Force due to weight of beam to left of # has magnitude Wx and moment
Wa(x/2) = fWa?
Then the total bending moment at x is %sz — 4WLx. Thus
Ely" = {Wa? — WL
Solving this subject to ¥’ =0 at x = L/2 [from symmetry] and ¥y =0 at =20, we find

= W 3 3
¥y = 24E1(x 2La3 + L3%)

This could also be obtained using conditions ¥y =0 at x =0 and « = L.
The maximum defiection occurs.at x = L/2 and is 5WL4/384E1.
Note that if forces to the right of x had been considered, the bending moment would be

—4WL(L — ) + W(L—=x) <L ; x) = JWa?2 — JWLx as above.

243. A cantilever beam [Fig. 2-16] has one end

horizontally imbedded in concrete and a force
W acting on the other end. Find (a) the de-
flection and (b) maximum deflection of the
beam assuming its weight to be negligible.

(@)

Considering the portion of the beam to the right
of x, the bending moment at x is W(L — ). Then

Ely" = W(L—2) Fig. 2-16
Solving this subject to ¥ =0 at x =0 and ¥y =0 at x =0, we find
- W 2 8
Y = GEI (8Lx2 — x3)

(b) The maximum deflection occurring at = = L is WL3/3EI

NUMERICAL METHODS

244. If dy/dx=2z+y, y(0) =1, (a) find the approximate value of y(.5) using the step
by step or Euler method with 2 =.1 and (b) compare with the exact solution.

(@)

To obtain the entries in the first line of the table below, use the fact that 29 = 0, yo = 1.0000
so that y' = 2z, + yo = 1.0000.

x Y y=2x+y
0 1.0000 1.0000

1 1.1000 1.3000

2 1.2300 1.6300

3 1.3930 1.9930

4 1.5923 2.3923

5 1.8315
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To obtain the entries in the second line use » =.1 and equation (10), page 43, to obtain

ylag+h) = y(xg) + hf(we, yo)
= value of ¥ in first line + (.1)(slope in first line)
= 1.0000 + (.1)1.0000) = 1.1000

and the corresponding slope is
¥ = 2(.1) +1.1000 = 1.3000

Similarly we have

value of ¥ in third line = value of y in second line + (.1)(slope in second line)
= 11000 4+ .1(1.3000)
= 1.2300
and slope in third line = 2(.2) + 1.2300 = 1.6300

The remainder of the entries are obtained by continuing in this manner and we find finally
y(.5) = 1.8315.

(b) The equation is linear and has integrating factor ¢—*. Solving, we find y = 3¢* — 2x — 2.
Then when x = .5, y = 3¢5 — 3 = 3(1.6487) — 8 = 1.9461. Better accuracy can be obtained by
using smaller values of kh or proceeding as in Problem 2.45 which is a modification of the
method.

Show how to improve the accuracy of the method of Problem 2.44.

The method which we shall use is essentially the same as that of Problem 2.44 except that
we obtain improved values of y and y’, which we denote by ¥y, yi; ¥s ¥3, etc., as indicated in the
table below. Success is achieved when there is very little difference between the improved values
of y [see columns headed ys and y, respectively in the table].

The first line in the table below is the same as the first line in the table of Problem 2.44 and
is found in exactly the same way.

Similarly the entries corresponding to y; and y{ in line two of the table below are the same
as those in line two of the table of Problem 2.44.

We now refer only to the table given below. As seen from this table, the slopes corre-
sponding to # =.0 and x =.1 are 1.0000 and 1.3000 respectively. Then the average [mean]
slope is £(1.0000 + 1.3000) = 1.1500. Using this modified slope, we find for the corresponding value

of
v ¥s = 1.0000 + .1(1.1600) = 1.1150 @)
The slope corresponding to this value of y is given by
y; = 2(.1) + 1.1160 = 1.3150 (2)

using the given differential equation.
From the improved slope (2) we now obtain an improved average slope

3(1.0000 +1.8160) = 1.15675 (€3]
and from this an improved value of y given by
y¥g = 1.0000 + (.1)(1.1575) = 1.1158 4)
which in turn gives an improved slope equal to
ys = 2(1) + 111568 = 1.3158 %)

The improved average slope using (5) is then
%(1.0000+ 1.3158) = 1.1579

and so ¥y = 1.0000 + (.1)(1.1579) = 1.1158 (6)
Since this agrees with (4), the process ends.
We now use y, = 1.1168 and yj = 1.3158 to obtain the entries in the third line. Thus
y, (line 3) = 1.1158 4 (1)(1.3158) = 1.2474

and ¥} (line3) = 2(2) + 1.2474 = 1.6474
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Continuing in this manner we finally obtain y%(.5) = 1.9488, the last entry of the last line in
the table, This agrees closely with the true value 1.9461.

% Y vi Y2 v3 Ys 3 Ya
0 1.0000 1.0000

1 1.1000 1.3000 1.1150 1.3150 1.1158 1.3158 1.1158
2 1.2474 1.6474 1.2640 1.6640 1.2648 1.6648 1.2648
3 1.4313 2.0313 1.4496 2.0496 1.4505 2.0505 1.4506
4 1.6557 2.4557 1.6759 2.4759 1.6769 2.4769 1.6770
5 1.9247 2.9247 1.9471 2.9471 1.9482 2.9482 1.9483

2.46. Solve Problem 2.44 by the Taylor series method.
By successively differentiating the given differential equation, we have
y = 20ty ¥y =24y, ¢y =y, Yy =y, oy = v,

Thus y©0 =1, ¥0) =1, y’' =38, y” =3 yi =3 y» =3, .,
" 1" Gv) )
andso  y(x) =ywr+wmx+%§%2+l§9w+”ZPhﬂ+”;Pus+~-
_ 322 | 328 | 3at | 35 | 3
S lter ettt ter ter v

2 3 4 5
322  #8  wt W5

S lte T YTt o

Then when x = .5,

y(.5) 1+.5+3('—‘r’)2+(—‘2)3+(—‘§3+@+---

2 2 8 40
1+ .6+ 375 + .0625 + .0078 + .0008 + --- = 1.9461

2.47. Solve Problem 2.44 by Picard’s method.

We have on integrating the differential equation using the boundary condition,
yx) = 1+ fx(2u+y) du
0
Letting ¥, =1 as a first approximation we find the second approximation
Yol) = 1 + fx(2u+1)du = 14+ 2+ «2
0

Then a third approximation is

T
ys@ = 1+f Qu+l+utuddu = 1+x+§;—2+%3
[}

Proceeding in this manner we find the successive approximations

z 2 3
valz) = 1+f <2u+1+u+§12‘—+'—‘3—>du
[1]

x| ot

_ 322
—1+:lc+2+2 12

vs(@) 1+fx<2u+1+u+§u—2+“—8+“_4 i
0 2 "2 1g)*™

Sx2 | 3 xt x5

= 1+ praadil = et =
S R T )
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’ 3u2 , ud | ut | U
Ye(®) 1+J;<2u+1+u+—2—+?+—8—+(—56>du

ol

_ w2 x  at | &P
= ittty 0t 3

Putting 2 = .5 in this last approximation, we find
ye(5) = 1 + .5 + 375 + .06256 + .0078 + .0008 = 1.9461

248. Solve Problem 2.44 by the Runge-Kutta method.
Using h =5, 20=0, yo =1, f(z,y) =22 +y in the equations on page 44,
k, = 5[20)+1] = 5
ky, = .5[2(.25) + 1.25] = .875
ks = .5[2(.25) + 1.4375] = .96875
ky = .5[2(.5) + 1.9675] = 1.48375
Then y(6) = 1+ 3(.65+ 1.750 +1.9375 + 1.48376) = 1.9452

Better approximations can be obtained by using two or more applications of the method with
smaller values of h.

2.49. (@) Show how to solve numerically the system of equations
dyldz = f(x,y,v), dv/dz = g(x,y,v); Y@) = Yo, V(X)) = Vo
by the Runge-Kutta method.
(b) Use (a) to show how to solve numerically
d*ylda? = g(z,y,dyldz);  y(Xo) = Yo, ¥'(%0) = Yo
(a) Using the results on page 44, we write

ky = hf(@o Yo, vo) Iy = hg(xq, yo, vo)

ky = hf(wo+ 2k, yo + 351, v+ {ly) Iy = hg(xy+ Lk, yo + 3k, vo + $1)
kg = hf(xg+ Lh, yo + Jhg, vo + 11) Iy = hg(xo+ Lh,yo+ Lks, vo+ 1)
ky = hf(xo+ h,yo+ ks, vy +13) ly = hg(xg+ h,yg+ kg, vy + 1)

so that
y(xo + h) = Yo + %'(kl + 2k2 + 2k3 + k4)y ’U(xo + h) = Py + %(ll + 2l2 + 2l3 + l4)

(b) The equation d2y/dx? = g(x,y,dy/dx) is equivalent to the system
dy/de = v, dv/de = g(x,y,v)

and comparing with the equations of (a) we have f(x,y,v) =v. Then the expression for
Y(wo + k) can be written in terms of Iy, Iy, l; as

Y@o+ k) = yo + A{hove + 2k(vy + 3) + 2h(vy + 1) + h(vg + 1))
= Y + ho’Uo + %—h(ll + l2 + 13)
d’y dy .
250. If p 7oA 3% +2y = z; y(0) = 1, y’(0) use Problem 2.49 to find an approximate

value of y(.5).
The differential equation is equivalent to the system
dylde = v, dvfde = x— 2y + v

and with the notation of Problem 2.49(b) we have g(x,¥,v) = x — 2y + 3v, %, = 0, Yo=1, vo=0.
Thus if  =.5 we have from Problem 2.49(a),

l, = b(=2 = -1, l, = .5(—3.25) = —1.625, Iy = .5(—3.9376) = —1.96875
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Then y(.B) = 1+ %(—1 —1.625 — 1.96875) = .6172

The equation can be solved exactly and the solution is y = ¢* —3e2* + 4w + 3% so that
y(5) = e — Be + 1 = 1.6487 — $(2.7183) + 1 = .6100.

2.51. Work Problem 2.50 by the Taylor series method.
We have ¥’ = v, v’ =% —2y+ 3v so that by successive differentiation,
yll = ,vl’ ,vll = 1 — 2yf+3,vl’ ylll - ,vl/’ ,vlll = _2y'l+ 3,vll’
and we find corresponding to x =0,
y =0, v =2, y'=-2, v’ = —b, Yy = -5, ' = =11, yiv = -11, p(v) = —23
g = —23, v = —47, y = —47, pOD = —95, yOib = —95, .,
,,(O)xz ylli(o)xs
21 3!

53 11t 2325 4748  95x7

= 1-a2—-2 - - -

6 24 120 720 ~ 5040

¥(0) + ¥z + ¥ + NI

Then y(x)

Thus we have approximately
y(.5) = 1 — .25 — ,104167 — .028646 — .005990 — .001020 — 000147
= ,61003

Supplementary Problems

CLASSIFICATION OF DIFFERENTIAL EQUATIONS
2.52. Classify each of the following differential equations by stating the order, the dependent and
independent variables and whether the equation is ordinary or partial.

_ dss _ 3
(a) W_gﬁ-'- 3W—U = et (d) s Vs — 4t

PT | T, 2T
%2 Y2 922

()

(=

(e) y" = [1 + y’2]3/2

() =xyy = (y")8 (H duv)y = v2dv

SOLUTIONS OF DIFFERENTIAL EQUATIONS

2.53. Check whether each differential equation has the indicated solution. Determine which solutions are
general solutions.

(@ ¥ ' —20+y =a ¥y = (e;+ecx)e* + 2+ 2
() @) +It) = 2 3-8t = ¢
© v = oy +Vy; 27at+256y = 0
v | _deV
(@) Fa+8ge T16V = 0, V = ¢ sin2t+ ¢ cos2t + eyt sin 2t + o4t cos 2t

254, (a) Show that y = e~(¢; cos & + ¢, sinx) is a general solution of y” + 2y’ + 2y = 0. (b) Deter-
mine the particular solution such that y(0) = —2, y'(0) = 5.

255. (a) Show that y = cx +3¢2+ ¢ and (x+1)2+ 12y = 0 are solutions of the differential equation
y = 2y + 3y + o/, (b) What is the name given to each of these solutions? (¢) Explain the rela-
tionship between these solutions and illustrate graphically.
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DIFFERENTIAL EQUATION OF A FAMILY OF CURVES

2.56.

2.57.

Find differential equations for the following families of curves: (@) 2+ ey2 = 1, (b) y2 = ax + b.

Find the differential equation for (a) the family of straight lines which intersect at the point
(2,1) and (b) the family of circles tangent to the # axis and having unit radius.

MISCELLANEQUS TYPES OF DIFFERENTIAL EQUATIONS

2.58.

2.59.

2.60.

2.61,

2.62.

2.63.

2.64.

2.65.

2.66.

2.67.

2.68.

2.69.

2.70.

(¢) Find the general solution of dy/dx = 8x%—4x + 1. (b) Determine the particular solution such
that (1) = 3.
Solve each of the following boundary-value problems.
3
(@ y'=28Va; y(1) =0, y'(0) = —2
(d) a3y =144 y(1) =y'1) =y"(1) =0
(¢) d2s/dt2+ 12t =16sint; 8 =2, ds/dt=—4 at t=0

iu=x\/1—y2

Solve (a) % = —2xy, (B) ay'+3y=0; y(1)=2, () j—i +2I=10; 10) =0, (&) &

— s
(e) 1— 22y =4y; y(0) =1 yl—w

Solve
(@ (x+2y)de+ 2x—by)dy = 0 (¢) (ye*—e Y)dx + (e~ v+ed)dy = 0
dy _ 3—dxy? | — dy _ 4 — 2w cosy — 293 sec?2x

de — 3y2tan 2x — x2 siny

Each of the following differential equations has an integrating factor depending on only one
variable, Find the integrating factor and solve the equation.

(@) Qy—22)de+2dy =0

(b) Cey2—y)de + Re—22y)dy = 0

(¢) 2dx+ 2x—38y—3)dy = 0; @) =0

(d) 2y sinz + 3yt sinx cosx)dr — (4y® cos?x + cosx)dy = 0

Solve each of the following differential equations given that each has an integrating factor of the
form xry:

(a) (By—2xy®) dx + (4o —3x242)dy = 0
b) (Qeyd3+2y)de + (x2y2+2x)dy = 0

Solve (a) (2x2+2y2—y)de + (w29 +y3+2)dy = 0
(b) @+x—y?)de —ydy = 0

d
Sove (@) W4¥ = 4o ya) =2, ) W' —4y =z, () fl—z = 3y+2x) +1; y(©) = o,

dy _
()] F 2y cotx = csc .

dy 2y _¥° 29y _ 0 2 dy _ 20 — 3y _
Solve (a)dx oo B (b)a:dx-—x + 3xy + ¥2, (c)dx_4y+3x’ (d) (x—y)y + 8y — 5x = 0.

Solve (@) 22 +y = o2 () 20% = wy + o8,

dy _ o+2y—4 dy _x—y+1
Solve (@) &y = y—2w 73 ® @ = o=y —1"

Solve dyfdx = x2+ 2xy +y2 + 22+ 2y, y(0) = 0.

Solve (a) ¥2+(y—1)y —y = 0, (b) (xy+y)? = 23,
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2.71.

2.72.

Solve each of the following, determining any singular solutions. In each case p =y’
(@) y =px+2p% (b) 2p2=2y(p+2), (c) (wp—¥)>=p>—1, (d) % = x3p—yp2

Solve (a) zy’—3y =2, (b) yy” +2y2=0, (c) y'+4y =0, (d) 1+y?)3 = (")

EXISTENCE AND UNIQUENESS OF SOLUTIONS

2.73.

Use the theorem on page 41 to discuss the existence and uniqueness of solutions for each of the
following: (@) ¥’ =2xy; ¥(0) =1, ) y=ay' —y% ¥2) =1, () ¥ =@w+*)/ly—=); y1) =1

MISCELLANEOUS APPLICATIONS

2.74.

2.75.

2.76.

2.71.

2.78.

2.79.

2.80.

2.81.

2.82.

2.83.

2.84.

2.85.

2.86.

2.87.

2.88.

An object moves along the x axis, acted upon by a constant force. If its initial velocity in the
positive direction is 40 meters/sec while 5 seconds later it is 20 meters/sec, find (a) the velocity at
any time, (b) the position at any time assuming the object starts from the origin x = 0.

A 64 1b object falls from rest. The limiting velocity is 4 ft/sec. Find the velocity after t seconds
assuming a force of resistance proportional to (a) v, (b) v2, (¢) V.

A particle is located at *x =a (& > 0) at ¢t =0. It moves toward x = 0 in such a way that its
velocity is always proportional to " where n is a constant. Show that the particle will reach
=0 if and only if » < 1.

An electric circuit contains an 8 ohm resistor in series with an inductor of .5 henries and a battery
of E volts. At ¢ =0 the current is zero. Find the current at any time ¢> 0 and the maximum
current if (a) E =64, (b) E = 8te—18t, (c) E = 32¢~8¢, ’

(a) Solve for the current in the circuit of Problem 2.77 if E = 64 sin8t. (b) What is the transient
current and steady-state current?

An electric circuit contains a 20 ohm resistor in series with a capacitor of .06 farads and a battery
of E volts. At t =0 there is no charge on the capacitor. Find the charge and current at any
time t>0 if (a) E =60, (b) E = 100te—2t.

Find the charge and current in the circuit of Problem 2.79 if E = 100 cos 2¢.

Find the orthogonal trajectories of the family of curves
(@) oy = ¢, (b) a2+ 9y2 =cx, (c) y2 = cx?2— 2y

Find the equation of that curve passing through (0,1) which is orthogonal to each member of the
family 22+ y2 = ce=.

A curve passing through (1,2) has the property that the length of the perpendicular drawn from
the origin to the normal at any point of the curve is always equal numerically to the ordinate of
the point. Find its equation.

The tangent to any point of a certain curve forms with the coordinate axes a triangle having
constant area A. Find the equation of the curve.

A tank contains 100 gallons of water. A salt solution containing 2 Ib of salt per gallon fiows in at
the rate of 3 gallons per minute and the well-stirred mixture flows out at the same rate. (a) How
much salt is in the tank at any time? (b) When will the tank have 100 Ib of salt?

In Problem 2.85, how much salt is in the tank at any time if the mixture fiows out at (a) 2 gal/min,
(b) 4 gal/min.

A right circular cylinder of radius 8 ft and height 16 ft whose axis is vertical is filled with water.
How long will it take for all the water to escape through a 2in2 orifice at the bottom of the tank

assuming the velocity of escape v in terms of the instantaneous height h is given by v = .6y 2gh.

Solve Problem 2.87 if the cylinder has its axis horizontal.
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2.89.

2.90.

2.91.

2.92.

2.93.

2.94.

2.95.

2.96.

ORDINARY DIFFERENTIAL EQUATIONS [CHAP. 2

The rate at which bacteria multiply is proportional to the instantaneous number present. If the
original number doubles in 2 hours, in how many hours will it triple?

After 2 days, 10 grams of a radioactive chemical is present. Three days later 6 grams is present.
How much of the chemical was present initially assuming the rate of disintegration is proportional
to the instantaneous amount which is present?

Find the half life of a radioactive substance if three quarters of it is present after 8 hours.

Chemical A is transformed into chemical B at a rate proportional to the instantaneous amount of
A which is untransformed. If 20% of chemical A is transformed in 2 hours, (a¢) what percentage
of A is transformed in 6 hours and (b) when will 80% of A be transformed?

It takes 15 minutes for an object to warm up from 10°C to 20°C in a room whose temperature is
30°C. Assuming Newton’s law of cooling, how long would it take to warm up from 20°C to 25°C?

At 1:00 P.M. the temperature of a tank of water is 200°F. At 1:30 P.M. its temperature is 160°F.
Assuming the surrounding temperature is maintained at 80°F, (a) what is the temperature at
2:00 P.M. and (b) at what time will the temperature be 100°F? Assume Newton’s law of cooling.

A beam of length L ft and negligible weight is simply supported at the ends and has a con-
centrated load W 1b at the center. Find (a) the defiection and (b) the maximum deflection.

A cantilever beam of length L ft has a weight of w Ib/ft. Find (a) the deflection and (b) the
maximum deflection.

NUMERICAL METHODS

2.97.

2.98.

2.99.

2.100.

2.101.

2.102.

Use the step-by-step or Euler method to solve numerically each of the following.
(a) dyldx =1y, y(0)=1; find y(.2) using h = .05,

(b) dylde =x+y, y(0) =0; find y(5) using h =.1.

(¢) dy/de =3x—y, y(1) = 0; find y(.5) using ~ = .1,

Work Problem 2.97 using the modified step-by-step or Euler method.

Work Problem 2.97 using (a) the Taylor series method, (b) Picard’s method, (c¢) the Runge-Kutta
method.

(o) Given dy/dx = (x+y)?, y(0) =1, find an approximate value for y(.2) by using an appropriate
numerical method. (b) Compare with the exact solution obtained by using the transformation
x4y =2

If d?y/de?+y ==, y(0) =1, y'(0) =0, find y(.5) using the (a) Euler method, (b) Taylor series
method, (¢) Picard method, (d) Runge-Kutta method.

d
If gi%— 2a%+y =2, y(1) =0, ¥'(1) = 0 find y(.4) using an appropriate numerical method.
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2.52.

2.58.

2.54.

2.55.

2.56.

2.57.

2.58.

2.59.

2.60.

2.61.

2.62.

2.63.

2.64.

2.65.

2.66.

2.67.

2.68.

2.69.

2.70.

2.71.

Answers to Supplementary Problems

(a¢) order 3, dep. var. U, ind. var. ¢, ordinary. (b) order 2, dep. var. T, ind. var. x,¥,2, partial.
(c) order 2, dep. var. y, ind. var. z, ordinary. (d) order 3, dep. var. s, ind. var. ¢, ordinary. (e) order
2, dep. var. y, ind. var. z, ordinary. (f) order 1, dep. var. » (or v), ind. var. » (or u), ordinary.

All solutions except for (¢) are general solutions.

b) ¥y = e *(3sinx — 2 cosx)

The first is a general solution and the second a singular solution,
(@ A—2%y' +xy =0 (b) yy" +9y2 =0

(@ ¥y =@—D/(=2) @ F-1)21+y?) =1

(@) y=20t—2024+0+c (b)) y =20t —2x2+2+2
(@) ¥y = 927/3 - 24 — 7 (¢) 8 =2+ 12t —2t3—16sint
-1 o _ 2z 5
® y= §1nx+24 3 +8
(@) y = ce— % (e) I =5B(1—e2) (e) ¥ = 1+x)Y1—zx)2
(6) y = 2/a3 d Vi—a2—vy1—y2 =¢
(a) 22+ 4oy —5y2 = ¢ (¢) ye* —xe ¥ = ¢
(b) 2x2y2 — 8x 4+ 23 = —3 (d) x2cosy+ y3tan2x —4ax = ¢
(a) a3 xty — dab = ¢ (¢) ev; e¥(2x—38y) = 4
() /93 x%y —x = cy? (d) cosx; y cos2wx + yteosdx = ¢
(2) 2a3y* — x4y8 = ¢; int. factor x2y3 (b) 3xy2 + 2 = ca3y3; int. factor x—4y—¢

() 2tan—1(y/x) +4dx+y2 = ¢ (D) 22— y2 = ce—2=

(@) 2y = ot +1 (¢) y = e3¢ —2x — 1

b) =+ 3y = ext (d) ysin2x = ¢— cosx

(@) 22— 2y = cy (¢) x2—~8xy —2y2 = ¢

b) x = ce~z/z+w (d) In (bx2 —4xy + y2) + 2 tan—1<y——xﬁ> =¢

(@) xzy(c—=x2) =2 (b) ze®V = ¢

(@ @—22+4(x-2)y—1)—(y~1)2 =¢
b)) x2—22y+y2+2x+2y = ¢

(x+y+1)Q—2) =1
(@ W—ate)y—cer) =0 (B) x(wy—c)?2 = 4

(@) ¥y = ex + 2¢%; sing. solution y = —x2/8.

() (x—c¢)2 = cy; sing. solutions y =0, 4z +y = 0.
() (ex—y)?2 = ¢2—1; sing. solution #2—y2 = 1,
(d) y2 = cx? — ¢%; sing. solutions y = *x2/2.
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2.72.

2.74.

2.75.

2.97.

2.78.

2.79.

2.80.

2.81.

2.82.

2.85.

2.86.

2.87.

2.90.

2,92,

2.94.

2.95.

2.96.

2.97.

2.100.

2,101,

2.102.

ORDINARY DIFFERENTIAL EQUATIONS

(@) y = —3a8 + ¢yt + ¢, (¢) ¥y = ¢ sin2x + ¢yco82¢ or y = asin(2x+b)
(b) ¥® = eix t+ ¢y d @—a2+(@y—02=1
(@) v = 40 — 40t (b) = = 40t — 2¢2

8t — o—8t
41—e"8) (b) v = 4<%§—_§> = 4 tanh 8¢

)y Vo + 21n<—2-—‘2—‘/—2> = —8¢

(@) v

(

o

(@) I = 8(1—e—18t), max. current = 8 amp
(b) I = 8t2¢—16t, max. current = ¢—2/8 = .01692 amp

(¢) I = 8(e—8t—e—16t), max. current = 2 amp

(a) I = 6.4 sin 8t — 3.2 cos 8¢ + 3.2¢~16¢
(b) Transient current = 8.2¢—18t, steady-state current = 6.4 sin 8¢t — 3.2 cos 8¢

(@) @ =38(1—e7t), I =3¢t
(b) @ = be~t— 5e—2t — Bte=2t, I = 10te—2t + He—2t — He~t

Q= 2sin2t+cos2t4e‘t, I = 4cos2t—2sin2t + et

@ 22— =k () a2+2=hy (o) y+1 = ke @ WD

x =y 1;an<1 ; y> 283, x2+4 y2 = Bx 284, 2xy = A

(a) 200(1 —e—-03t) (b) after 23.1 minutes

1.5 X 108

(a) 3(1004' t) — m

3
(®) 3(100—t)—300<1— t) 0=t=100

6.72 hr 2.88. 5.6 hr 289, 317 hr
10V4 or 21.54 gm 291, 19.26 hr
(a) 48.8% (b) after 14.43 hr 293. 30 min

(@) 183.3°F (b) about 3:12 P.M.

[CHAP. 2

@ y = 48—%7 (8L2x—4z%) for 0 =« = L/2 and is symmetrical for L/2<a =L (b) WL/48EI

= W _ (x4 — ALy 2052 wLt
(@) ¥ 24E1(x 4Lx3 + 6L2x2) (b) 8Bl

(a) Exact value = 1.2214 (b) Exact value = 2.2974 (¢) Exact value = —1.5
Exact value = 1.5087
Exact value = .89815

Exact value = .14776



Chapter 3

GENERAL LINEAR DIFFERENTIAL EQUATION OF ORDER =

The general linear differential equation of order n has the form

n. n—1 d
ao(x)% + al(x)gx—”:?—f + e+ an—l(x)ﬁ + a(v)y = R(z) (1)

A differential equation which cannot be written in this form is called nonlinear.

d?y dy

Example 1. % et + 3d_x — 2¢y = sin® is a second order linear equation.
d2y dy\? 2 —  o—p . .
Example 2. Ygms — © T 4+ %2y = e~% is a second order nonlinear equation.

If R(x), the right side of (1), is replaced by zero the resulting equation is called the com-
plementary, reduced or homogeneous equation. If R(x) = 0, the equation is called the
complete or nonhomogeneous equation.

Py gy, - By g dy
Example 3. If =« o 4+ 3 P 2¢y = sinx is the complete equation, then = a2 4+ 3 Iz
20y = 0 is the corresponding complementary, reduced or homogeneous equation.
If ao(x), aa(2), . . ., ax() are all constants, (1) is said to have constant coefficients, otherwise

it is said to have variable coefficients.

EXISTENCE AND UNIQUENESS THEOREM

If ao(x), as(x), ..., an(¥) and RE(x) are continuous in the interval |x—axo <35 and
ao(x) # 0, then there exists one and only one solution to (1) which satisfies the conditions

Y@) = Yo V(@) = ¥y ..., YOTO(x) = y&ov ®

OPERATOR NOTATION

It is sometimes convenient to adopt the notation Dy, Dy, ...,D% to denote
y dy ary
de’ dx?’ "7 dan”
erties analogous to those of algebraic quantities. Using this notation, we shall agree to
write (1) as

The symbols D, D?, ... are called differential operators and have prop-

[@o(x)D* + ay(x)D*~1 + « -+ + an-1(x)D + a.(x)ly = R(x) 3
or briefly D)y = R(x)

where ¢(D) = ao(x)D" + ax(x)D* "1 + - - - + an-1()D + a.(x) is called an operator polynomial
in D

Example 4. xgz—;; + 38 Z—Z —2xy = sinx canbe written (xD2+ 38D — 2x)y = sin .

71
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LINEAR OPERATORS

An operator L is called a linear operator if for any constants A, B and functions u,v to
which L can be applied, we have

L(Au+ Bv) = AL(w) + BL(v)

The operators D, D?, ... and ¢(D) are linear operators [see Problem 38.3].

FUNDAMENTAL THEOREM ON LINEAR DIFFERENTIAL EQUATIONS
In order to find the general solution of

#(Dyy = R(=z) 4)
where R(x)+ 0, let Y (x) be the general solution of the complementary reduced or homo-
geneous equatlgn #(Dyy = 0 (5)

We often refer to Y (x) as the complementary or homogeneous solution. Then we have the
following important theorem, sometimes referred to as the superposition principle or
theorem.

Theorem 3-1. The general solution of (4) is obtained by adding the complementary solu-
tion Y () to a particular solution Y, (x) of (4), i.e.

y = Y@ + Y,(@)

Example 5. The general solution of (D2—38D-+2)y =0 is y =cje*+c62® and a particular
solution of (D2—38D +2)y = 422 is 2«2+ 6x+ 7. Then the general solution of
(D2—38D 4+ 2)y = 422 is y = c;6% + 262 + 202 + 62 -+ 7.
Because of this theorem it is clear that we shall have to consider separately the problems
of finding general solutions of homogeneous equations and particular solutions of nonhomo-
geneous equations.

LINEAR DEPENDENCE AND WRONSKIANS
A set of n functions yi(x), y2(2), . . ., Y(x) is said to be linearly dependent over an interval
if there exist n constants ¢, ¢, . .., ¢, not all zero, such that
ey(x) + Caya(x) + -0 + Cayu(x) = O
identically over the interval. Otherwise the set of functions is said to be linearly
independent.

Example 6. 2¢3%, 5¢3%, ¢—4% are linearly dependent over any interval since we can find constants
¢4, g, ¢3 not all zero such that ¢;(2e3%) + ¢,(5¢3%) + ¢g(¢—%*) = 0 identically; for in-
stance, ¢; = =B, ¢, =2, ¢;3=0.

Example 7. ¢® and xe® are linearly independent since ¢,6* - ¢oze* = 0 identically if and only if
¢ =0, ¢c3=0.

Theorem 3-2. The set of functions y1(x), ¥2(%), . . ., ¥a(x) [assumed differentiable] is linearly
independent on an interval if and only if the determinant

Y, () Y, () e Y,(2)
W@ty ..,u) = U@ %@ cee YL(@)
Y)Y ... yeD()

called the Wronskian of v, ...,¥. is different from zero on the interval.
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This last theorem is important in connection with solutions of the homogeneous or
reduced equation as seen in the following

Theorem 3-3. [Superposition Principle]l. If yi(x),ys(2), ..., ¥a(%) are n linearly inde-
pendent solutions of the nth order linear equation ¢(D)y =0, then
y = c(x) + cayex) + o0+ Calu(T)
where ¢y, €3, ..., cn are n arbitrary constants, is the general solution of
#(Dyy = 0.

SOLUTIONS OF LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS

The remarks made so far have applied to the general equation (Z). Particular sim-
plifications occur when the equation has constant coefficients and we now turn to this case.
Two general procedures are available in this case, namely those which do not involve
operator techniques and those which do. For each case methods exist for finding com-
plementary and particular solutions and use is then made of the fundamental Theorem 3-1.

NON-OPERATOR TECHNIQUES

I. THE COMPLEMENTARY OR HOMOGENEOUS SOLUTION
Let y = ¢™, m = constant, in (aD*+a,D* 14 ... +a,)y =0 to obtain

am* +am 4+ +a, = 0 (6)
which is called the auxiliary equation or characteristic equation. This can be factored
into ol — ma)(m —ma) - - - (M —m) = O )
which has roots m;, ms, ..., m.. Three cases must be considered.

Case 1. Roots all real and distinct.
Then e™=, ¢™*, ..., e™~* are n linearly independent solutions so that by Theorem 3-8
the required solution is
Y = C1€™T + 6™ A - ¢ + eoe™F ®

Case 2. Some roots are complex.
If @o, a1, ..., a: are real, then when a + bi is a root of (6) so also is a —bi [where
a,b are real]. Then a solution corresponding to the roots a + bi and a— bi is
y = e**(¢1 cos bx + ¢z sin bz) 9

where use is made of Euler’s formula e = cosu + ¢ sin «.

Case 3. Some roots are repeated.
If m, is a root of multiplicity %, then a solution is given by

Y = (e1t e+ e+ -+ - + ke (20)

II. THE PARTICULAR SOLUTION

Two important methods for finding a particular solution of &(D)y = R(x) are
available,

1. Method of Undetermined Coefficients.

In this method we assume a trial solution containing unknown constants (indi-
cated by a, b, ¢, ...) which are to be determined by substitution in the given equation.
The trial solution to be assumed in each case depends on the special form of R(x)
and is shown in the following table. In each case f,¢,?, q are given constants and
k is a given positive integer.
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R(x) Assumed Trial Solution
fer® aer®
f cospe + g sinpx a cos px -+ b sinpx
fox® + frak~1l + o + fy agek + @@l 4 o0 @y
¢%(f cos px + g sin gx) e%(a cos px + b sin px)
eW(fouk + fiak—1 4 -+v 4 fi) e (@gak + axk~14 -+« + @)
(fox® + <+« 4+ f1) cos px (apc + - -+ 4 ay,) cos px
+ (gox* =4+« + g3) sin px + (bgxk + -+ 4 by) sin px
e(foxk 4 « -+ + fi) cos pax e (agack 4 -+« + ag) cos px
+ e%x(ggxk + -+« -+ gy) sin px + €35 (byxk + «+ + + by) sin px
Sums of any or some of the above entries. Sums of the corresponding trial solutions.

The above method holds in case no term in the assumed trial solution appears in
the complementary solution. If any term of the assumed trial solution does appear
in the complementary solution, we must multiply this trial solution by the smallest
positive integral power of 2 which is large enough so that none of the terms which
are then present appear in the complementary solution.

Method of Variation of Parameters.
Let the complementary solution of o(D)y = R(x) be

Yy = cn(®) + eay(x) + ¢+ catyn(w)

Replace the arbitrary constants eci, ¢, ...,c. by functions Ki(x), Kx(2), ..., Ku(x)
and seek to determine these so that y = Kiy; + Kaya + - -+ + K.y, is a solution of
#(D)y = R(x). Since, to determine these n functions, we must impose # restrictions
on them and since one of these is that the differential equation be satisfied, it follows
that the remaining » —1 may be taken at will. The conditions which lead to the
greatest simplicity are given by the equations

Ky +Ky,+---+Ky, =0 ]
Ky,+Ky,+ - -+Ky, =0
............................... L (11)
K;y;n—2) + K;y;"“") R K;y;n—ﬂ =0

Ky + Ky v+ - + Kl y—b = R(x)/a, )

where the last equation represents the condition that the given differential equa-
tion be satisfied.

Since the determinant of the above system of equations is the Wronskian of
Y1, . .., Y= which is supposed to be different from zero, the equations can be solved
for K{,Ks, ...,K;. From these K1, K, ..., K, can be found by integration leading
to the required solution. The method is applicable whenever the complementary
solution can be found, including cases where ao, ...,y are not constants.
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OPERATOR TECHNIQUES
When @, @4, . . ., @, are constants, the equation ¢(D)y = R(x) can be written in factored

form as ao(D-—M1)(D—m2) (D_mn)y = R(x) (12)

where m,, ..., m, are constants and where the order of the factors (D —mi), ..., (D—my)
is immaterial. This is not true if @o,ai, ...,a. are not constants [see Problem 3.2]. The
constants m., . .., m, are the same as the roots of the auxiliary equation (6) or (7), and so
the complementary solution can be written as before. To obtain particular solutions, the
following operator methods will be found useful.

1. Method of Reduction of Order.

Let ao(D—ms) -+ (D—ma)y = Y1. Then (12) becomes (D—my)Y:= R(z) which
can be solved for Yi. Then let ao(D—m3) - -+ (D—ma)y = Y2 so that (D—m2)Y.=1Y,
which can be solved for Y.. By continuing in this manner, y can be obtained. This
method yields the general solution if all arbitrary constants are kept, while if arbitrary
constants are omitted it yields a particular solution.

2. Method of Inverse Operators.

Let ¢(D) R(x) be defined as a particular solution y, such that ¢(D)y, = R(x). We

call 1/¢(D) an tnverse operator. By reference to the entries in the following table, the
labor involved in finding particular solutions of ¢(D)y = R(x) is often diminished con-
giderably. In using these we often employ the theorem that

_ s 1
¢(D) {eriRa(x) + « -+ + ceRi(2)) = ¢(D) Ry(z) + + ¢k D) Ry(x)
which is simply a statement of the fact that 1/¢(D) is a linear operator.

Table of Inverse Operator Techniques

A. 1
D—m R(x) emz f e~ ™mER(x) dx
B.
emlx f e—mlxemzx f Y
1 ) f e Mn—1%¢Mn® f e ™nTR(x) dan
B =D —mp D =y )
This can also be evaluated by expanding
the inverse operator into partial fractions
and then using entry A.
¥
c. o e 0
1
—m @PT -
#(D) faij) if ¢(p) =¢'(p) = -+ ¢k D(p) =0
but ¢®(p) 7= 0
D.
¢(D2) cos (pz + q) coi(('pf;’:; 2
mmsqg T TPIEO
sin (px + ¢
+ —_— 2
0% S e+ 0 )
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Table of Inverse Operator Techniques (cont.)

E.
_ D SIS Latehad
¢(D) cos (px+¢q) = Re{ D) ° Re |~
1 el(pz+q)
= I i(pr+q) -
¢(D) sin (px + @) m {¢(D) e } m { D) }
“Re” means “real part of” and “Im” means if ¢(ip) > 0, otherwise use entry C.
“imaginary part of”.
F.
;’(I—D)xp = (¢p+e DA+ Dk - (eo+ 1D+ - + e, DP)x?
. + _
by expanding 1/¢(D) in powers of D. since Dr*nap =0 for n > 0.
(p = positive integer)
G.
erT F(x)
¢(D) e F'(1x) ¢(D + p)
called the “operator shift theorem”.
H.
1 ¢'D) p
F L —
07 *F@ "5 " T o ®

LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS

Various methods are available for solving differential equations of the form (1) where
@o, @1, . . ., @y are not constants. In the following we list a few important methods.

I. MISCELLANEOUS TRANSFORMATIONS OF VARIABLES

1. Cauchy or Euler Equation. This equation has the form

(boz"D™ + byxr~1Dn1 4 .
where by, by, ..., b, are constants.

the results

D = D;, a*D* = D.(D.—1),

M + bn—lxD + bn)y = R(x)
It can be solved by letting x = ¢t and using

@D% = Dy(D.—1)(D:—2),

where D.=d/dt, thus reducing the equation to one with constant coefficients.
The case where R(x) =0 can be solved by letting ¥ = 2z and determining the

constant p.

2. Case where one solution is known.

If one solution y=Y(x) of ¢(D)y= R(x)

is known, then the substitution y =vY(x) transforms the differential equation
into one of order n—1 in v*. If n =2, the equation can then be solved exactly.

See Problem 3.34.

3. Reduction to canonical form. The general second order linear equation

v+ @Y + q@y = (@) (13)

can be transformed into the canonical form

v + f(x)v

9(=) (14)
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where  f(z) = a(@) ~ Hp@] ~ W@, 9(@) = @) 70" (13)
by using the substitution Y = ve # I (16)

Thus if (14) can be solved, so can (13). See Problems 8.35 and 3.36.

II. EXACT EQUATIONS
The equation [ao(x)D* + ar(x)D*~ '+ - -+ + ax(x)]ly = R(x) is called exact if
ao(x)D* + ay(@)D"1 + - + an(x) = Dipo(x)D"' + -+ + Pa-1(2)]

For example, [ao(x)D?+ ai(x)D + ae(z)]ly = R(x) is exact if and only if a¢’ + ai+
as = 0 identically. See Problems 3.37 and 3.38.

III. VARIATION OF PARAMETERS

This method, identical to that on page 74, can be used when the complementary
solution is known.

IV. OPERATOR FACTORIZATION

If ¢(D) can be factored into factors each having the form p(x)D + q(x), then the
method of reduction of order (page 75) can be used. See Problem 8.39.

V. SERIES METHODS

The equation ao(x)y” + ai(x)y’ + ax(x)y = 0 where ao,a1,a; are polynomials, can
often be solved by assuming that

0

y = af(Cotec@tex®t o) = D et where ¢ =0, k<0 17)
k==
where 8 and ¢ are constants. Substituting (17) into the differential equation leads
to an equation for g, called the indicial equation, and equations for the constants
Co, C1, . . . in the form of a recursion formula. By solving for g and the other constants,
a series solution can often be obtained. The series is called a Frobenius series and the
method is often called the method of Frobenius. See Problem 3.40.

SIMULTANEOUS DIFFERENTIAL EQUATIONS

A gystem of differential equations with two or more dependent variables and one
independent variable can be solved by eliminating all but one of the dependent variables,
thus obtaining a single ordinary differential equation. Solutions obtained should be checked
by substitution into the original differential equations to insure that the proper number of
arbitrary constants are present. See Problem 3.41.

APPLICATIONS

Problems in mechanics, electricity and other fields of science and engineering often lead
to linear differential equations and can be solved by the above methods. See Problems
3.42-3.47.



78 LINEAR DIFFERENTIAL EQUATIONS [CHAP. 3
Solved Problems
OPERATORS
3.1. Show that (D?+38D+2)e** =(D+2)(D +1)e**=(D+ 1)(D + 2)et=.
(D2+ 38D + 2)e¥® = D2e% + 3Det* + 264 = 16e%% + 12¢% + 2¢%* = 30et”
(D+2)(D+1)ets = (D+2)(Det* + et7) = (D +2)(dets + et?) = (D +2)(be®) = 30e*
(D+1)(D+ etz = (D +1)(Det* +2e4%) = (D + 1)(4ets + 2¢47) = (D +1)(6e2*) = 30e%®
The result illustrates the commutative law of multiplication for operators with constant coefficients.
In general, however, the commutative law for multiplication does not hold for operators with
nonconstant coefficients, as seen in Problem 3.2,
3.2. Show that the operators 2D +1 and D—2 are not commutative with respect to
multiplication.
(«D+1)D -2y = (D+1)y' —2y) = 2D —2y9)+ (0 —2y) = ay” — 229 +y — 2y
D—2)2D+1)y = (D—2)xy' +y) = Dy +y) — 2xy’ +y) = xy”’ — 2y’ + 2y’ — 2y
Then (2D 4+ 1)(D — 2)y # (D — 2)(xD 1)y and the required result is proved.
33. (a) Prove that D,D? D3, ... are linear operators. (b) Prove that ¢(D) = ao(x)D™ +
ay(x)D"" 1 + - -+ + a.(x) is a linear operator.
(@) DAu+By) = L(Au+Br) = A% 4+ BY - ADu+ BDw
dx dx dx
and so D is a linear operator [see page 72].
In a similar way we can show that D2, D3, ... are linear operators.
(b) ¢(D)[Au+ Bv] = (aeD*+ a;D*~1+4 -.- + a,)[Au+ Bv]
= apyD*[Au+ Bv] + - + a,[Au+ Bv)
= (AagDru+ BayDmw) + -+ + (Aa,u + Ba,v)
= AagD"+ -+ +au + BlagDn =+ - -+ +a,)v
= Ag¢(D)u + Bo(D)v
and so ¢(D) is a linear operator.
34. Prove that if 1,9, ...,y. are solutions of the equation ¢(D)y =0 then ey +
C2Yy2 + * - + C.Yn Where ¢4, 6, . .. . are arbitrary constants, is also a solution.
We have oDy = 0, oDy, =0, ..., ¢Dy, = 0
Then using Problem 3.3,
#(D)[eyyr +egyp+ -+ +eyn] = €18(DYyy + exp(D)yy + -+ + 8Dy, = 0
and so ¢y + ¢y + ¢ ¢+ +¢,y, is a solution,
3.5. Prove Theorem 3—1, page 72.

Let y = Yc(x) be the general solution of ¢(D)y =0, ie. one having » arbitrary constants.
Let y = Yp(») be a particular solution of ¢(D)y = R(x). Then y = Y. (x)+ Yp(x) is the general
solution of ¢(D)y = R(x), since by Problem 3.3

#(D)[Yc(2) +Yp(x)] = ¢(D)[Yc(x)] + ¢(D)[Yp (@)] = 0+ Rx) = R(x)
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LINEAR DEPENDENCE AND WRONSKIANS

3.6.

3.7.

3.8.

Show that the functions cos 2z, sin?z, cos2x are linearly dependent.

We must show that there are constants ¢,, ¢y, ¢5 not all zero such that e¢; cos2x + ¢, sin?x +
¢z cos2x = 0 identically. Since cos2x = cos?2x — sin2x, we can choose ¢; =1, ¢z =1, ¢g=—1
and the required result follows.

Prove that if the Wronskian of the set of functions ¥4, ... ¥. is different from zero
on an interval, then the functions are linearly independent on the interval.

Suppose the contrary, i.e. that the functions are linearly dependent on the interval. Then there
are n constants ¢y, ..., ¢, not all zero, such that

et e = 0 )

identically. By successive differentiation we then have identically
............................. 2)
clygn—l) deoeee cny;n—-l) = 0

Now in order for the system of n equations (1) and (2) to have solutions for ¢, ...,¢, which are
not all zero, we must have

(21 Yn
’ ’
w = ¥ Yu = 0
(n—1) (n—1
y" yr

Since W # 0 by hypothesis, the contradiction shows that the functions cannot be linearly
dependent and so must be linearly independent.

Prove that if the functions i, ..., ¥. are linearly independent on an interval, then

‘the Wronskian is different from zero.

Suppose the contrary, i.e. the Wronskian is zero for a particular value z, of the interval.
Consider the system of equations

ey (wg) + e eun (%) =0
ei(®o) oot euun (%) =0

...................................

ey ("D (w) + v + ey V() = 0

@)

Since the Wronskian is zero we see that this system has a solution ¢,, ..., ¢, not all zero. Now let
¥y = ei(®) + o0+ () (2)

If yy(x), ..., yu(x) are solutions of ¢(D)y = 0, it follows from Problem 4 that (2) is also a solution
of #(D)y =0 which as is seen from equations (1) satisfies the conditions y(zy) =0, y'(x) =0, ...,
Yy~ D(gy) = 0. But y = 0 satisfies ¢(D)y = 0 and these same conditions. Thus by the uniqueness
theorem of page 41 it follows that the only solution is y =0, i.e.

ey (®) + 0 Foeuynl®) = 0

from which we see that y;,...,y, are linearly dependent. Since y,,...,y, are linearly inde-
pendent by hypothesis, the contradiction shows that the Wronskian cannot be zero for 2y and the
required result is proved.

This problem and Problem 8.7 together provide a proof of Theorem 3-2.
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3.9. Let yi(x), ¥2(x) be solutions of y” + p(x)y’ + q(x)y = 0.
(¢) Prove that the Wronskian is W = ywyj — yyi = ce™I7%,
(b) Under what conditions on ¢ will ¥, and y: be linearly independent.

(a) Since y, and y, are solutions,
v +oyitay =0, i +pyztays =0
Multiplying these equations by y, and y; respectively and subtracting,
yis — yayi + plyrwz —yawi) = 0 (1)
Then using W = y,95— ysyi and noting that y,y5— v,y = dW/dx, (1) becomes

dw _
%—+pW =0

which has the solution W = yws — yoyi = ce~ Jrd= (2

This result is sometimes called Abel’s identity,

(b) Since e~ SPdr is never zero, W =0 if and only if ¢ =0 and W0 if and only if ¢+ 0.
Thus if ¢ 0, y; and y, are linear independent.

3.10. Use Problem 3.9 to prove that if y: is a known solution of % + p(x)y’ + q(x)y = 0,
then a linearly independent solution is

—fpdx
Y2 = ylfeyz dx

1

so that the general solution is ¥ = ey + cops.

From (2) of Problem 8.9 we have on dividing by yf # 0,

d (B) _ e dr®
dx Y1 - y%

Then integrating and solving for y, leads to the required linearly independent solution.

THE REDUCED OR HOMOGENEOUS EQUATION

3.11. (a) Find three linearly independent solutions of (D*—9D)y =0 and (b) write the
general solution.

(@) Assume that y = e™* is a solution where m is a constant. Then (D3 —9D)ems = (m3 — 9m)em=
is zero when m8—9m =0, ie. m(m—38)(m+3)=0 or m=0,3,—8.
Then €% = 1,¢3%,¢—3¢ are solutions. The Wronskian is
1 e3r e~ 3z
0 3e3T —Be—3x
0 9637 Qe¢—32

3¢5z —3¢—3
9e3x  Qe~3z

so that the functions are linearly independent by Theorem 3-2.

(b) The general solution is y = ¢,€%% - €637 + cge 3% = ¢ + €263 + cqe~ 3,

3.12. Solve (a) 2y” — 5y’ +2y = 0. (b) (2D*—D2—5D—2)y = 0.

(@) The auxiliary equation is 2m2—5m+2=0 or (2m—1)m—2)=0 so that m = 1/2, 2.
Then the general solution is y = ¢,6%/2 + cpee,

(b) The auxiliary equation is 2m*—m2—Bm—2=0 or (2m+1)(m+ 1)m—2)=0 so that
m =—1/2,—1,2. Then the general solution is y = ¢;e=%/2 + cpe~= 4 cgee,
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3.13.

3.14.

3.15.

3.16.

3.17.

Solve ¥+ 9y = 0 or (D?2+9)y = 0.

The auxiliary equation is m2+9=0 and m = %8{. Then the general solution is
y = Aedz 4 Be—3iz = A(cos3x + ¢ sin 8x) + B(cos 8x — ¢ sin3x) which can be written y =
¢, c0s 3x + ¢y sin 8z, Since cos 3z, sin 8z are linearly independent, this is the general solution,

Solve (D?24-6D +25)y = 0.
( - ) . —6 +=186—100 —¢ = 8 .
The auxiliary equation is m2+6m+25 =0 and so m = 3 = 3 = —8 * 41,
Then the general solution is

y = Ae(—8+4i)x + Be(—3—4i):c = e-—3:v(AeAi:c+Be—4ix) = 9—31‘(61 cos 4x + Cy sin 4x)

Solve (D*—16)y = 0.

The auxiliary equation m*—16=0 or (m2+4)m2—4) =0 has roots *2¢,*2, Then the
general solution is ¥ = ¢ cos 22 + ¢, sin 2x + c5€2% + ce727,

Solve y” — 8y’ 4+ 16y = 0.

The equation can be written (D2—8D+16)y =0 or (D —4)2y =0. The auxiliary equation
(m—1)2=0 has roots m = 4,4 so that ¢%%, ¢¥ are solutions corresponding to these repeated roots.
However, they are clearly not linearly independent and so we cannot say that y = ¢+ cpe¥® is
the general solution, since it can be written (¢ + ¢y)ed* = ¢e#* which involves only one arbitrary
constant. There are two methods which can be used to get the general solution.

Method 1.

Write the given equation as (D —4)}(D—4)y =0 and let (D—4)y =Y, sothat (D—4)Y, =0
and so Y; = Ae%*. Thus (D —4)y = Ae®*. Solving, we find y = (¢; + co)et=.

This method, called the method of reduction of order, illustrates a general procedure for

repeated roots. Using it we would find, for example, that if 4 were a triple repeated root, the
general solution would be y = (¢; + cox + cgu?)els,

Method 2.
Since one solution y; = e¢4* is known, we can use Problem 3.10 to find the linearly independent
solution
e f8de
Yo = e 5 de = xeis

Then the general solution is y = ¢,64% + coxe® = (¢} + cow)ete,

Solve (D +2)%D — 3)%D+2D +5)y = 0.

The auxiliary equation (m+2)3(m—38)4m2+2m+5)=0 has roots —2, -2, -2, 3,3,3,3,
—1=2{. Then the general solution is

y = (e + o + egw?)e=2% + (¢4 + €52 + cgue2 + c7a3)e3% + e~ % (cg cos 2x + ¢ sin 2x)

THE COMPLETE OR NONHOMOGENEOUS EQUATION.
UNDETERMINED COEFFICIENTS

3.18.

Solve (D?+2D +4)y = 822+ 12¢~=.
The complementary solution is e~ *(e cos\/gac + ¢, sin \/§ ).

To obtain a particular solution assume corresponding to 8x2 and 12¢—* the trial solutions
ax?+ bx + ¢ and de~* respectively, since none of these terms are present in the complementary
solution., Then substituting y = ax2 + bx + ¢ + de—% in the given equation, we find

dax? + (4a + 4b)x + (20 + 2b + 4e) + 8de=% = 8a? + 12¢—=
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3.19.

3.20.

3.21.

LINEAR DIFFERENTIAL EQUATIONS [CHAP. 3

Equating corresponding coefficients on both sides of the equation,
40 = 8 4da+4b =0, 2a+2b+4¢c =0, 38d = 12

Then a=2, b=-2 ¢=0, d=4 and the particular solution is 2x2— 2z +4e—% Thus the
required general solution is

y = e (¢ cosV3x + cy sin\/§x) + 222 — 2x + 4e™ %

Solve Problem 3.18 if the term 10 sin 8z is added to the right side.

Corresponding to the additional term 10 sin8x we assume the additional trial solution
h cos 8z + k sin 82 which does not appear in the complementary solution. Substituting this into
the equation (D2+ 2D +4)y = 10 sin 3z,

(6k — 5h) cos 8x — (6k+ 6h) sin3x = 10 sin3x
Equating coefficients,
6k—5h = 0, B5k+6h = —10
_ 12 _ 10 . o s
or h=— o’ k= =T Then the required general solution is
y = e %(c cosV3x + cy sin\/gac) + 222 — 2 + 4e~* _(ls_i cos 3x —g sin 8»

Solve (D?+4)y = 8sin2x.
The complementary solution is ¢, cos 2x + ¢, sin 2.

For a particular solution we would normally assume a trial solution a cos 2x + b sin2x. How-
ever, since the ternmis appear in the complementary solution, we multiply by = to obtain the trial
solution «(a cos 2x + b sin 2x). Then substituting in the given equation,

—4a cos2x — 4bsin2x = 8 sin2«x
so that 4a =0, —4b =8 and ¢ =0, b = —2. Then the required general solution is

¥y = ¢;c082x + ¢ sin2x — 2« sin 22

Solve (D°—3D*+3D?—D?*y = x*+ 2x + 3e”.

The auxiliary equation is m5 —8m¢+3m3 —m2 =0 or m2m—1)P® = 0. Thus m =
0,0,1,1,1 and the complementary solution is

¢y + cox + (63 + ¢4 + cx2)e”

Corresponding to the polynomial x2 + 2, we would normally assume a trial solution ax2 + bx + .
However, some of these terms appear in the complementary solution. Multiplying by «, the trial
solution would be x(ax2+ bx+¢) = aad + bx2 + cx, but one of these terms is still in the com-
plementary solution. Finally multiplying by « again to obtain axt+ ba® + cx2, we see that this
has no term in the complementary solution and so is the needed trial solution.

Similarly, corresponding to 8¢* we would normally assume a trial solution der. But since
this term as well as dxe* and dx2e* are in the complementary solution, we must use as trial solution
daxde,

Thus the assumed trial solution is ax?+ bad 4 cx2 + dude®. Substituting this in the given
equation, we find

—12ax2 + (720 — 6b)x + (186 — 72a — 2¢) + 6der = x2 + 2x + 3¢~

from which a = —1/12, b = —4/3, ¢ = —9, d = 1/2 and the general solution is

Y = ¢ + cx + (e3+ ¢yx + ex2)er + %x?»ez - Il—2~ac4 - %x?» — 9x2

THE COMPLETE OR NONHOMOGENEOUS EQUATION.
VARIATION OF PARAMETERS

3.22.

Solve y”+y =secx or (D*+1)y = secx.

The complementary solution is ¢, cos® + ¢, sin 2. Then we assume the general solution to be
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3.23.

y = Ky cosa + K, sinx where K, K, are suitable functions of « to be determined. Differentiation

yields ’ '
y’ = —K;sinx + Kycosxz + Kjcosw + Kysinzx 1)

Since there are two functions K;, K,, we must arrive at two conditions for determining them.
However, one of these conditions is that the differential equation must be satisfied. Thus we are at
liberty to impose arbitrarily the second condition. We choose this condition to be the one which
simplifies (1) most, namely

Kicosx + Kysinx = 0 (2)

Then (1) becomes y = —K;sinz 4+ K,cosz

Differentiating again
1’

y’ = —K,cosx — Kysina — K, sinz + K, cosw
Thus v’ ' +y = —K;sine + Kycosx = secx €))
From the two equations
: Kicosx + Kysing = 0
—K;sinx + Kycos® = secsx

we find Ki=1, K;=—tanz. Thus by integrating, K, =x+¢;, K,=—Insecx+¢, and the
required general solution is

Yy = eysine + cycosw + xsing — cosx Insecw

Solve (D3+4D)y = 4 cot2x.

The complementary solution is ¢; + ¢, cos 2& + ¢3 sin2x. Then we are led to the following
equations for determining the functions K, K,, K3 in the general solution

y = K; + Kjcos2x 4+ Kjsin 2¢
Ky + Kycos2x + Kiysin2z = 0
0 — 2K} sin2x + 2Kgcos2x = 0
0 — 4Kjcos 20 — 4K;sin2 ¢ = 4 cot2sx
Solving this system, we find K; = cot 2¢, Kj = —cos? 2x/sin 25, Kj = —cos 2¢ so that
Ky = {Insin2x +¢;,, K, = —%In(csc2x — cot2x) — Lcos2x+ ¢y, K3 = —fsin2x+4ey
From this we find the general solution
¥y = ¢ + ¢y cos2x + egsin2x + Llnsin2x — 1 cos2x In (csc2x — cot 2x)
OPERATOR TECHNIQUES
3.24. Evaluate D 1_ 5 (e*).
Method 1.
Let D 1_2 ¢4t = y, Then by definition (D —2)y = ¢4 or %—21/ = e4*, Solving this as a

first order linear equation with integrating factor ¢~2%, we obtain y = Le%* + ce?. Since we are
interested only in particular solutions,

1

1 4 = edr

D—2° 2

Method 2 [using formula A, page 75, derived as in method 1].

1
D—-2

prra— ezzf e 2meAT Jyp = e2xfe2zdx = %e‘n
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325. Find -t (3672).
(D+1){D-2)
Method 1.
1 oy — 1 1 o
DFDo-2® ™ T br 1[0— g (Be™® )]
= P i_ 1 [e” f e~ 2%(3e—2%) dac:l
= D+ 1[ e = e—xf e"(—%e ) de = Fe—2
Method 2. Using partial fractions,
1 P e Y4 1/3 .
DFDDm-p & = [—D+1+D—]<3e *)
= —e-xf e*(e~2%) dx + €% f e~ (e~ dx = Je~ %
3.26. (@) Prove that — o = 2o if ¢(p) 0.
#(D) $()
(b) Find the general solution of (D?—3D +2)y = ¢ using the result in (a).
(@) By definition (D) = ayD® + ¢ D*»—1+ -+. + a, where agay,...,a, are constants. Then
¢o(Dyerr = (agD*+a D714 .-+ @, )Pt = (agpt+aptTl+ -+ @,)eP
= ¢(p)er*
; 1 o e
Thus if ¢(p) % 0, then +D) err = +@)
(b) 1 1 5w = &2 by part (a). Then since the complementary solu-
D2—3D+2° T GBE—3B) +2° 12
tion is ¢,6® 4 ¢,e2%, the general solution is y = ¢;e% + ¢ye2® +
cos (pr+q) .
3.27. (a) Prove that cos (px +q) = ———=2 if ¢(—p?) +=0.
@ Smesata) = LD e yp)
(b) Find the general solution of (D2+1)% = cos2x by using the result in (a).

(@)

(%)

#(D?) = ay(DY)" + ay(D2)*~1 + - -+ + @, so that

[@o(D2)" + ay(D2yn=1 4 -+ + @a,] cos (px + q)
= [ao(—=pI" + ay(—pH"1 + -+ + a,] cos (px + q)
= ¢(—p?) cos (px + q)

#(D?) cos (px + ¢)

using D2?[cos (px+q)] = —p2cos(pr+q), (D2)2cos(pr+q) = (—p?2cos(px+gq), ete.
Thus if ¢(—p2) # 0, the required result follows.

1
mcos 2z = (—__4—1_—1—)2cos 2 = %cos 2x by part (¢). Then since the complementary

solution is ¢y cosx + ¢; sinx + x(c3 cos ¢ + ¢4 sin ), the required general solution is

Yy = ¢ cosx + eysina + x(czcosx + ¢4 sinx) + %cos2ac
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1
D+ D +2D -1

3.28. Evaluate cos 2z.

85

We can show by a method similar to that in Problem 3.27 that D2 can formally be replaced

by —22 = —4., Thus
1 - 1

—1
D FDi 2D =1°%% = P —4520-1°% = 3D+15
_ (2D — 5) _ _ (2D -5)
= —4pz _og °08 20 = 4———(_4) —op ©08
L@D—5)cos2s = L (~dsin2z—5
3.29. Prove that (a) D [e™R(x)] = e**(D+p)"R(x), (b) ¢(D)[e™R(x)] =

1 yoid e yerA 1
(©) 5y ["B@] = e Sy B@)-

cos 2%
22

cos 2x)

e”¢(D + p)R(x),

(@) Use mathematical induction. The result is true for = =1, since D[er*R(x)] = eP*DR(x) +
per*R(x) = erx(D + p)R(x). Assume the result true for = = k. Then Dk[er*R(x)] =

er*(D + p)kR(x), Differentiating both sides,
Dr+1[erzR(x)] = D[eP™(D + p)*R(x)]
= e®D(D + p)kR(x) + per*(D + p)cR(x)

= er*[(D + p)k+1R(x))
Thus if the result is true for n =k, it is true for n = k+1; but since it is true for n =1,
it must be true for n = 2,... and thus all n.
(b) #(D)[er*R(x)] = ayDr[er*R(x)] + a, D"~ 1[eP*R(x)] + -+ + @,

= eefayD +p)"+ D+t + -+ 0, Rie)

= ¢er*¢(D + p)R(x)

(¢) Let ;%D—) [ePR(x)] = y sothat ¢(D)y = e**R(x). Then
¢(D)[epz(ye—pz)] = epZ¢(D+p)[ye—Dx] = ep:cR(x)
or #(D + p)[ye~r2] = R(x)

from which y = € EB(x)

DX ;
#(D + p)
3.30. Solve (D*+ D)y = e **cos2z.

Using Problem 3.29,

1 1

— (e-2 = e2®— -
D3+D(e = cos 2x) e x(D_2)3+D_2cos2x
= e 1 = e 1 cos 2z
D3 —6D2 4 13D — 10 —4D + 24 + 18D — 10
1 9D — 14
= -2 = -2z _°
e x9D+14 cos 2% € 1D — 196 cos 2x
e 2% e—2z .
BI(—d) — 196 PP ~14) cos2w = T (9 sin2x + 7 cos 20)

Since the complementary solution is ¢, 4+ ¢; cosx + ¢3 sinx, the required general solution is

—2x
: e
Yy = ¢ + cgcosx + egsine + o —

260 (9 sin 2% + 7 cos 2x)
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1 3 _
3.31. Evaluate m (x x).
By formal long division in ascending powers of D,
1 - 1 = (L, D D2 17 -
S =Dz ® % T goprE @ TH = <2+4+s 160°F )“’3 ?)
= Had—ax) + 1(B22—1) + $(6x) — {4(6)
= pt ot gettge - 3
CAUCHY OR EULER EQUATION
3.32. Let D =d/dx and D:=d/dt. Prove that if x =e’, then
(@ zD = D,  (b) 2?D* = DyD:—1)
dy _ dy dt _ dy /dx _ dy 0y _
(@ Dy %_E'Ea}_ﬁﬁ“dt/et—etdt_em"’
Then «Dy = ¢tDy = D;y or 2D = D,.
_ @y _ df _.dy\ _ dy{ _.,dy de _ __ _
®) Dy = Gz = 35( ‘a) = 5(6 ‘dt> s = @ ~Dyy

Then «2D%y = ¢2D% = (D; — Dyy or «2D2? = D? — D, = Dy(D,—1).

3.33. Solve (x2D%*+ xD —4)y = a3,
By the transformation x = ¢! the equation becomes
[Dy(D;—1)+ D, — 4]y = [ef]f or (Dj—4)y = e

Then the general solution is y = 162 4 62t + Le3t = 0122 + cp@~2 + JaB.,
Another method.

Letting y = #P in the complementary equation (x2D%+ xD — 4)y = 0, we find

p(@—1)xP + pa? — 4u? = 0 or (p2—4)xr = 0, ie. p= =2,

Thus #2 and 22 are solutions and the complementary solution is y = K2+ Kyx~2,

We can now use the method of variation of parameters to find the required general solution.

CASE WHERE ONE SOLUTION IS KNOWN
3.34. Solve (1—2a?)y” —2xy’ +2y = 0 given that y =2 is a solution.
Let y =av. Then y' = av’'+ v, y” = xv” 4+ 2v' and the given equation becomes

dv' | 2 —da?

— 22\’ —dx2) = £ = =
o(l — 22" + (2 — 42w 0 or > P dx 0
’

Integration yields f av’ + f 2__2 de = ¢

v’ v 1-—22
ie. Inv + 2Inx + In(1—22) = ¢

_ e (1 1
o M <ﬁ+ 1—-7>

1.1+ 1

Then v o= 02<§ln1_z-—;)+63

and so the general solution is

Yy = wvx = 02<glniiz—1>+c3x

We can also use the result of Problem 3.10 to solve the equation.
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REDUCTION TO CANONICAL FORM

3.35.

3.36.

By letting ¥y = wv and choosing u appropriately, obtain a differential equation cor-
responding to ¥” + p(z)y’ + q(x)y = r(x) with the term involving the first derivative
removed.

Substituting y = uv in the given equation, we find
wv’” + 2w + puyv’ + (W' +pu +qupy = r (1)
Let 2w +pu =0 sothat u = e~ S eidr | Thep (1) becomes

v’ + (q_ip2_%pl)v — ref(p/2)dx (2)

as required. Equation (2) is called the canonical form of the given equation.

Solve 4a%y” + 4oy’ + (2>—1)y = 0.

Comparing with Problem 8.35, p = 1/x, ¢ = («2—1)/4%2, r = 0. Then the canonical form is
v+ iv =0 or v = ¢y cosda + ¢y sin fx
1 R
Thus y = Y e ¢y cosix + ¢psin fu

Ve

EXACT EQUATIONS

3.37.

3.38.

Show that [ao()D? + a:(x)D + as(x)]y = R(x) is exact if and only if ad —ai+ a2 = 0
identically.

By definition of an exact equation, there are functions po(x), p,(x) such that
[@eD? + a;D + asly = D[pD + pyly = [poD? + (p5+ 20D + pily
Then we must have @ = Doy O = Do+ D, G = pi
Eliminating pg, p, from these 3 equations, we find af —a]+ay = 0.
Conversely if af —aj+ay =0, then
[aeD2 + &\D + ay)y = [a,D% + ayD + af — afly = DlayD + a; — aply

and the equation is exact.

Solve (1—a%y”’ —3ay —y = 1.

Comparing with Problem 8.37, a;=1—22, ¢; = —3», a;=—1 and af —aj+a, =0 so that
the equation is exact and can be written

D[1—2®D —xly = 1

Integrating this equation and solving the resulting first order linear differential equation

dy _ _= - rta
de  1-w2? T 1—22
sin— !y Ca
we find that Yy = + -1
V1—a2 V1—a?

OPERATOR FACTORIZATION

3.39.

(¢) Show that the operator xD?+ (22 +3)D +4 = (D +2)(2D +2).
(b) Use (a) to solve xy”” + (22 +3)y’ + 4y = €%~
(@) (D+2)xD + 2)y

(D +2)(xDy + 2y) = D(xDy + 2y) + 2(xDy + 2y)
«D2% + Dy + 2Dy + 24Dy + 4y = [«D2+ (2x + 8)D + 4]y
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(b) The given equation can be written (D+2)(xD+2)y =¢22. Let (xD+2yy =Y. Then
(D+2)Y =¢2* and Y = i:e% + ¢,6~2%.  Now solving (xD + 2)y = 1627 + ¢,672%, we find

1 - 1 1 1 _ 1
xly = foe%dx + ¢ face Zde + 2 = §e2x<x——2-> 5o 2’“<x +-2—> + ¢

SERIES METHODS
3.40. Solve Problem 3.36 by using the method of Frobenius.

Let y = 3 ek+tB = 3 ¢, wk+B where we define ¢, =0 for k<0. Then
k=0 k=—c
¥y = S (k+p)ek -1,y = Zk+p)NE+ B — egakts2
omitting the summation limits. Thus
da2y” + doy + (2—1)y = S4k+B)E+L -Dexkts + 34k + Begak+8
+ Eckxk+l3+2 — Ecka,kﬂs

In order to write the series on the right in terms of coefficients of «%*8, we must replace the index
of summation k in the third series by k — 2 [note that this does not affect the limits — and = of
the index of summation]. Then the series on the right can be written

S[4k+ B+ B —1)e, + 4k + Bley + ex—s — ¢ uk+8 = D [{4(k+ B)2—1}e; + cp—o)aktP
Since this must be zero, each coefficient must be zero so that
{4+ B2 — 1} + s = O 1)

. Let k=0. Then since ¢_, =0, (I) becomes (482 — 1)c, = 0 which is called the indicial equation.
Assuming ¢g 5 0, this leads to 482—1=0, g = =*1/2. We have two cases g =1/2,—1/2 and
we shall consider the smaller value —1/2 first.

Case 1, g = —1/2. 1In this case (I) becomes
{4(’6" %)2 — 1}6k + Cp—o — 0 or 4k(k_ l)ck + Cp—2 — 0 (2)
Putting ¥ =1,2,8,4,... in (2), we find

=0 _ —Co _ —C _ —C _ Co
-1 =0 2 T VT % T Logegr M T 1.4-3 7 Pedeseseq
__—C¢ _ ! _ Tt —Co
% T 454 T-b5-4-8-2’ T L.6:5 43:6+5-4-8-2+1
and from these it is clear that ¢, and ¢, are undetermined while ¢y, ¢3, ¢4, ... are found in terms of

¢y and ¢, as follows:

—¢y = co G )

T Le21r BT Ze31r %4 T gagir % T geplr % T @Lerr

Then the corresponding solution is

y = Eckxk"'ﬂ = Eckxk-—l/2

_ B 232 glz g2
= "°<” Yormiteg Fe T >

5/2 9/2
+c,<x”2—4x.3!+21:’._5!-—~->
_ O . (@2 | (x/2)* (x/2)8
= \/;<1 af TTar Toer T >
20 _ (/28 | (x/2)
+ﬁ<(x/2) T'*‘T""‘

¢y cos (x/2) + 2¢y sin (x/2)
Ve
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which is equivalent to the solution obtained in Problem 3.36.

Note that for this equation it is not necessary to consider Case 2, 8 =1/2 since we have
already obtained the required solution. Note also that if we had considered g =1/2 first, we
would not have obtained the general solution. This is typical in general when the roots of the
indicial equation differ by any integer except zero. In other equations both cases would have to
be considered, each leading to a series solution. The general solution would then be obtained
from these series on multiplying each by an arbitrary constant and adding.

SIMULTANEOUS EQUATIONS
3.41. Solve the system of equations

d'z | dy e Py gdw — s
& T @t 3z = et e 4dt + 3y = sin2¢
Write the system as .
(D2+8)x +Dy = e~t, —4Dx+ (D2+3)y = sin2t (1)

Method 1, using determinants.

Formal application of Cramer’s rule for solving linear equations can be used and we find

et D
ac sin2t D24 3 (D2 + 8)(e—t) — D(sin 2¢) 4e—t — 2 cos 2t
T ID*+38 D D*+10D2 + 9 = DE+1)(D2+9)
—4D D2+3 l
D2+3 et }
y = —4D  sin2t _ (D2 4 3)(sin 2t) — (—4D}e~t) _ —sin2t — 4e—t
D2+3 D D+ 10D% + 9 T (DEFD(DET9)
—-4D D243

where we have expanded the determinants so that operators precede functions.

Note that the results are equivalent to
(D2+1)(D2+9)x = d4e~t — 2 cos2t, (D2+1)(D249)y = —sin2t — 4e~t
Solving these equations we find
@ = ercost + cpsint + czcos8t + eysin8t + Le~t + 2 cos2t
Yy = escost + ¢gsint + c7cos8t + c3sindt — le~t + o sin2¢

We can show that the total number of arbitrary constants in the solution is the same as the degree
of the polynomial in D obtained from the determinant

D2+ 3 D
—4D D2 +3

' = D%+ 10D + 9

i.e. 4, Thus there is a relationship between the constants ¢;, ¢, ¢, ¢, and ¢s, Cg, C7, ¢3. To determine

this relationship we must substitute the values of * and ¥ obtained above in the original equations.
If we do, we find

s = 205, g = —2¢, ©¢; = —2¢4 ¢z = 2c4
Thus the required solution is

¥ = egrcost + cysint + c3cosBt + cysin3t + fe~t + 2 cos2t

y 2¢pcost — 2¢) sint — 2¢4cos3¢ + 2¢58in8t — le—t + L sin2t

15
Method 2.

We can also eliminate one of the variables, for example %, by operating on the first of equations
(1) with 4D, the second with D2 4+ 8 and adding. To solve the resulting equations, we can then use
the method of undetermined coefficients,
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APPLICATIONS

3.42. A particle P of mass 2 (gm) moves on the z axis attracted toward origin O with a
force numerically equal to 8z. If it is initially at rest at # = 10 (cm), find its posi-
tion at any later time assuming (@) no other forces act, (b) a damping force numeri-
cally equal to 8 times the instantaneous velocity acts.

(@)

(b

x >0, the net force is to the left [ie. is negative] and so
is —8xz. When x < 0, the net force is to the right [i.e. is

Choose the positive direction to the right [Fig. 3-1]. When "—‘ © ‘—"L
o e gm
o

positive] and so is also —8x. Thus by Newton’s law, Fig. 3-1
2
2% = —8x or z—t’;-+4x =0 and a = ¢, cos3t+ ¢,sinlt

Since x =10, dax/dt =0 at t=0, we find « = 10 cos 2t.

The graph of the motion is shown in Fig. 3-2. The amplitude [maximum displacement from
0] is 10 (ecm). The period [time for a complete cycle] is = (sec). The frequency [number of cycles
per second] is 1/7 (cycles per second). The motion is often called simple harmonic motion.

X X

le——— Period ————»1

- -
Amplitude = 10 \ /\ lf \

Fig. 3-2 Fig. 3-3

The damping force is given by —8 dw/dt, regardless of where the particle is. Thus for example
if # <0 and dx/dt > 0, then the particle is to the left of O and moving to the right so the
damping force must be to the left, i.e. negative, Thus by Newton’s law,

Pr _ o ode @ do _
EZE = 8« 8dt or e + 4dt + 4 = 0

the general solution of which is » = e~2¢(¢; + ¢yt). Since x =10, dx/dt =0 when t=0,
¢; =10, ¢, =20 so that « = 10e~2¢(1+2¢). The motion is non-oscillatory. The particle

approaches O but never reaches it [see Fig. 3-3].

2

3.43. A 20 lb weight suspended from the end of a vertical spring stretches it 6 inches.
Assuming no external forces, find the position of the weight at any time if initially
the weight is (a) pulled down 2 inches and released, (b) pulled down 3 inches and
given an initial velocity of 2 ft/sec downward. Find the period and amplitude in
each case.

spring before and after the weight W is put on. B is called the
equilibrium position. Call y the displacement of W at any position C
from the equilibrium position. Assume that y is positive in the down-
ward direction.

1 ft and so 40(.5 + y) 1b stretches it (.54 y) ft. Thus when W is at C,
the tension in the spring is 40(.5 + y) 1b.

or

Mass * Acceleration = Net force on W
= Weight downward — Tension upward
2,
20 d%y = 20 —  40(5+y)

Let A and B [Fig. 3-4] represent the position of the end of the

By Hooke’s law, 20 1b stretches the spring .5 ft, 40 1b stretches it

By Newton’s law,

32 de2
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3.44.

3.45.

3.46.

which becomes a2y

) + 64y = 0 or Yy = ¢y cos8t + cpsin8¢

(a) Since y—%ft dy/dt =0 at t=0, we have ¢;= %, ¢, =0 and so y =} cos8t. The
amplitude is } ft and the period is 2#/8 = /4 sec.

(b) Since y = }ft, dy/dt = 4ft/sec, ¢; = 1/4, e; =1/4 and
y = Lcos8t + 1sin8 = V(})2+(})?sin (8t+%> £ (8t+ >

Then the amplitude is V2/4 = 85 £t approx. and the period is #/4 sec,

Solve Problem 8.43 taking into account an external damping force given in pounds by
Bv where v is the instantaneous velocity in ft/sec and (a) 8=38, (b) =10, (¢) g=12.5.

The equation of motion with damping force Bv = Bdy/dt is

20 d2y

—d0y — g d?y . 8Bdy _
3% de 40y 'Bdt or P + + 64y 0

5 dt

dy

@ It g=8 ¥4 128% 4 64y = 0. Solving subject to the conditions y = 1/6, dy/dt =0

ez
at t =0, we find

y = 1_1§6—6.4t(3 cos 4.8t + 4 sin4.8t) = 1—5§ =64t gin (4.8¢ + 36°52)

The motion is damped oscillatory with period 27/4.8 = 577/12 sec.

®) If g = 10, f;‘2’+ 16%¥ +64y = 0. Solving subject to the conditions as in (a), ¥ =
de—4(1 +4t). The motlon is called critically damped since any smaller value of g8 would
produce oscillatory motion.

d*y

() I p=125 =L

overdamped.

+ 20—ﬂ+ 64y = 0 and we find y = Je~%—Le—164 The motion is called

(@) Work Problem 3.43 (a) if an external force given by F() = 40 cos8t is applied
for ¢t >0 and (b) give a physical interpretation of what happens as ¢ increases.

(@) The equation of motion in this case becomes

20 d2y
32 di2 20 40(.5+y) + 40 cos 8t
or dt2 4+ 64y = 64 cos8t
The solution of this, subject to ¥y =1/6, dy/dt =0 at t =0, is
¥y = 4 cos8t + 4tsin8t

(b) As ¢t increases, the term 4t sin 8t increases numerically without bound and physieally the
spring will ultimately break. This illustrates the phenomenon of resonance and shows what
can happen when the frequency of the applied force is equal to the natural frequency of the
system,

A rod AOB [Fig. 3-5 below] rotates in a vertical plane about a point O on it with
constant angular velocity . A particle P of mass m is constrained to move along
the rod. Assuming no frictional forces, find (a) a differential equation of motion of
P, (b) the position of P at any time and (c¢) the condition under which P describes
simple harmonic motion.

(a) Let r be the distance of P from O at time ¢t and suppose that the rod is horizontal at ¢ = 0.
We have
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Vertical

[
!
[
|
|
I
I
I

———————————————————— Horizontal
|
|
|
|
|
|
A I
Fig. 3-5
Net force on P =  Centrifugal force + Component force due to gravity
d?r _ .
mos = mawdr - mg sin wt
d2r _ .
or ac w?r = —gsinet )
where r=ry dr/dt=v, at t=0 2)

i.e. 7o and v, are the initial displacement and velocity of P.
(b) Solving (1) subject to (2), we find
= (Toy %0 9 ) g [(To_Po, 9 0 gSinet
ro= <2+2w 4w2>em + (2 2w 4w2>e ot 202
(¢) Simple harmonic motion along the rod results if and only if ¢ =0 and v, = g/20.
3.47. An inductor of 2 henries, resistor of 16 ohms and capacitor of .02 farads are con-

nected in series with a battery of em.f. £ = 100sin3¢. At ¢ =0 the charge on the
capacitor and current in the circuit are zero. Find the (a) charge and (b) current

at t>0.
Letting @ and I be the instantaneous charge and current at time ¢, we find by Kirchhoff’s laws
dI Q .
2dt + 161 + 02 100 sin 3¢

or since I = dQ/dt,

?Q | 449 - :
7 + 8dt + 25Q = 50 sin 3t

Solving this subject to Q =0, d@Q/dt =0 at t =0, we find

(@ Q = -g-g (@ sin 8¢ — 8 cos 3¢) + %-g e=44(3 cos 3¢ + 2 sin 3t)
d 75 . 25 .
(b) I = d_? = —55(2 cos 3¢t + 3 sin 8¢) — % e~4(17 sin 8t + 6 cos 38¢)

The first term is the steady-state current and the second, which becomes negligible as time
increases, is called the ¢ramsient current,



CHAP. 3] LINEAR DIFFERENTIAL EQUATIONS 93

. . . ) . ori
3.48. Given the elec.trlc netwo?k of Fig. 3-6. . Find I 20 ohms 4 henries L
the currents in the various branches if the WWW 0000
initial currents are zero. ’_>
A 10 ohms 2 henries 31y
Kirchhoff’s- second law states that the algebraic N MAMAA o000 K
sum of the voltage drops around any closed loop is I,
zero. Let us traverse loops KLMNK and JKNPJ in ‘:)
a counterclockwise direction as shown. In traversing 20 ohms 120'““5
these loops we consider voltage drops as positive P ) J
when we go against the current. A voltage rise is
considered as the negative of a voltage drop. Fig. 3-6

Let I be the current in NPJKN. This current divides at junction point K into I; and I so that
I=1,+1,. This is equivalent to Kirchhoff’s first law.

Applying Kirchhoff’s second law to loops JKNPJ and KLMNK respectively, we have

dl,
207 — 120 + 2= + 10I; = 0 (1)
101 2dI, dI, _
—106 — 2— + 425 + 20, = 0 ®@

Putting I =1;+ 1, and using the operator D = d/dt, these become
(D +15)I, + 101, = 60 ®
—(D+5); + @2D+10), = 0 (VA
Solving these subject to I} =I, =0 at ¢t =0, we find
I = 8(1—e=20, I, = $(1—e~20), [ = §(1—e~20

Supplementary Problems

OPERATORS

3.49. Write each of the following in operator form: (a) y” + 4y’ + 5y = ¢=%, (b) 2y =x — 2y + v,
(¢) 2y’ + 2y = 1.

350. (a) Evaluate (D3+1)sin2x and (D+1)(D2—D+1)sin2x. (b) Are the operators D3+1 and
(D+1)D2—D+1) equivalent? Explain.

351, (a) Evaluate (xD—3)(D +2){x2+x—4} and (D+2)(xD —3){x2+x—4}. (b) Are the operators
(xD~3)(D +2) and (D + 2)(xD — 8) equivalent? Explain.

3.52. (a) Evaluate (xD)(xD)(xD){x2 + 2¢*} which can be written (xD)3{x2 + 2¢=}. (b) Is this the same as
x3D%{x? + 2¢%}? (¢) Are the operators (xD)3 and x3D3 equivalent? Explain.

3.53. Under what conditions will the operators (D + a)(D + b) and (D + b)(D + a) be equivalent? Explain.

LINEAR DEPENDENCE AND WRONSKIANS

3.54.

3.55.

3.56.

3.57.

(a) Show that the functions %2, 3x +2, ¥ — 1, 2x + 5 are linearly dependent. (b) Are the functions
22, 8¢+ 2, 2 —1 linearly dependent?

Investigate the linear dependence of ¢*, xe®, x2e%,
Show that ¥ = x is a solution of xy” + %y’ —y =0 and find the general solution.

If y, is a solution of ¥” + p(x)y’ + q(x)y = r(x), explain how to find the general solution. Illustrate
by an example.
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THE REDUCED OR HOMOGENEOUS SOLUTION

358, (a) Find three linearly independent solutions of (D+2)(D—1)(D—38)y =0 and (b) write the
general solution.

359. Solve (a) y” + 8y +12y = 0, (b) (D2—-4D—1)y=0.
3.60. Solve (a) (D2+25)y =0; y(0) =2, ¥'(0)=—5, (b) y'—8y'+ 20y =0, (¢) (D3+8)y=0.

36l. Solve (a) ¥’ +4y +4y = (d) (D®+DSy =0
() 16y” —8y' +y = 0 (&) (D3+64)2y =0
() (D+6)4D—3)2y =0

3.62. Solve DYD +1)%(D2+ 4D + 5)%(D? + 4)y = 0.

THE COMPLETE OR NONHOMOGENEOUS EQUATION
3.63. Solve (a) y"’—5y + 86y =50sindx, (b) (D3—8)y = 16x + 18¢~* + 64 cos 2x — 32,

364, Solve (a) y”’ + 8y +2y =4e—2=, (b) (D4 3D2%y = 180x3 + 24,
3.65. Solve (D$—2D%+ DYy = 120x + 8e=.

3.66. Solve using variation of parameters
(@) ¥'+ 2y —3y = we™? (© 2y —y' ==
() ¥y’ + 4y = csc2x (d (D*+ D)y = 4tanx

OPERATOR TECHNIQUES
3.67. Evaluate each of the following:

(@) ﬁ_g {e—27} 3 Iﬁ{m:ﬁ}

) prrp—iz O 4 ©) pryp—p e

© (T'}_T)'g {4 sin 2x + 3 cos 2z} (h) 'Dzl—_l {e*(sin % + cos )}
D-—-1 1

@ 7 T D7 41 \8cosx} O srpe+ D {82 — 2 sin «}

) 1
O D=0+ DFD

(e) (F-%—Z)? {xetr} {e72% cos 22}

3.68. Solve using operator techniques: (a) (D24 4D + 4)y = 18¢* — 8 sin 2z, (b) (D + 1D — 8)y = 3= + a2,
(¢) (D+2)%D—2)y = ¢~ cos =.

3.69. Prove entries (a) A, (b) B, (¢) E, (d) H in the table on pages 75 and 76.

CAUCHY OR EULER EQUATION

3.70. Solve (a) 22y + 2y’ — N2y = 0 (d) «3y""" + 3a2y’” + xy’ + 8y = Tx—1/2
() 22y’ — 2xy’ + 2y = a8 (&) R" +2rR' —n(n+1)R =0
(¢) (222D2+45zD+ 1)y = Inx

MISCELLANEOUS METHODS
3.71. (a) Show that (xD2—2xD+1) = (D—1)(xD—1). (b) Thus solve xy”’ — xy’ +y = x2.

3.72.  Work Problem 3.71(b) by noting that y = is a solution of the homogeneous equation and letting
Y = vz,

3.73. Solve y" + 2xy’ + 22y = 0 by reducing the equation to canonical form.

3.74. Show that «y” + (x+2)y' -y = 0 is exact and find its solution,
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3.75.

Use the method of Frobenius to solve the equations
(@ y'+ty =0 (b) ay’—2y +xy =0, (¢) y' = zy.

SIMULTANEOUS EQUATIONS

3.76.

3.71.

3.78.

3.79.

dx dy
—-— t — _—
Solve the system ¥ +y =et x at = t.

dx — % dy = go-2t— & ¢ o _ = =
Solve the system dt+2x—;ﬁ+10cost, dt+2y—4e at if =2, y=0 when t =0,

Solve the system (D2+2)x+ Dy = 2sint + 3 cost + 5e~t, Dx + (D2—1)y = 3cost —5sint — et
if =2, y=-8, Dx=0, Dy=4 when t=0.

@_ d—y— -t d—z—' i i —y =z = =
Solve dt—2x+y, dt—y+6e , dt—25mt+x if x=y=2=0 at t=20.

APPLICATIONS

3.80.

3.81.

3.82.

3.83.

3.84.

3.85.

A particle moves on the x axis, attracted toward the origin O with a force proportional to its
instantaneous distance from O. If the particle starts from rest at 2 =5cm and reaches
z = 2.5 cm for the first time after 2 seconds, find (a) the position at any time ¢ after it starts,
(b) the magnitude of its velocity at «# = 0, (c¢) the amplitude, period and frequency of the vibration
and (d) the instantaneous acceleration.

2
The position of a particle moving along the x axis is determined by the equation -‘% + 4 % + 8x =
20 cos 2¢. If the particle starts from rest at « = 0, find (a) # as a function of ¢, (b) the amplitude,

period and frequency after a long time.

A 60 Ib weight hung on a vertical spring stretches it 2 inches. The weight is then pulled down 4
inches and released. (a) Find the position of the weight at any time if a damping force numerically
equal to 15 times the instantaneous velocity is acting. (b) Is the motion oscillatory, overdamped
or critically damped?

The weight on a vertical spring undergoes forced vibrations according to the equation

d2z _ .

Pt} + 4 = 8sinot
where x is the displacement from the equilibrium position and « > 0 is a constant. If x =
dx/dt =0 when t=0, find (a) * as a function of ¢, (b) the period of the external force for
which resonance occurs.

The charge on the capacitor in the network of Fig. 3-7 is 2 coulombs. If the switch K is closed
at time ¢ =20, find the charge and the current at any time ¢>0 when (a) E = 100 volts,
(b) E =100 sin 4¢.

E volts
1 L

K
F d Ld ~
8 ohms 2 henries

0.1 farad
1]

2 henries ——n .05 farad 1l -

o}

-l

1

4 ohms Y%
AW\/VV‘ 1 ohm

Fig. 3-7 Fig. 3-8

Find the currents I,I; and I, in the network of Fig. 3-8 and also the charge Q on the capacitor if
(a) B =360, (b) E = 600e—5t sin 3t. Assume the charge and currents are zero at ¢ = 0.
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Answers to Supplementary Problems
349. (o) (D2+4D+5)yy=¢"% (b) 2D3+2D—1)y==x, (¢} (xD+2)y=1
350. (a) Both equal sin2x — 8 cos2x. (b) Yes
351. (a) —2x% — 8x + 21, —2x2 — 6x + 22, (b) No

352, (a) 822 + 2x3eT + 6x2eT + 2xwe” 3.55. Functions are linearly independent.
356. y = ez + oo f ex_—; dx 858, (b) Y = ¢1672% + 6% + 3637

359. (a) y=cie 2+ ee 87, (b) y = e2¢(cle‘/3$ + ¢cge~ ng)

360, (a) y = 2cosbx —sinbx, (b) y = e¥%(e, cos2x + ¢, sin 24)
(©) y = ¢1e=2 + e%(¢, cos VB % + ¢, sin V3 2)

86l. (a) ¥y = (e;+com)e—2%, (b) (¢y+ eom)er/4
(©) y = (¢1+ co + c5%2 + c423)e™8% + (5 + cox)ed®
@) ¥y = ¢+ cox + ¢322 + a8 + c5wt + cgx% + ¢y cosx + cgsinw
() ¥ = (61+ cox)e™ 4% + e4%(cg cos 4x + ¢4 sin 4x) + xet®(ey cos 4o + ¢¢ sin 4x)

362, y = ¢+ cox + e3x2 + 0403 + (5 + cgt)eF + 2% (¢ cos ¥ + 65 sin x)
+ xe2%(cg cos ® + ¢4 sin x) + ¢4y cos 22 + ¢, sin 2%

363. (@) ¥y = 0,62 + ¢33 + 2 cos 4x — sin 4x
(b) ¥ = ;6% + e—%(¢, cos V3% + ¢ sinVB3x) — 22 + 4 — 2e—% — 4 cos 2% — 4 sin 2
364 (a) y = cre~%+ cpe— 2 — dxe— 2 ®) ¥y = ¢1e73% + ¢y + cgx — 8a2 + 8a8 — Sxt + 3u°

365. Yy = ¢y + cx + cgx? + 448 + (c5 + egw)e® + x5 4 4a2e®

3.66. (a) y = €1673% + gpe* — Jwe~*
(b) ¥y = ¢y c082% + ¢, sin 2% — }x cos 2x — } sin 2% In csc 2x
(© ¥ = ¢+ e2® + Ja¥(lnx — 1)
(d) ¥ = ¢+ ecycosx + ¢38inx — 4 cosx In (secx + tan x)
367. (a) e2= (d) —8(sinx + cosx) (g) %%x (822 — 20x +21) (7)) a5 — 3at + 3642 — 22 + 2sinx
abedz . e 2
(b) 1e5= + e (o) ol () {e*(sina — 8 cosx) (j) 100 (8 cos 22 — sin 2x)

(¢) —cos2x (f) —4a% — 6x
3.68. (a) y = (¢;+ ca®)e2% + 2¢% 4 cos 2«

(B) ¥ = o677 + eg63% + Jwed® — Ja? + 4x — L4

-2
(¢) ¥ = (c;+ cox)e™2% 4 cqe2% 4 gﬁf (4 cos ¢ — sin x)

370. (@) ¥y = e@r+or™d, (b)) ¥y = ewtoew?tdad, (6) Yy = @ +opw V24 Inx— 3
@ v = ;32 + e, cos (VB In ) + eg sin (V3 In )] + §a—1/2
() B = ¢+ eyfrntl

371. y = c,x+02xf%dx—x2—2xlnx+2

373 ¥ = e /% (0% + coe ) 374 y = (cy+ cee— )z
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3.75.

3.76.

3.77.

3.78.

3.79.

3.80.

3.81.

3.82.

3.83.

3.84.

3.85.

@ v = c’<1—£20_2!+2—t—'”>+c2<x_§+§_"’> = ¢ co8% + €ysin®

® v = cl<x"+§i+%+--->+cz<1+§—§+g—‘;+...> _ 01°°th:625inhx

© y = cl<1+g+1'6‘§x6+1't'!7“9+...>
+62(x+%+2.75!x7+2'i;?x10+...>

x = ¢icost—egsint+ Let+t, y = ¢ sint+eycost+ fef—1

4cost+ 8sint — 2¢e~2 — 2e-tsint, y = sint—2cost+ 2e tcost

8
I

x = cost+sint+et, y = 2sint—cost— 2e~*
x = 2% —3Jet +¢-t, y = B¢t —8e~t, z = 2t —e~t— 3¢t +5— 2cost

(@) x = b cos (7t/6), (b) 5z/6(cm/sec), (¢) amp. = 5 em, period = 12 see, freq. = {15 cycle per second,
(d) —2572/36(cm/sec?)

(@) x = cos2t+ 2sin2t — e~ 2t(cos 2t + 3 sin 2t)
(b) amp. = V5, period = =, freq. = 1/7

(a) z=4de4(4t+1), (b) critically damped

8 sin wt — 4w sin 2¢

4 — 2

() @« =2 or period ==

(@) 2 = if w+#2, x=sin2t—2tcos2t if w =2

(@) @ = 5—e 8 cos3t+sin8t), I = 10etsin8¢
) @ = 6e~t(sin3¢t + cos 8t) — 3 sin 4t — 4 cos 4¢,
I = 12e~*cos 83t — 2 sin 8t) — 12 cos 4t + 16 sin 4¢

(@) @ = 4+ B5e—% —9¢—5t, [ = 45(e—5t— g—9t),
I; = 40 + 5e~9% — 45¢=5t, I, = 40 + 50e—9% — 90¢—5¢

(b)) Q@ = 255t — 9e—% — 4¢—5t(4 cos 3t + 3 sin 3t),
I = B8le—9 — 125¢~5t + 4¢—5¢(11 cos 8¢ + 27 sin 3t),
I, = 125¢=5t — 9e—9 — 4¢—5t(29 cos 3¢ + 3 sin 3¢),
I, = 250e—5t — 90¢—9t — 40¢~—5t(4 cos 3t + 3 sin 3¢)



Chapter 4

DEFINITION OF A LAPLACE TRANSFORM
The Laplace transform of a function f(¢) is defined as

<Gty = Fo) = f enftyar (1)

and is said to exist or not according as the integral in (1) exists [converges] or does not exist
[diverges]. In this chapter we assume that s is real. Later [Chapter 14] we shall find it
convenient to take s as complex.

Often in practice there will be a real number s, such that the integral (1) exists for
s > 8 and does not exist for s = s,. The set of values s> so for which () exists is called
the range of convergence or existence of L {f(t)}. It may happen, however, that (1) does
not exist for any value of s [see Problem 4.50].

The symbol . in (1) is called the Laplace transform operator. We can show that L is a

linear operator, i.e.
L{ef1(t) + eof2(t)} = e L {f1(2)} + 2 L{f2(1)} (2)

LAPLACE TRANSFORMS OF SOME ELEMENTARY FUNCTIONS

In the following table we give Laplace transforms of some special elementary functions
together with the range of existence or convergence. Often, however, we shall omit this
range of existence since in most instances it can easily be supplied when needed.

f@®) L{f@®)} = F(s)
1 1 % >0
1
2. " m=1,23,... i 8>0
3. # p>-1 P(:;fll) §>0
4. eat 1 s>a
s—a
5 cos wt 2 >0
) © 2 4+ o? §
6 sin ot “ >0
: @ 82 + w? §
1. cosh at e s> |a|
2 — a2
8. sinh at g s > |af
§2 — a2

98
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In entry 3, T(p + 1) is the gamma function defined by
rip+1) = f zre~*dx p>-1 3)
0

A study of this function is provided in Chapter 9. For our present purposes, however, we
need only the following properties:

I(p+1) = pr(p), @) = V= T(1) =1 (4)

The first is called a recursion formula for the gamma function. Note that if p is any posi-
tive integer n then T(n+1) = n!, thus explaining the relationship of entries 2 and 3 of the
table. ‘

SUFFICIENT CONDITIONS FOR EXISTENCE OF LAPLACE TRANSFORMS

In order to be able to state sufficient conditions on f(t) under which we can guarantee
the existence of .£ {f(t)}, we introduce the concepts of piecewise continuity and exponential

order as follows.
!
|
I
™
|
!
|
!
!

1. Piecewise continuity. A function f(f) is said )
to be piecewise continuous in an interval if
(i) the interval can be divided into a finite
number of subintervals in each of which f(%)
is continuous and (ii) the limits of f(t) as ¢
approaches the endpoints of each subinterval
are finite. Another way of stating this is to
say that a piecewise continuous function is one
that has only a finite number of finite dis-
continuities. An example of a piecewise con-
tinuous function is shown in Fig. 4-1. Fig. 4-1

A

\

2. Exponential order. A function f(¢) is said to be of exponential order for t> T if we
can find constants M and « such that |f(t)| = Me*t for t>T.

Using these we have the following theorem,

Theorem 4-1. If f(t) is piecewise continuous in every finite interval 0 =¢ =T and is of
exponential order for ¢ > T, then .C {f()} exists for s> a.

It should be emphasized that these conditions are only sufficient [and not necessary],
i.e. if the conditions are not satisfied .¢ {f(¢)} may still exist. For example, . {12} exists
even though t~%2 is not piecewise continuous in 0 =¢t=T.

An interesting theorem which is related to Theorem 4-1 is the following
Theorem 4-2. If f(t) satisfies the conditions of Theorem 4-1, then
lim . {f(t)} = limF(s) = 0

It follows that if lim F(s) = 0, then f(f) cannot satisfy the conditions of
Theorem 4-1. e

INVERSE LAPLACE TRANSFORMS
If L£{f(t)} = F(s), then we call f(t) the inverse Laplace transform of F(s) and write
L7H{F(8)} = f(f).
1

Example 1. Since {t} = ;15, we have °C_l{§} =t
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While it is clear that whenever a Laplace transform exists it is unique, the same is not
true for an inverse Laplace transform.

t t#* 2
Example 2. If f(t) = 10 t=2

tion f(t) differs from that of Example 1 at ¢ =2 although both have the same
Laplace transform. It follows that .£—!(1/s?) can represent two (or more) different
functions.

we can show that £ {f(t)} = 1/s2. However, this func-

We can show that if two functions have the same Laplace transform, then they cannot
differ from each other on any interval of positive length no matter how small. This is
sometimes called Lerch’s theorem. The theorem implies that if two functions have the
same Laplace transform, then they are for all practical purposes the same and so in
practice we can take the inverse Laplace transform as essentially unique. In particular if
two continuous functions have the same Laplace transform, they must be identical.

The symbol £~ is called the inverse Laplace tramsform operator and is a linear

operator, i.e.
L7HerF1(8) + cF'2(8)} = erfu(t) + cof(2)

LAPLACE TRANSFORMS OF DERIVATIVES

We shall find that Laplace transforms provide useful means for solving linear dif-
ferential equations. For this reason it will be necessary for us to find Laplace transforms
(}f derivatives. The following theorems are fundamental.

Theorem 4-3. Let f(t) be continuous and have a piecewise continuous derivative f’(f) in
every finite interval 0 =¢{=T. Suppose also that f(f) is of exponential
order for ¢ > T. Then

L{F(O} = sL{f(H)} —f(0)

This can be extended as follows.

Theorem 4-4. Let f(t) be such that f*~V(t) is continuous and f(t) piecewise continuous
in every finite interval 0 = ¢ = T. Suppose also that f(t),f(f), ..., "V (t)
are of exponential order for ¢ > T. Then

LAD () = 5" L (D) = 8" H(0) = " 2f(0) = - -+ = A1 (0)

THE UNIT STEP FUNCTION
The unit step function, also called Heaviside’s

unit step function, is defined as Ut —a
Ut —a) 0 t<a
1 t>a 1

|

and is shown graphically in Fig. 4-2.

It is posgible to express various discontinuous
functions in terms of the unit step function. Fig. 4-2

We can show [Problem 4.17] that the Laplace transform of the unit step function is

cut-ay == 5>0

and similarly we have L1 {e;as} = U(t—a)
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SOME SPECIAL THEOREMS ON LAPLACE TRANSFORMS

Because of the relationship between Laplace transforms and inverse Laplace transforms,
any theorem involving Laplace transforms will have a corresponding theorem involving
inverse Laplace transforms. In the following we shall consider some of the important
results involving Laplace transforms and corresponding inverse Laplace transforms. In
all cases we assume that f(¢) satisfies the conditions of Theorem 4-1.

Theorem 4-5 [First translation theorem]. If .¢ {f({)} = F(s), then
L {e*f(t)} = F(s—a)
Similarly if £~1{F(s)} = f(t), then
LTHF(s—a)) = e*f(t)
Theorem 4-6 [Second translation theorem]. If ,C {f(t)} = F(s), then
L{U(t—a)f(t—a)} = e"=F(s)
Similarly if £~! {F(s)} = f(t), then
LTHe = F(s)} = Ut—a)f(t—a)
Theorem 4-7. If L {f(t)} = F(s), then
cif@y = 17(2)
Similarly if £~ {F(s)} = f(t), then

o {r(E) - ot

Theorem 4.8, If c{f(t)} =F(s) then if n=1,2,3,...

d*F
T = (-1Fe(s)

L)} = ()"
Similarly if .£~! {F(s)} = f(t), then
LTHF™(8)} = (1)ef(t)
Theorem 4-9 [Periodic functions]. If f({) has period P >0, ie. if f(t+P)=f(t), then

f Pe—“f(t) dt
L{fO} = Zy—=—

Theorem 4-10 [Integration]. If £ {f(¢)} = F(s), then

off ra} = £

Similarly if £~ {F(s)} = f(t), then
F t
£"‘{*§s)} = J; f(u) du

Theorem £-11. 1If ltl_{rgi(zlt—) exists and .C {f(t)} = F(s), then
t 0
({'f—(t—)} = j; F(u) du
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Theorem 2-12 [Convolution theorem]. If . {f(t)} = F(s), £ {9(t)} =G(s), then
A S rree-wa} = Fece
Similarly if £~ (F(9)) = /5, < (G(s)) = g(t), then
CHFOCE) = [ fwot—wd
We call the above integral the convolution of f and g and write
o = f fagt-wau

We have the result f*g = g*f, i.e. the convolution is commutative. Similarly we can prove
that it is associative and distributive [see Problem 4.75].

PARTIAL FRACTIONS

Although the above theorems are often useful in finding inverse Laplace transforms,
perhaps the most important single elementary method for our purposes is the method of
partial fractions. This is because in many problems which we shall encounter it will be
necessary to find the inverse of P(s)/Q(s) where P(s) and Q(s) are polynomials and the
degree of Q(s) is larger than that of P(s). For illustrations of the method see Problems
4.39-4.41,

SOLUTIONS OF DIFFERENTIAL EQUATIONS BY LAPLACE TRANSFORMS

The method of Laplace transforms is particularly useful for solving linear differential
equations with constant coefficients and associated initial conditions. To accomplish this
we take the Laplace transform of the given differential equation [or equations in the case
of a system], making use of the initial conditions. This leads to an algebraic equation
[or system of algebraic equations] in the Laplace transform of the required solution. By
solving for this Laplace transform and then taking the inverse, the required solution is
obtained. For illustrations see Problems 4.42-4.44,

APPLICATIONS TO PHYSICAL PROBLEMS

Since formulation of many physical problems leads to linear differential equations
with initial conditions, the Laplace transform method is particularly suited for obtaining
their solutions. For applications to various fields see Problems 4.45-4.47.

LAPLACE INVERSION FORMULAS

There exists a direct method for finding inverse Laplace transforms, called the complex
tnversion formule. This makes use of the theory of complex variables and is considered
in Chapter 14.
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Solved Problems

LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

4.1.

4.2,

43.

Prove that .C {e*} =

1 if s>a.
s—a

e—(s—aXt |

- %
t = —st gat = —(s—a)t = —_—
L{eat} J; e~ steat dt j; e~ (s—add¢ s—a lo

= _l_aprovided s—a>0, ie. s>a

I(p +1)

sp+1

(a) Prove that .0 {t*} = if s>0 and p>—1.

!
(b) Show that if p =mn, a positive integer, then . {{*} = 5’;,‘—;—1 where s> 0.

<«
(a) £{tr} = f e~sttpdt, Let st —u and note that in order for the integral to converge we
0
must have s > 0. Then the integral equals

1 °o_ _ Ip+1)
sl’_“ A uPe~vdu = .—SFI—

The restriction p > —1 occurs because the integral defining the gamma function converges
if and only if » > —1.

(b) Integrating by parts, we have

Tp+1) = wp—xd = p—-—xw_ N p—1)(—e~—7) (.
(v foxe 2 o= @(—en)| foww )—e—7) da
= p mac"‘le‘fdav = pI(p)
J,
ie. p+1) = prip)

If p=mn, then

Tr+1) = »l(n) = »rn—1)(r—1) = wnr-—-n—-2)rr—2) = nn—1) -1r(1)

1
0 = 1. Thus T'(z+1) =n! and so from (a), £ {t*} = L

But r(1) = f e~Tdx = —e~T e

0

Prove that .¢ is a linear operator.

We must show that if ¢,, ¢, are any constants and f, (£), fo(t) any functions whose Laplace trans-
forms exist, then

LA{ef1 ) + eofa®)} = e L {f1 (1)} + exL {F5(1)}
We have

It

£ ety () + eof (B} f T o5t {enfy (1) + eofy(6)} dt

0

clfwe‘”fl(t) dt + czf e~stfy(t) dt

0 0

a1 L {f1(®)} + ep L£{f2(t)}

il

and so .£ is a linear operator.
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44.

4.5.

4.6.

LAPLACE TRANSFORMS

8 . _ %)
Prove that (a) £ {coswt} = Pt (b) £ {sinot} = Fra
Method 1. We have if s >0,
fw ¢ giot fw (s—i)t ] e~ (smiwt)® 1
—S§ = —{s— = = -
A e~ steivt gt . e t 5= |, .
Then taking real and imaginary parts, we have
e , . _ s+ide  _ s L e
J; e~ st(coswt + i sinwt)dt = pprn S pra + o)
-] -
- = il —st gi = 9
or J; e~stcoswt dt = Tr e’ j; e~stginet dt = o
Method 2. By direct integration,
00
e~ 8t(» sin ot — 8 cos wt) |° s
—st = =
L e—st cos ot dt o2 - of 0 PR
e . —e~—st(s sin ot + » cos i) [~ @
—st £ =
f e~ st gin wt dt 2+ o o PR

0

Find the Laplace transforms of each of the following:
(@) 3e~%, (b) 2t3, (c) 4cosbt, (d) sinxt, (e) -3//t.

3
@ &) = 3ol = sy = o s>t
® oo = 2o = BB = B2 - 40 5,
s 4s

(¢) L£L{4cosbt} = 4.L{cosbt} = 4 = §>0

"S£+ 25 2+ 25°

(d) L£{sinzt} = s>0

_T
82 4 727
(e) £{—%} = —scqvny = LU —%; = —3\/2, 8> 0

Find the Laplace transforms of each of the following:
(a) 3t*—2t%2+6, (b) 5sin2t— 3 cos2t, (c) 3V/T + de?, (d) 1/¢2,

(@) L{3t1—2t3/2 + 6} 3.o{tfh — 2.0{t¥2} + 6.£{1}
8T(5) _ 2r(5/2) , 6

= s oz T3
_ 8-4! _ 2-(3/2)(1/2)r(1/2) " [
85 85/2 s
_ 72 V7 6
s 2g5/2 8
(® £{bsin2t—38cos2t} = 5.0 {sin2t} — 3.¢ {cos 2t}
§+2 8.3 _ 10—3s
2+4 £2+4 0 2+ 4
3 _ _ 8r(4/8) 4
() £{8VE+dem} = 3.o{a%) +dele) = T+
3(1/8)r(1/8) " 4 . I(1/3) 4
s¥/3 s—2 - &8 t ;=3

[CHAP. 4

© o=st
(@) 'C{tl_z} = f f'tTdt. Since this integral does not converge, the Laplace transform does not
0

exist.

In parts (a), (b), (¢) we have omitted the range of existence which can easily be supplied.
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3 0<t<2
47. If f(t) = {-1 2<t<4 find L{f(t))
0 t=4

¢ have fz t f(t) dt + f4 tf(t)dt + fw tf(t) dt
= —s —s e s
cgey = f e e 4

2 4 o0
= f e—st(3)dt + f e‘“(—l)dt+f e—5t(0) dt
0 2 4

—st\ |2 —st\ |4
()
—8 /lo 8 /|2
3(1 —e—2%) " e=4s — =2 3 —4e"2B e s
s s - s

4.8. Find ¢ {sint cost}.
We have sin2t = 2sinfcost so that sintcost = %sin2t. Thus

. S _ 1, _2 _ _1
L{sintcost) = 2.,c{sm2t} = 3'%Ti " #+1

EXISTENCE OF LAPLACE TRANSFORMS
49. Prove (a) Theorem 4-1, and (b) Theorem 4-2, page 99.

(¢) We have © r o
Fi) = £{ft)y = —stf(tydt = —stf(tydt + e~ stf(t) dt
@ = <y = [ s e S

Now since f(t) is piecewise continuous for 0 = ¢t =T so also is e~ st f(t), and thus the first
integral on the right exists.

To show that the second integral on the right also exists, we use the fact that
|f(t)] = Me*t so that

fwe—“f(t) dtl
T

1A

f e=st|f(e)| dt = f o=stMeat dt

T T

= Mf e~ gy = M @)
0

8§ —a

for 8 > a and the required result is proved.

(b) We have as in part (a),
T 0
F' = t = —st|f(t)] dt + —stif(t)| dt
F@ = letey = f esiswiar+ f emsige)

Now since f(t) is piecewise continuous for 0 = ¢ = T, it is bounded, i.e. |f(t)] = K for some
constant K. Using this and the result (1), we have

T %0
[Fs)] = f e 81‘_4 = f e-sikdt + M = K+ M

0 [/ 0 8§ —«a 8§ —a

Taking the limit as s — «, it follows that lim F(s) = 0 as required.

S~ 00

2t 2t
4.10. Prove that (a) ’C{ti—4} exists, (b) hm ,c{ ti 4} = 0.

(@) In every finite interval e2t/(t+4) is continuous [and thus certainly piecewise continuous].
Also for all ¢t 0, 2t 2t
e < &
t+ 4 4
‘so that e2t/(t + 4) is of exponential order. Thus by Problem 4.9(a) the Laplace transform exists.
(b) This follows at once from Problem 4.9(b) and the results of (a).
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SOME ELEMENTARY INVERSE LAPLACE TRANSFORMS

4.11. Prove that .£~! is a linear operator.
We have, since .C is a linear operator [Problem 4.3],
L{ef1 () + eofa ()} = ¢ LD} + ol {f2(®)} = e 1F1(8) + coFy(9)

Thus by definition
LT Fy(8) + eoFa(8)} = o1f1(8) + eofa (D)

= ¢ LT1{F(8)} + e £~ 1{Fy(s)}
which shows that .£—1 is a linear operator.

412. Find () - { +2} %) - {82 - i’} ©) ,c—l(zssg 5), (d) ,c-l{ﬁ}, k> 0.

5 1 -
(@) 4"‘{s+2} = 54“{;:‘2'} = bem

48 — 3 s 3 2 _ 3
® 'C_l{sz+4} = 44“{sz+4}—54 ‘{m} = doosB T gEn

o coffs) <l nefg) - o

Ip+1)

(@) Since .£{tr} = Tgpr1
tp _ 1 _ 1 _ tr
'C{I‘(p+1)} = @ o L l{snﬂ} T Te+D)
. =k—1,
Then letting p =k - 1) et
sk | (k)

: 4-5 _ 1
413. Find (a) ,c-‘{—;m—s}, (b £ ‘{m}

st - ) ol

= 4. /2 t—1/2

- TG ~ ° T
8t1/2 pt—1/2 8t1/2 — 5g—1/2
Ve V7 Vr

fl

- 1 _ 1 _ 1
® < ‘{m} < ‘{m} = 47 ‘{;—s }

RO

= %. -_ %e—2t = %(l—e—2t)

LAPLACE TRANSFORMS OF DERIVATIVES
4.14. Prove Theorem 4-3, page 100.

Since f'(f) is piecewise continuous in 0 = ¢ = T, there exists a finite number of subintervals,
say (0, Ty), (T, Ty), ..., (T, T), in each of which f'(t) is continuous and where the limits of ()
as ¢t approaches the endpomts of each subinterval are finite. Then

] ]

T Ty T
—stf(t)ydt = e st f/(tydt + —st gy de + oo + —st £1(4) dt
f ¢ " fT o5t f'( ane 0
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The right side becomes on integrating by parts,

[e—st (8 :‘ +s f ™ gmst f(t) dt] + [e—st £(8)

0

Ty Tz
+ sf e=st f(2) dt]
T 7,

r T
+ sf e~ st f(t) dt]
T, T,
Since f(t) is continuous, we can thus write

T T
f e~stfi(tydt = e stf(T) — f(0) + sf e~ st f(t) dt 1
1] 1]

+oee [e—stf(t)

Now since f(t) is of exponential order, we have if T is large enough,
le=sTf(T)] = |e~sTMexT| = Me—(s—T (@)
Then taking the limit as T = « in (Z), using the fact that 1}im e~st f(T) = 0, we have as required
- 00

L{r@ = fwe's‘f’(t)dt = 8fw6"“f(t)dt—f(0) = sL{f(O)} — £(0)
1] 1]

4.15. Prove that if f’(f) is continuous and f”’(f) is piecewise continuous in every finite
interval 0 =t =T and if f(f) and f’(t) are of exponential order for ¢ > T, then

L)) = sL{(Y)} — sf(0) — f(0)
Let g(t) = f/(t). Then g(t) satisfies the conditions of Theorem 4-8 so that
L{g'®} = s£lg®)} — 9(0)
Thus L)} s L{f(t) — f(0)
s[sL{f(O)} — f(0)] — £'(0)
s2.L{f(t)} — sf(0) — £'(0)

4.16. Let f(f) = te*. (a) Show that f(f) satisfies the equation f'(f) = af(t) + e*t. (b) Use
part (a) to find .C {te*t}.

(a) f'(t) = t(aest) + ex* = af(t) + et
&) c{f(®)} = claf(t)+ e} = aL{f(t)} + . {et}
Thus using Problem 4.14, we have since f(0) =0,

sLU®) = f0) = alfO} + 72— or  G-a)o () =
. O} = eitey = =
THE UNIT STEP FUNCTION
417. Prove that . {U(t—a)} = e—;— if s> 0.
Wehave U(t—a) = {2 z;z so that
- = ¢ —si ” -5 = est|e
£ (Ut~ a)} j; e=3t(0) dt +j; esdt = 0+

—as
= ¢ if §>0
8
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4.18. (a) Express the function f(t) — {2 ziz in terms of the unit step function and
thus (b) obtain its Laplace transform.
(¢) We have f&) = 8 + {_g :;:
SRR
= 8 — 2U(t—-1)
® <@y = cB-2ue-1) = L2 o BoBes

The result can also be obtained directly.

SPECIAL THEOREMS ON LAPLACE TRANSFORMS
4.19. Prove Theorem 4-5, page 101.

We have @)y = F@) = fwe“stf(t) it

0
Th £{estf(t)) = —stleatf(t)] dt = N —Gs-atftydt = F(s—a)
en et f(t)} J; e~ st[e ] j; e s —a

4.20. Prove Theorem 4-6, page 101.

t <
Method 1. Since U(t—a) = {0 ¢ we have
1 t>a

cut-oft-ay = [ ewut-a)it-ad
0

“emstydt + [ e=stft—a)at
foe ( fae (t—a)

fwe"“f(t—a)dt = fme'sw'*a)f(v)dv
1]

e —as -8V d
e j; e~ s f(v) dv
= e~ F(s)

Method 2. Since F(s) = f e~ st f(t) dt,
0

e~asF(s) = fwe—s“*'a)f(t)dt = f” e sv f(v—a)dov

] a
= fae—sv 0)ydv + fwe‘s”f(v—a)d’v
] a

A 0 t<a
J; ¢ t{f(t—a) t>a}dt

_ A _ 0 t<a
= j; e~ st f(t a){1 t>a}dt

= L{f(t—a)U(t—a)}
4.21. Prove Theorem 4-7, page 101.
< {fatyy = f e~stfat)dt = : fo e~wiafv)dy = %;F(a

0
where we have used the transformation t = v/a.

)
N—
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4.22. Prove Theorem 4-8, page 101, for (a) » =1, (b) any positive integer =.

-
(a) Since F(s) = f e—st f(t) dt, we have on differentiating with respect to s and using Leibnitz’s

rules s d (* )
&= Fo = g erioa = fo 2 fomst feo)) @t
= — [Tewtrmar = —atesen
Thus ¢ {¢f(8)} = —F"(s). 0
anF _ dr 7, = (-
®) T = ) cred = § alemrena

= (-1)» f”e-st [rf@)dt = (=1 {tnf(t)}
1]
Thus ¢ {trf(t)} = (—1)»F ().

4.23. Prove Theorem 4-9, page 101.
We have

fw e—st f(t) dt

0

P 2P 3P
~stf(8) dt + —stf(t) dt + =5t f(t) db + -+
foe ® f,, e=st £(¢) fzpe £(#)

P P P
f e~stf(t) dt + f e=s+P) f(y + P)dv + f e~s(0+2P) f(y +2P) dv + -+
0 0 0

Then since f(£) has period P >0, f(v+P)=f(v), f(v+2P)=f(v), etec. Furthermore, we can
replace the dummy variable v by ¢. Thus

© P P P
—st f(t)dt = st f(t) dt 4+ e—sP —=st f(¢t)dt 4+ e—2sP =st f(t)dt + -
[Tenmoa = fCenia s e gt e [ emsp

0 0 0

P
(14 ¢=sP 4+ ¢=2P 4 .. .)f e—st f(t) dt
0

P
oo [ et where 8> 0
¢ 0

424, Prove Theorem 4-10, page 101.
t
Let G(t) = f f(u)du. Then G'(t) = f(t), G(0) =0. Thus
1]
L{G'(t)} = sL{G()} —G(0) or L)} = s£{G(t)}

t
and so (G = £{f f(u>d“} = jevoy = T2
0

From this we have {F(s)} f f(u) du

4.25. Prove Theorem 4-11, page 101.

We shall assume that hm f () exists [as well as the conditions of Theorem 4-1, page 99],
otherwise its Laplace transform may not exist. Then we have if g(f) = f(£)/t, or f(t) = tg(t),

Flo) = <@} = 2lo@) = —Ectowy = —459 )

Thus G = - fs Fuydu = ch'(u) du (2)
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Now since g(t) satisfies the conditions of Theorem 4-1, page 99, it follows that hm G(s) = 0. Then
from (2) we see that ¢ must be infinite and so

Gle) = 4{%9} = f Fu) du

4.26. Prove Theorem 4-12, page 102.

We have F(s) = fw e3¢ f(u) du, G(s) = f e~ g(v) dv
0

0
I fo " e 1) du][ fo “eev g an

fw fw e=s(utv) f(u) g(v) du dv

Then F(s) G(s)

= f f e=st f(u) g(t —u) du dt

=0" u=0

e—st t—u)d ]dt
| f ) ot = ) du
= £{fotf(u)a(t—u)du}

where we have used the transformation ¢ =wu+4v from the uv plane to the ut plane.

APPLICATIONS OF THE THEOREMS TO FINDING LAPLACE TRANSFORMS
427. Find (a) £{e*sindt), (b) £ {t2% 2%}, (c) £ {e/V/T}.

(a) Since .¢ {sin4t} = ﬁ, we have by Theorem 4-5,

4 - ___4
(s—8)2+16 ~ s2—6s3+25

b) si @y =2 te—2t 2!
() mce =C - ’ =C{ e } = (8+2)3

£ {3t sin 4t}

(¢) Since £{1/Vt}=.{t=V2} =T(1/2)/sV/2 = Vzfs, £{et/Vt}=Valls—1)

int t<
428. Find £ (F(t)) where  f(t) = {Sm :
t t>x
We have f®) = sint + {t —Osint ii:

= sint + (¢t — sin )U(E—7)
= sint + [z + (t—7) + sin(t - 2)|UE—7)
Then using Theorem 4-6,
L {f(ty}

L{sint} + L{[r + (t — =) + sin (t — DU —7)}

= 1 . 1
= Fgr1te “[s+s2+82+1:|

This can also be obtained directly without using Theorem 4-8.
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4.29. Given that £{§1?_t} = tan-l<%>, find ¢ {sn; at}.

By Theorem 4-7, page 101,
sin at = l -1 .L 1 ————Sin at = ¢ n—1 _a_
L {7} - a tan <s/a> 1.e. L { n } a s

430. Find (a) £ {tsin2t}, (b) £ {t*sin2t}.
By Theorem 4-8, page 101, we have since £ {sin2t} = ;2—%,

. d(_2 4
@ Litsin2) = —g <sz+4> = @i

: _a@f 2\ _ 12s2—186
) «{¥sin2t} = Esi<sz+4> = EEr s

4.31. Find the Laplace transform of the function of period 2 which in the interval
sint 0=t<=

0=t <2r is given by f(t)={ 0 <t<on
™ = v

The graph of this function, often called a rectified sine wave, is shown in Fig, 4-3.

1@

27 37 4r t

Fig.4-3

By Theorem 4-9, page 101, the Laplace transform is given by

1 f” e—stsintdt = 1 1+e-m\ 1
1—e¢2m ) m T 1o\ &£+1 ) T (@+hl—e )

4.32. Find ,c{l - e"t}.

t
— et —t
Since }gx(l) 1 te = }in%ﬁl— = 1 by L’Hospital’s rule and 1 — ¢—t is continuous and of expo-
-
nential order, the conditions of Theorem 4-11 apply. Then since £{l—e~t} = %— ﬁi’ it

follows that

1—et] _ f“’ 1 1 o K /1 1
{57 = ) e - () -

Klim (Inu — In (2 +1)]

s
. 1 1 _ 1
Kh_mo [ln<1 +§> - 1n<1 +I_{>] = ln<1+s>

APPLICATIONS OF THE THEOREMS TO FINDING
INVERSE LAPLACE TRANSFORMS

433. Find () ,c-l{s—zg_igﬁ—g}, (®) oc-‘{ \/§1+—3} (¢) £~ {(-3:_——34)5}

. 2+3 _ aoif2s-1+5] _ )81 L, 5 ) 2
@ « 1{82—28-!-5} - 1{(8—1)2+4} - 1{(8_1)2+4}+2«c 1{(8‘1)“4}
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2 .
Now since {'l{ﬁfi} = cos 2t, «C“{m} = gin2¢

we have by Theorem 4-5,

- 2 .
it = v () <

Thus L1 {;22_—82-%3:'5} = 2etcos2t + fetsin2t = %et(4 cos 2t + 5 sin 2¢)

k—1 . 1 t—1/2
() From Problem 4.12(d) we have (—1{;15} = :‘Tk)- or if k=4, £t {7_;} = = . Then
by Theorem 4-5, T

- L\ | e-sg-ue
CVsrsf T TE
3s—4| _ 1 . [3-4] _ 1, [s6-32+12
© <« {(2s~3)5} = e 1{(8—3/2)5} = 32¢ 1{ == 372 }
_ 8 . 1 1. 1
- < 1{(s~3/2)4} TR 1{(8-—3/2)5}

= 3 B g L gy - B8

32 3! 6441 1536

434. Find (o) £- {2““6} (b) °C_l{\;s_‘;s§}'

8
(a) Since (—l{m} = cos4t, we have by Theorem 4-6,

—d 2R L e—2) cosd(t—2) = 0 b2
< {82 + 16 U(t=2) cos it —2) cosd(t—2) t>2
() si 1{ 1 } il 1{—“—1 } 1712  and so by Th 46
me - y— - C— - —_
e L Ve v rg \/;Té = and so by eorem y
- e~5s - Ue—s) (t — 5)~1/2¢2(t=5) 0 t<$
ezl T v g (L BTG R
V7
435. Find - {ln <1 + %)}
Let F(s) = In{1+ 1 so that F'(s) = 1 _1 Then by Theorem 4-8
8 s+1 s’ ’

v = eco fufs D)
_ N\ - 1 1 1) 1
or < {l“(“' >} = 3¢ 1{s+1 s} I

1
. T o { AL
< sys+1
1 -
Since ‘C_l{\/s+1} =1 1\//2;6 t, we have by Theorem 4-10,

f u— 1/2e—u ! f\/? ot
8\/; du = = \ e dv

on letting » = 22,
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4.37.

4.38.

-

Let F(s) = G(s) =
[Theorem 4-12],

t . . - t
(—1{—1—} = singw | Sin ot =) duy = }%Ef sin au sin a(t — u) du
0

(s2+ a2)? 0o @ a

Find £~ Jl

sin at

2 Thus by the convolution theorem

——_}—_7. Then f(t) = g(t) =

t 1
= 2—}; J; [cos a(2u—1t) — cosatldu = 7 5(sinat— at cosat)

Solve for y(f) the equation
t
yt) = 1 + j; ¥(uw) sin (t—uw)du

Taking the Laplace transform, we have by the convolution theorem,

1 Y
Y(@s) = % + Ly@*sintgt = 5+ 8—2%

1 _1 _$2+1 _ 1,1

Then [1 - m} Y(s) = 3 or Y(s) = o =3 + pes
1,1 124
= —1{= = - —
and so y(?) £ {s + 83} 1+3

which can be checked as a solution.

The given equation is called an integral equation since the unknown function occurs under the
integral.

PARTIAL FRACTIONS

4.39.

4.40.

. -1 252 — 4
Find £ {(s—z)(s+1)(s—3)} '

252 — 4 _ 4 . B ¢
(s—2)(s+1)(s—3) ~ s—2 s+1 s—38

To determine constants A, B, C, multiply by (8 —2)(8 + 1)(s — 3) so that
22 — 4 = A(s+1)(s—8) + B(s—2)(s—3) + Cs—2)s+1)

This must be an identity and thus must hold for all values of s. Then by letting s =2,~1,8 in
succession we find A = —4/3, B=-1/6, C = 7/2. Thus

267 4 —4/3  —1/6 . _1/2 _
£_1{(8—2)(:+1)(8"3)} = ‘C_1{8—2+8+1+8_3} = —4e2 —let+ Zedt

Find .2~ {i—t_l___}

(s—1)(s>+1) 4
38s+1 Bs+ C
GoDE+D) ~ 1T &+1 (1)
or 8s+1 = A(2+1) + (Bs+C)(s—1)

Letting s =1, we find A = 2. Letting s=0, we find A—C =1 so that C =1. Then letting
s equal any other number, say —1, we find, —2 =24 —2(C—B) and B = —2. Thus

3s + 2 —2 .
£-1 {(s-——i)(sﬂl-l-—l)} = _C—l{s_ 1}+ ‘6_1{878.:-1_1} = 2et — 2cost + sint

Another method.

Multiplying (1) by s after finding A and then letting s>, we find A+B=0 or
B = —~A = —2. This method affords some simplification of procedure.
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. —; /58> =168 + 17
Find <GS

52 —15s+7 _ A B c D 1
We have +1E—-28 sri T G-29 T e-2¢ Ts-2 @

or clearing of fractions
552 — 158+ 7 = A(s—2)3 + B(s+1) + C(s+1)(s—2) + D(s + 1)(s — 2)2

Letting s =—1, we find A = —1. Letting 8 =2, we find B =—1. Letting s equal two other
numbers, say 0 and 1, we find —2C+4D =0 and —2C+2D =—2 from which C=2, D=1,

Thus 1 .
Bs? — 158 + 17 -1, -1 2
-1 = -1
< {(s+1)(s—2)3f < { +1+(s—2)3+(8—2)2+8—2}
= —e~t — 122 + 2te® + 2t

Another method.
On multiplying (1) by s, after finding A, and letting s~ «», we find that A+D =0 or
D =1, providing some simplification in the procedure.

SOLUTIONS OF DIFFERENTIAL EQUATIONS

4.42.

4.43.

4.44.

Solve y”(t) +y(f) =1 given y(0)=1, ¥ (0)=0.
Take the Laplace transform of both sides of the given differential equation and let
Y =Y() = £{y(¥)}. Then

L' +y@®)) = £{1} or &Y —sy(0)—y'0)+Y = 1/s
Since y(0) =1, ¥’(0) = 0 this becomes

1 1 s+ 1/s 1
2y — - = 2 = = = = =
2Y ~s+Y 3’ 2+1)Y s+8 or Y pom 3
Thus y = Yy = 4—1{5} =1
which is the required solution.
Solve " —38y +2y = 2¢7, y(0)=2, y'(0)=-1.
Taking the Laplace transform of the given differential equation,
2
2y — —y - - = =2
[82Y — sy(0) — ¥'(0)] 3[sY — y(0)] + 2Y Py

Then using y(0) = 2, y’(0) = —1 and solving this algebraic equation for Y, we find using partial
fractions,

2 — 5g — -
2s 68— 5 _ 1/3 + 4 + 7/3

4 GFDE-DE-2  s+1Ts—-1T5-2

Thus taking the inverse Laplace transform, we obtain the required solution
y = fe"t+ 4ot — Jeo2t

Solve y™ +2y” +y = sint, y(0)=1, ¥ (0)=-2, y”(0)=38, y”(0)=0.

Taking the Laplace transform of the given differential equation and using the initial conditions,

[ — s%(1) — %(-2) — 5(8) — 0] + 2[2¥ —s(1) — (-2)] + ¥ = }r -

which can be written 1
4 2 = —_— -—_— 2 -—
(st+2s2+1)Y 82_*_1+.<:3 282 + 58 — 4
1 8 —2s2+55—4 1 (83+s8) —2(s2+1) + 48— 2

or Y = &rp t @12 = @+t @I

_ 1 s 2 4s— 2

T e Tyl el @i
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Now by using the special theorems on Laplace transforms [see Problem 4.78],
_ 1 s R
L1 {m} = $sint — Btcost 3t2sint
43 —2 _ e e
L1 {m} = 2¢sint sin¢t + tcost

and so we find the required solution
y = (1+§t)cost — (3 —2t+ 4t sint

APPLICATIONS TO PHYSICAL PROBLEMS

4.45. Solve Problem 2.82, page 56, by using Laplace transforms.

As in Problem 2.32, the differential equation is

dI _E
T + 51 = 5
(@) If E = 40 the Laplace transform of (1) is
[sI—1(0)] + 51 = 380—
where I =.¢{I}. Then using I(0) =0 and solving for I, we find

;o= 2 _ 20(1_ 1 W12
s(s+5) 5\s s+5 s s+5

Thus I = 41— e 5
(b) If E = 2063t then ) ) 10
(I-K0)] + 5] = 5
j = 10 _ 10/ 1 1 = 1 1
so that I'= GFas+rs = 2<s+3 s+5> = 5<s+3 s+5>
Thus I = B(e—3t— ¢—5t)
(¢) If E =50 gin 5¢, then 195
{sI —I(0)] + 51 Z+ o5
5 125 . bB/2 (=5/2)s + (25/2)
so that I'= G¥o2+2s) = s+85 17 s2+25
Then I = ge““ = -g—cos 5t + gsin 5t

115

(1

4.46. A mass m [Fig. 4-4] is suspended from the end of a vertical spring of constant «
[force required to produce unit stretch]. An external force F'(t) acts on the mass as
well as a resistive force proportional to the instantaneous velocity. Assuming that
x is the displacement of the mass at time ¢ and that the mass starts from rest at
2 =0, (a) set up a differential equation for the motion and (b) find « at any time t.

(@) The resistive force is given by —B%—t. The restoring force
is given by —«x. Then by Newton’s law,

d2x dx
mogm = "'Bm—xx + F(t)
d2x dx
or moas + B% +x = F(b) (1)
where 2(0) =0, z'(0) =0 (2)
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(b) Taking the Laplace transform of (1), using £ {F(f)} = Fi), £{x) = X, we obtain
m[s2X — s2(0) — z'(0)] + B[sX —%(0)] +«X = FY(s)

so that on using (2),

X F(s) _ F(s) @
mse2 + B8 +x ~  m[(s+ B/2m)? + R]
2
where R = &~ — £ . There are 3 cases to be considered.
m  4m2

Case 1, R > 0. In this case let R =2 We have

sin wt

_ 1 L = B2
L 1{(3+B/2m)2+w2} empuEm ®

Then using the convolution theorem, we find from (3)

t
x = LJ‘ F(u) e~B(t—u)/2m gin o(t — u) du
wmJ,
1 .
Case 2, R=0. In this case (‘1{———2} = te—8tZm gand the convolution theorem
in (8) yields (s + B/2m)

t
x = lf F(u)(t—u)e—ﬂ(t—u)/mdu
m 0

Case 3, R < 0. In this case let R = —42. We have

1), pymsivhat
< l{(s+ ,B/2m)2—a2} = e

Then using the convolution theorem (8) yields

t
x = Lf F(u)e—B(t—u)/2m ginh o (t — u) du
amJy

4.47. Solve Problem 8.48, page 93, by Laplace transforms.

From equations (1) and (2) of Problem 3.48 we have on taking Laplace transforms, using
Liy=h, cl{lyy=15, I=L+I, c{l}=1+1,

20, + 1) — 13—0 + 2[sl, — 1,0)] + 10}, = o
=101, — 2[sl; — I,(0)] + 4[sl, — I,(0)] + 201, = o

Using 1,(0) =0, I,(0) =0, these become
(80 +28)1, + 20I, = 120/s

(—10-28)1, + ds+20)], = o

Solving,
120/s 20 30 + 28 120/s
1 0 48 + 20 1 —~10 — 23 0
! 30+2 2 | 2 30 +25 20
—10 — 28 4s + 20 —10 — 25 43 + 20
- _60 _ /11 _ 30 _ 38/1 1
or L = & 3<s s+20>’ I = s(s+20) §<§_s+2o

Then I, =3(1—e72%), I, =§(1—e~200), I=1I+I=5§(1—e"20),
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Supplementary Problems

LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS
4.48. Find the Laplace transforms of each of the following:

(@) 4e2t/3 (e) (€3t —e3)2 (k) sin 2t cos 2t
(b) 6t—3 0 WE+1ne—-vVon't @ VE—1/typ
() (¢+1)2 (g) 8 sin%3t (j) 5 sinh 2t — 5 cosh 2¢

(d) 2sin3t + 5 cos 3¢

-1 osts t4+1 0=
449. Find £ {f(t)} in each case: w)ﬂn=-{1 2>: 4 w)ﬂo:‘{o t2;<3
0 0=t<z2
(€ fi&) = <1 2=t<4
0 t=4

450. Prove that ¢t? does not have a Laplace transform.
451, Determine whether sin t2 has a Laplace transform and justify your conclusions.

sint 0=2t<=»

452. Find (a) . {10 sin 3¢ cos 5¢}, (b) £ {f(t)} if f(t) = { 0o t=

ELEMENTARY INVERSE LAPLACE TRANSFORMS

453 Find (a) «cﬂ{s 2 3} @ rl{zsz—%r—,,} (0) «c-l{%;,—;*} ® 4-1{‘2"'8;5”2}
- 1 _,J) 28 —8 _,}38— 16 . _ 8
b £ ‘{m} (e) L l{m} k) « 1{82—64} 7y L l{m}
_ 4s _, )8 —8s2+8—1
(¢ « 1{m} N L ’{—-—85,—}

. _ g2+ 2
454, Fmd(lﬁgrﬁmﬂaa}

LAPLACE TRANSFORMS OF DERIVATIVES

4.55. Verify the result L£{f'(t)} = s.L{f(8)} — f(0) for each of the following: (a) f(t) = 3e2t,
(d) f(t) = cos 5L, (¢) f(t) =t2+2t—4.

4.56. Verify the result .£{f"(¢)} = s2.L{f(¥)} — sf(0) — f'(0) for each of the functions in Problem 4.55.

457. If f(t) = tsinat, (a) show that f'(f) + a?f(t) = 2a cosat and thus (b) find .C {f(¢)}.

4.58. Does the result .2 {f'(¥)} = s.L{f(t)} — f(0) hold for
t t>0

(@) f(t) = V¢, ®) ft) = 1N/t () fit) = {5 s=o! FExplain.

4.59. Prove that . {f"(t)} = s3.£ {f(¢)} — s2f(0) — sf’(0) — f”’(0), giving conditions under which it holds.
THE UNIT STEP FUNCTION
4.60. Find (a) {2U(t—1) + 83U —2)}, (b) £ {tU(t—3)} and graph each of the given functions of ¢.

4.61.  Discuss the significance of (a) [U(t—a)]2, (B) [U(t— @)]> where p is any positive integer.

. -5 -8 — g—2
462. Find (a) (—l{eTs}, (b) .C“{ze;ge——s} and graph.

{cos t t>a/2

4.63. (a) Express the function f(¢) = 3 N
T

in terms of the unit step function and (b) find
its Laplace transform.



118 LAPLACE TRANSFORMS [CHAP. 4

MISCELLANEOUS LAPLACE TRANSFORMS
464. Find (a) £{t%e—5}, (b) £ {e~* cos2t}, (&) £{Vter), d) £{e 3t}

465. Find (a) . {tsin3¢}, (b) ¢ {t2 cos 2t}.
4,66, Find . {tetsint}.

467. (a) Graph the function f(t)=¢ 0=t<4 which is extended periodically with period 4 and
(b) find the Laplace transform of this function.

468. Find .c{f(t)} if f(t)=e~t, 0=t <2 and f(t+2)=f(t).

t
469, Verify that < { f cos 2u du} = % £ {cos 2t}.
)

4.70. Show that 4{ f ‘ f " fw du} = %’) where F(s) = . {f(t)} and generalize.
[1] [1]

471, Find (o) .C{L:“_i'} (b) ({Mt';_coﬁ_t}, © dc{smt}
472. Find ,c{—“”},

© p—2 — p—4t ® gi
473. Show that (a) f ”'f"dc =1In2, (3 f ﬂ't‘—‘dc = 1;-
[} 0

4.74, Evaluate (a) t*et and () .C{t*et}.

4.75. Prove that (a) f*9 =g*f, (b) f*g+h) = f*g + f*h, (¢) f*(g*h) = (f*g)*h and discuss the
gignificance of the results.

MISCELLANEOUS INVERSE LAPLACE TRANSFORMS

476. Find (a) ‘c”{?%} (e) .c"{(,—_ls—),} (€) 4'1{%}'

= o<

471 Find (a) £~ {32—4} © ‘c_l{(sfl_%)—z} © ‘c—l{(s2+2a+51»)5(22—4s+8)}
o« {s<s+1><s+ 2>} @ ‘C_l{@’?&%} 0 ‘_l{*‘lﬁ}'

478. Find (a) .c-l{ﬁ}, (b) «C_l{(’sz_s_:i‘)'z'}' (© ’C“{(‘:;T_lﬁz}’ @ 'C"{(.z_ii?}°

479, Find .("‘l{ln <jig>}

-v
4.80. Use the series for e* to show that .c—l{e—‘} = So8avi 2\/2'

Ve Vat

(b <~

t t
4.81. Solve the integral equations (a) y(t) + f y(t—wevdu = 2t — 3, (b) f y(u) y@ —u)du = 2t
) )

o ©
4.82. Use Laplace transforms to evaluate f sin 22dz. [Hint. Consider f sin tx2 dz.)
0 0
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SOLUTIONS OF DIFFERENTIAL EQUATIONS

4.83.

4.84.
4.85.

4.86.

Solve each of the following:

(@) ¥'(t)y— 3y’ () +2y(t) = 4 w0 =1, '(0)=0

(b) y”(t) + 16y(t) = 32¢; y(0) =3, y'(0) = —2

(¢) »"(t) + 4/ (t) + 4y(t) = 6e2; y(0) = —2, y'(0) =8
d "y +y't) =t+1

Solve y'''(t) + 8y(t) = 32t8 — 16t if y(0) = y'(0) = y"'(0) = 0.

Solve the simultaneous equations
2x(t) — y(t) —¥'(t) = 4(1—e™?)
22'(t) + y(t) = 2(1+ 3e—2)
subject to the conditions x(0) = y(0) = 0.

Solve (a) Problem 3.76, (b) Problem 3.77, (¢) Problem 3.78, (d) Problem 3.79 on page 95 by Laplace
transforms.

APPLICATIONS TO PHYSICAL PROBLEMS

4.87.

4.88.

4.89.
4.90.

4.91.

4.92.

4.93.

4.48.

4.49.

Solve (a) Problem 3.80, (b) Problem 3.81, (¢) Problem 3.83, (d) Problem 3.84, page 95, by Laplace
transforms.

Use Laplace transforms to find the charge and current at any time in a series circuit having an
inductance L, capacitance C, resistance R and em.f. E(t). Treat all cases assuming that the initial
charge and current are zero.

Solve Problem 3.85, page 95, by Laplace transforms.

(@) A particle of mass m moves along the x axis in such a way that the force acting is given by
F, o/e 0<t<e
F@i@) =
® 0 t> e
particle at any time and interpret physically. (b) Discuss the result in (a) if the limit is taken as
e— 0.

Assuming that it starts from rest at the origin, find the position of the

Let f(t) be any continuous function. Suppose there exists a function §(f) such that
[ rose-ta = s
0

Show that (a) £{8(¢)} =1, (b) L{8(t—¢tx)} =e~sto, (c) L£{8'(t)} =s. We often call §(f) the
Dirae delta function).

In Problem 4.90 replace the force by F(t) = F,8(t) and solve. Discuss a possible relationship
/e 0<t<e

0 &> [Hint. Examine the case where ¢—0.]
€

between §(¢) and the function {

1/ 0<t<e
—1/ e<t< 2’
the relationship of this problem with .£—1 {s2}.

Graph the function F(t) = Find (a) £{F(t)} and (b) lim .c {F(t)}. Discuss
€=0

Answers to Supplementary Problems

12 53 + 6 144 . 4T(1/3) 2r(1/3) , T(2/3)
@ 55—2 @ =39 @) e+ 38 O) ~g5gi7m ~ ggm T g
6 — 3s 72 2 -
®) =g © 3738 ®) =516 0 3 +52
s2+ 25+ 2 1,2Vr 8Vnr
© w3t F L
2¢—4s — 1 l l _ 4¢—8s _ e—3s e—28 — g—4s
@ 8 (8) 8 + 82 8 82 @ s
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4.52.

4.53.

4.54.

4.60.

4.62.

4.63.

4.64.

4.65.

4.67.

4.71,

4.72.

4.74.

4.76.

4717,

4.78.

4.79.

4.83.

4.84.
4.85.

4.90.

LAPLACE TRANSFORMS

40 10 14 ems
@ Frer #F+a © @
) 481/2 — - 1/2
(@) 263 sin 8 ¢ y 2® = =
(d) §sin§ (9 N
(b) }e—st/3 (e} 2 cos6t~ # sin6t (h) 8 cosh 8t — 2 sinh 8¢
2,3
(¢) 4 cos4t Nt 2 + s 24
9 sin2VBt — —2_sinVI0t
10v5 5v10
2¢—s + e—2s -35(33+ 1
@ ZESeR ) 2Bt ])

(@) Ut—5) () 2UE—1) — U¢t—2)

3(1 — e~ 7s/2) e—Ts/2

(@) 3+ (cost— BUE—=/2)  (b) e
@ 3 ® grais © 2(:3——\/?1)37 @ \{E
(@) @T‘_S:T)i ) 2(‘;8%5)? 466, (sTi%‘fT)z
A G-

@ In <:—j:—g-> ® 3in <§§—iz> (¢) tan=1 (1/s)

sln(s/Vs2+1) + % — tan~1ls

1
(@) e¢e—1—1¢ (b)m
(@) e~t(3 cos 3t + 2 sin 3¢) (c) At2edt (d) tedt + §t2edt

(b) t—12et/442\/5

( Ut~ 3) si e g . 0 t<3
€) ) sin #( ) or —U(t—3)sinzt = —singt t>8
(a) 4 sinh2¢ (b) 4 — et + Je2t (¢) 2e—t — 22t — 4te2t

(d) cos2V2t + V2sin2V2t — et
(e) e t(4 cos2t + 3 sin2t) + €2¢(3 sin 2t — 4 cos 2¢)
() }(sintcosht — cost sinh t)

(@) J(e2—282—2t—1) {¢) 2tsint—sint+ tcost
(b) d(sint + tcost) (d) 4@ sint — 3tcost — ¢2sint)

e—2t — ¢—6t
t

(@) y(t) = 2— 2et + 2t (&) y(t) = (3t2+ 4t — 2)e—2t

481, (o) y() =5t—8—t2  (b) y(t) = 2Vet/ret

[CHAP. 4

4
@) 26+ 36 + o0

() §e~5t — o3t

182, 3Vz/2

(b) y(t) = 2 sin4t + 8 cos 4t + 2¢ (d) y(t) = ¢+ egcost+egsint + 42+ ¢

Y(t) = 413 —2t — 3 + e 2 + Le(T cos V31t + V3 sin V3 #)

x(t) = 3—~2e"t—e~2, y) = 2—4de"t+ 22

(@) x = m{l—'wt—t))



Chapter §

VECTORS AND SCALARS

There are quantities in physics characterized by both
magnitude and direction, such as displacement, velocity,
force and acceleration. To describe such quantities, we
ill_;:roduce the concept of a vector as a directed line segment

PQ from one point P called the initial point to another point
@ called the terminal point. We denote vectors by b(_)k)l

faced letters or letterg; with an arrow over them. Thus PQ
is denoted by A or A4 as in Fig. 5-1. _’I_‘gle magnitude or

length of the vector is then denoted by |PQ|, PQ, |A| or |4].

Q
~
s ~
%
P

Fig.5-1

Other quantities in physics are characterized by magnitude only, such as mass, length
and temperature. Such quantities are often called scalars to distinguish them from
vectors, but it must be emphasized that apart from units such as feet, degrees, etc.,
they are nothing more than real numbers. We can thus denote them by ordinary letters

as usual.

VECTOR ALGEBRA

The operations of addition, subtraction and multiplica-
tion familiar in the algebra of numbers are, with suitable
definition, capable of extension to an algebra of vectors.
The following definitions are fundamental.

1. Two vectors A and B are equal if they have the
same magnitude and direction regardless of their
initial points. Thus A =B in Fig. 5-1 above.

2. A vector having direction opposite to that of vector
A but with the same magnitude is denoted by —A
[see Fig. 5-2].

Fig.5-2

3. The sum or resultant of vectors A and B of Fig. 5-3(a) below is a vector C formed
by placing the initial point of B on the terminal point of A and joining the
initial point of A to the terminal point of B [see Fig. 5-3(b) below]. The sum C
is written C = A + B. The definition here is equivalent to the parallelogram law

for vector addition as indicated in Fig. 5-3(c) below.

\/\

C=A+B

()
Fig.5-3

121
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Extensions to sums of more than two vectors are immediate. For example,
Fig. 5-4 below shows how to obtain the sum or resultant E of the vectors
A /B, CandD.

E= A+B+C+D
Fig. 5-4

4. The difference of vectors A and B, represented by A —B, is that vector C which
added to B gives A. Equivalently, A — B may be defined as A+ (—B). If A=B,
then A — B is defined as the null or zero vector and is represented by the symbol 0.
This has a magnitude of zero but its direction is not defined.

5. Multiplication of a vector A by a scalar m produces a vector mA with magni-
tude |m| times the magnitude of A and direction the same as or opposite to that
of A according as m is positive or negative. If m =0, mA =0, the null vector.

LAWS OF VECTOR ALGEBRA
If A, B and C are vectors, and m and n are scalars, then

1. A+B=B+A Commutative Law for Addition

2. A+(B+C) = (A+B)+C Associative Law for Addition

3. m(nA) = (mn)A = n(mA) Associative Law for Multiplication
4. (m+n)A = mA+nA Distributive Law

5. m(A+B) = mA +mB Distributive Law

Note that in these laws only multiplication of a vector by one or more scalars is
defined. On pages 123 and 124 we define products of vectors.

UNIT VECTORS

Unit vectors are vectors having unit length. If A is any vector with length A >0,
then A/A is a unit vector, denoted by a, having the same direction as A. Then A = Aa.

RECTANGULAR UNIT VECTORS

The rectangular unit vectors i,j and k are unit vec-
tors having the direction of the positive x, ¥ and z axes
of a rectangular coordinate system [see Fig. 5-5]. We use
right-handed rectangular coordinate systems unless other-
wise specified. Such systems derive their name from the
fact that a right threaded screw rotated through 90° from
Oz to Oy will advance in the positive z direction. In general,
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three vectors A, B and C which have coincident initial points and are not coplanar are said
to form a right-handed system or dextral system if a right threaded screw rotated through
an angle less than 180° from A to B will advance in the direction C [see Fig. 5-6 below].

&

Fig. 64

COMPONENTS OF A VECTOR

Any vector A in 3 dimensions can be represented with initial point at the origin O
of a rectangular coordinate system [see Fig. 5-7 above]. Let (41, A2, As) be the rectangular
coordinates of the terminal point of vector A with initial point at O. The vectors Aii,
Asj and Ask are called the rectangular component vectors, or simply component vectors,
of A in the z, ¥y and 2 directions respectively. A, A2 and As are called the rectangular
components, or simply components, of A in the x, ¥y and z directions respectively.

The sum or resultant of Aii, A-j and Ak is the vector A, so that we can write
A= Ai+ Aj+ Ak (2)

A = |A| = \JA! + 4} + A3 (2)

In particular, the position vector or radius vector r from O to the point (x,y,2) is
written

The magnitude of A is

r=zi+yj+2k (3)
and has magnitude » = |r| = V2?4924 2%

DOT OR SCALAR PRODUCT

The dot or scalar product of two vectors A and B, denoted by A-B (read A dot B)
is defined as the product of the magnitudes of A and B and the cosine of the angle
between them. In symbols,

A'B = ABcost, O0=0=n~ 4)
Note that A+B is a scalar and not a vector.
The following laws are valid:
1. A‘B = B-A Commutative Law for Dot Products

2. A'(B+C) = A‘B+A-C Distributive Law
3. m(A-B) = (mA)'B = A-(mB) = (A*B)m, where m is a scalar.
4 =

ii=j-j kek=1 ij=3jk=ki=0
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5, If A= A+ Aj+ Ask and B = Bii + Bsj + Bk, then
A‘B = AB; + A,B; + AsB;
A-A = A2 = Al + A} + 4}
BB = B = B+ B; + B}
6. If Ar-B=0 and A and B are not null vectors, then A and B are perpendicular.

CROSS OR VECTOR PRODUCT

The cross or vector product of A and B is a vector C=AXB (read A cross B).
The magnitude of A X B is defined as the product of the magnitudes of A and B and the
sine of the angle between them. The direction of the vector C= A X B is perpendicular
to the plane of A and B and such that A,B and C form a right-handed system. In
symbols, AXB = ABsindu, 0=0=q (5)
where u is a unit vector indicating the direction of AXB. If A=B or if A is parallel
to B, then sind = 0 and we define AXB=20.

The following laws are valid:

1. AXB = -BxA (Commutative Law for Cross Products Fails)
2. AX(B+C) = AxB+AXxC Distributive Law
3. mAXB) = (mA)XB = Ax(mB) = (AXxB)m, where m is a scalar.
4, ixi=jxj=kxk =10, ixj=k, jxk=1i kXxi=]j
5. If A = Aii+A4:j+ Ak and B = Bii+ B:j + Bk, then

i j k

AxB = (A, A, A;
B, B; B;

6. |AXB| = the area of a parallelogram with sides A and B.
7. If AXB=0 and A and B are not null vectors, then A and B are parallel.

TRIPLE PRODUCTS

Dot and cross multiplication of three vectors A,B and C may produce meaningful
products of the form (A-B)C, A-(BxC) and AX (BxC). The following laws are valid:
1. (A-B)C # A(B-C) in general
2. A:(BxXC) = B:(CxA) = C-(AXB) = volume of a parallelepiped having A, B,
and C as edges, or the negative of this volume according as A,B and C do or
do not form a right-handed system. If A = A,i + A.j + Ask, B = Bii + B.j + B:k
and C = Cii + Coj + Cik, then
A A A;
A:BXC) = |B, By B: (6)
C. C: Cs
3. AX(BXC) #* (AXB)xC (Associative Law for Cross Products Fails)
4. AX(BxC) = (A-C)B— (A-B)C
(AXB)xC = (A-C)B — (B-C)A
The product A+ (B x C) is sometimes called the scalar triple product or box product

and may be denoted by [ABC]. The product AX (BxC) is called the vector triple
product.
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In A- (B X C) parentheses are sometimes omitted and we write A°-B x C. However,
parentheses must be used in A X (BXxC) (see Problem 5.25). Note that A-(BXC) =
(AxB)-C. This is often expressed by stating that in a scalar triple product the dot and
the cross can be interchanged without affecting the result [see Problem 5.22].

VECTOR FUNCTIONS

If corresponding to each value of a scalar » we associate a vector A, then A is called
a function of u denoted by A(u). In three dimensions we can write A(u) = Ay(u)i +
Ax(uw)j + As(u)k.

The function concept is easily extended. Thus if to each point (z,y,2) there cor-
responds a vector A, then A is a function of (z,¥,2), indicated by A(z,y,2) = Aix,y,2)i +
As(z,y,2)j + As(x, ¥, 2)k.

We sometimes say that a vector function A(x,y,2) defines a vector field since it associ-
ates a vector with each point of a region. Similarly ¢(z,¥,2) defines a scalar field since it
associates a scalar with each point of a region.

LIMITS, CONTINUITY AND DERIVATIVES OF VECTOR FUNCTIONS

Limits, continuity and derivatives of vector functions follow rules similar to those
for scalar functions already considered. The following statements show the analogy
which exists.

1. The vector function A(u) is said to be continuous at u. if given any positive num-
ber ¢, we can find some positive number § such that |A(u)— A(uo)] < ¢ Whenever
|u—uo) < 8. This is equivalent to the statement lim A(u) = A(wo).

u—sugy

2. The derivative of A(u) is defined as

dA . A(u+au) — Au)
du A]:To Ay @)
provided this limit exists. In case A(u) = Ai(u)i + Ax(u)j + As(u)k; then
dA _ dA., | dA,, | dAs
w = 't @itk

Higher derivatives such as d?A/du?, etc., can be similarly defined.

8. If A(x,y,2) = Au(x, ¥, 2)i+ Ax(x, v, 2)j + As(2, ¥, 2)k, then

_ A, LA, L 9A
dA = axdx + aydy + azdz 8

is the differential of A.

4. Derivatives of products obey rules similar to those for scalar functions. However,

when cross products are involved the order may be important.

d dA | d¢

@ g (68) bau A
0 B 0A

() 3 (AB) Ao+ 5B
9 B 9A

(9 3;(AxB)

= Axa—z'f‘?z'XB

Some examples are:
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GEOMETRIC INTERPRETATION OF A VECTOR DERIVATIVE

If r is the vector joining the origin O of a
coordinate system and the point (x,¥,2), then
specification of the vector function r(%) defines
x, y and z as functions of . As u changes, the
terminal point of r describes a space curve
(see Fig. 5-8) having parametric equations
x = x(u), ¥ = y(u), 2= z(u). If the parameter u
is the arc length s measured from some fixed
point on the curve, then

dr
ds
is a unit vector in the direction of the tangent
to the curve and is called the unit tangent

T )

vector. If u is the time £, then Fig.5-8

dr

at (10)
is the velocity with which the terminal point of r describes the curve. We have

_ dr _ drds _ ds _
V=% T dGa - @t T T (11)

from which we see that the magnitude of v, often called the speed, is v = ds/dt. Similarly,

d*x

7 (12)

is the acceleration with which the terminal point of r describes the curve. These concepts
have important applications in mechanics.

GRADIENT, DIVERGENCE AND CURL
Consider the vector operator v (del) defined by

_ 0 L .8 9
v = lax+]8'y+k8z (13)

Then if ¢(,¥,2) and A(x, ¥, z) have continuous first partial derivatives in a region (a condi-
tion which is in many cases stronger than necessary), we can define the following.

1. Gradient. The gradient of ¢ is defined by
grad¢ = V¢ = < +]8y+k_>¢ — 3¢+]g§+k8¢ (14)
@i+ 2 + 2k
ax

An interesting interpretation is that if ¢(x,y,2) = ¢ is the equation of a surface,
then V¢ is a normal to this surface (see Problem 5.36).

2. Divergence. The divergence of A is defined by

. i} . .
divA = V-A = <ax+]ay+k >-(A11+A2]+A3k) (15)

04: | e | 94s
ox oy 174
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3. Curl. The curl of A is defined by

. 0 . 0 i} . .
curlA = VXA = <la_w+]ﬁ+ka_z>x(‘4ﬂ+A2]+A3k) (16)
i 3 k
- |9 8 8
= lex oy oz
A, As Aj
8 8 8 9 8 8
=layaz _jaw az+kaw8y
A, As A A, A, A,
oo _oi), (o _okr) (oo
(W 7{)“‘(—37 ax)]+ <ax oy )k

Note that in the expansion of the determinant, the operators d/o6x, 3/8y, 6/dz must
precede Al, Az, As.

FORMULAS INVOLVING vy
If the partial derivatives of A, B, U and V are assumed to exist, then
1. yU+V) = U+ 9V or grad(U+V) = gradu + grad V

2. V' (A+B) = Y'A+VY*'B or @div(A+B) = divA + divB

8. VX(A+B) = YXA+ YXB or curl(A+B) = curl A + curl B

4. v-(UA) = (VU)-A + U(V-A)

6. vX(UA) = (VU)XA + U(v XA)

6. V'(AXB) = B-(VXA)— A-(V XB)

7. VX(AXB) = (B*V)A—B(V*A) — (A-V)B + A(V'B)

8. V(A'B) = (B°V)A + (A*V)B + Bx (V XA) + AX(V XB)

9. v-(Vl) = VU = %—i+%¥+% is called the Laplacian of U
and V2 = 125 a—: + 2; is called the Laplacian operator.

ox Y 02

10. v X (vU) = 0. The curl of the gradient of U is zero.
11. v+(v x A) = 0. The divergence of the curl of A is zero.
12. VX(VXA) = V(V-A) - VA

ORTHOGONAL CURVILINEAR COORDINATES. JACOBIANS
The transformation equations
® = f(u, uz,us), Yy = g, uz,us), 2z = h(Us, us, Us) (17)
[where we assume that f,g,h are continuous, have continuous partial derivatives and
have a single-valued inverse] establish a one to one correspondence between points in an

xyz and uruzus rectangular coordinate system. In vector notation the transformation (17)
can be written

r = Tityi+k = f(ur, uz, us)i + g(ws, o, us)j + h(us, us, us)k (18)
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A point P in Fig. 5-9 can then be defined not only
by rectangular coordinates (x,y,z) but by coordi-
nates (ui,uz, us) as well. We call (uy,us, us) the
curvilinear coordinates of the point.

If us and us are constant, then as u, varies,
r describes a curve which we call the u; coordinate
curve. Similarly we define the %, and us coordi-
nate curves through P.

From (18), we have

o
ous

The vector ér/du, is tangent to the u; coordinate curve at P. If e; is a unit vector at P
in this direction, we can write or/ou; = hie;, where hi= |ox/6ui. Similarly we can
write or/ous = h.ez and 9r/ous = hses, where hs=|or/ous] and hs= |or/ous] respec-
tively. Then (19) can be written

. dr = hiduer + hoduses + hs dus es (20)
The quantities ki, ks, s are sometimes called scale factors.

If ei, e; €3 are mutually perpendicular at any point P, the curvilinear coordinates are
called orthogonal. In such case the element of arc length ds is given by

ds> = dredr = hidul + hidu + hidu? (21)
and corresponds to the square of the length of the diagonal in the above parallelepiped.
Also, in the case of orthogonal coordinates the volume of the parallelepiped is given by

or or :
dr = a—uldul + a—uzduz + dus (19) Fig.5-9

av = |(h1 du ey) * (he dus ez) X (hsdusea)l = hihshsdu: dus dus (22)
which can be written as
or or or _ | =92
av X P dur dua s = 1 s B) |, dus du (28)
o ow 0w
ouy oUs OUs
Ov2)  _ |y sy oy
Where our, Uz, Us) |ows ous  us (24)
o2 s
our Jux Jus

is called the Jacobian of the transformation.

It is clear that when the Jacobian is identically zero there is no parallelepiped. In such
case there is a functional relationship between z, ¥ and z, i.e. there is a function ¢ such that
#(x,y,2) = 0 identically.

GRADIENT, DIVERGENCE, CURL AND LAPLACIAN IN ORTHOGONAL
CURVILINEAR COORDINATES

If & is a scalar function and A = Ae; + Ases + Ases a vector function of orthogonal
curvilinear coordinates u;, us, us, we have the following results.
1 6@ 1 6® 1 6®

Love = grade = ot Y hm®

. 1 ra 9 )
2. VA = divA - —hlhzhs[ﬁ(hzhaa‘h) + oo (ol ) +M(hlh2A3)]
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l hiey hzez hses

_ _ 1 | 6 9
3. VXA = curlA = N a_uz s

hiAr hed: hsAs

. 1 d [hshs 8® 8 [hsh, a<1>>
2, —_ — —_ - — —_—
4, Vv?® = Laplacianofe = hlhzha[Wl( > 8u1> + au2< e 31ia
+ i hihe @_ >i|
oUs ha oUs
These reduce to the usual expressions in rectangular coordinates if we replace (u1, U2, #s)
by (2,9,2), in which case e, e: and es are replaced by i,j and k and hi=h:= hs=1.

SPECIAL CURVILINEAR COORDINATES
1. Cylindrical Coordinates (p, $,2). See Fig. 5-10.
Transformation equations:
x = pcos¢, Yy = psing, 2z = z
where pZ0, 0=¢<2r, —0 <2< >,
Scale factors: hi=1, he=p, hs=1
Element of arc length: ds?® = dp? + p2d¢? + dz?

. a(x, ¥, 2)
Jacobian: 21 =
e, $,2)  °
Element of volume: dV = pdpdédz Fig.5-10
Laplacian:
10 U 1 9*°U *U U 16U 12U U
2 —_ - el - = e —_ — Pt _ P
VU= pap<” ap> For T T a7 T Trep Tz

Note that corresponding results can be obtained for polar coordinates in the
plane by omitting z dependence. In such case for example, ds?=dp?+ p*>de¢?, while
the element of volume is replaced by the element of area, dA = pdpdé.

2. Spherical Coordinates (r,0, ). See Fig. 5-11. g
Transformation equations:
x = rsinfcos¢, ¥ = rsingdsing, 2 = rcosd
where 720, 0=20=+, 0= ¢ < 2x.
Scale factors: hi=1, ha=7r, hs=rsiné
Element of are length:
ds? = dr? + r2d¢? + r?sin? 9 d¢?
d(x, v, 2)

Jacobian: = r28in¢g
o(r, 0, $) Fig. 5-11
Element of volume: dV = r2sind drdods
. 10 oU 1 e/ . 8U 1 U
L . 2 _ =9 [,e%Y - Y e - Y
aplacion:  v*U 72 or <r ar> + 7% s8in 4 06 <sm o 80> t e sin?6 342 °

Other types of coordinate systems are possible.
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Solved Problems

VECTOR ALGEBRA
5.1. Show that addition of vectors is commutative, i.e. A+B =B+ A. See Fig. (a) below.

OP + PQ
and OR + RQ
Then A+B =B+ A,

0Q or A+B =C
0Q or B+A =C

Q

Fig. (a) Fig. (b)

5.2. Show that the addition of vectors is associative, ie. A+ (B+C) = (A+B)+C.
See Fig. (b) above.

OP+PQ = 0Q = (A+B) and PQ+ QR = PR
Since OP + PR OR =D, ie. A+(B+C) =D
0Q + QR OR =D, ie. (A+B)+C =D

we have A+ (B+C) = (A+B)+C.

Extensions of the results of Problems 5.1 and 5.2 show that the order of addition of any
number of vectors is immaterial.

(B+C)

5.3. Prove that the line joining the midpoint of two sides
of a triangle is parallel to the third side and has
half its length.

From Fig. 5-12, AC+CB=AB or b+a=c
Let DE = d be the line joining the midpoints of sides AC

and CB. Then
d =DC+CE = }tb+4a = Lb+a) =
Thus d is parallel to ¢ and has half its length, Fig.5-12

54. Prove that the magnitude A of the vector A =

A+ Asj+ Ak is A = \JAT+AJ+ A5 See
Fig. 5-13.

By the Pythagorean theorem,

(OP)2 = (0Q) + (QP)*

where OP denotes the magnitude of vector OP, etc.
Similarly, (0Q)2 = (OR)+ (RQ)2.

Then (OP)2 = (OR)2 + (RQ)* + (QP)2 or

A2 = A} + A5+ 4%, de A = JAT+AZ+AL Fig.5-13
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5.5.

THE
5.6.

5.7.

5.8.

5.9.

5.10.

Determine the vector having initial point
P(x1,91,21) and terminal point Q(x2,¥s, 2:) and
find its magnitude. See Fig. 5-14.
The position vector of P is r; = w,i+ y,j + 2:k.
The position vector of @ is ry, = 2,1 + yof + 25k.
+PQ=1vx, or
PQ = vy —r; = (%50 + yof + 25k) — (24i + 4§ + 2,k)
= @y— )i+ W — )i+ 2 —2)k
Magnitude of PQ = PQ
= Viwy— 202 + (yo—y1)? + (25— 29)?

Note that this is the distance between points P and Q. Fig.5-14
DOT OR SCALAR PRODUCT A
Prove that the projection of A on B is equal to |
A-b, where b is a unit vector in the direction E‘ ¢ lF
of B. ! :
Through the initial and terminal points of A pass : I
planes perpendicular to B at G and H respectively as in é IH B >
the adjacent Fig. 5-15; then
Projection of Aon B = GH = EF = Acose = A+b Fig.5-15

Prove A-(B+C) = A:B+A-C.
Let a be a unit vector in the direction of A; then [see Fig. 5-16]
Projection of (B4 C) on A = projection of B on A + projection of C on A
(B+C)ra = Bra+C-a
Multiplying by A,
(B+C)+Aa = B<Aa-+ C-Aa
and (B4+C)*A = B*A+C-A

Then by the commutative law for dot products,
A-(B+C) = A*B+A-C
and the distributive law is valid. Fig. 5-16

Prove that (A+B)+(C+D) = A:C+A‘D+B-C+B-D.
By Problem 5.7, (A+B)+(C+D) = A*(C+D)+B+(C+D) = A*C+A*D+ B+-C+ B+D.
The ordinary laws of algebra are valid for dot products.

Evaluate each of the following.

(@ i-i = [i|]i] cos0®° = (1)1)1) =
(b) i*k = |i] jk| cos 90° 1))(0)
(¢) k+j = [k|}j| cos90° = (1)(1)(0) = 0

(@) j°2i—38j+k) = 2j*i—8j+*j+j*k = 0—-83+0 = —3

(&) @i—j)-@i+k) = 2i+@Bi+k —j-(3i+k)

= 6i*i+2i‘k—8ji—jek =6+0—-0—0 = 6

|
(-2

Il
I

If A=Aii+Aj+Ask and B=Bii+ Baj+ Bsk, prove A*B= A,B;+ A:B;+ AsB;.
A*B = (A;i+Ayj+AgK) - (Bji+ Byj+ Bk)
Aji* (Byi+ Byj + Byk) + Agj * (Byi+ Baj + Bsk) + Ak + (Byi+ Bsj + Bsk)
AyBjivi+ AiByij+ ABgick + ApBijvi + AyBj+j + AyBsick
+ AsBik i+ AsBok+j + AgBk +k
= A,B; + A,B, + A,B,

since i*i=j+j=k+k =1 and all other dot products are zero.
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511L. If A= A;i+ Asj+Ask, show that A = VA‘A= VA2 + A2+ A2,
A*A = (A)A) c0s0° = A2, Then A =+VA-A.
Also, AA = (Agi+ A+ Agk) - (Aji+ A5+ Agk)
(A1) + (A)(AY) + (A)Ay) = AT + A3 + A
by Problem 5.10, taking B = A.

il

Then A =\A+A=+/ Af + Ag +A§ is the magnitude of A. Sometimes A+ A is written A2

THE CROSS OR VECTOR PRODUCT
512. Prove AXB=-BXxA.

(@) ®)
Fig.5-17

A X B =C has magnitude AB sin ¢ and direction such that A,B and C form a right-handed
system [Fig, 5-17(a) above],

BX A =D has magnitude BA sin¢ and direction such that B,A and D form a right-handed
system [Fig. 5-17(b) above].

Then D has the same magnitude as C but is opposite in direction, ie. € =—~D or AXB =
—B X A.

The commutative law for cross products is not valid.

5.13. Prove that AX(B+C) = AXB+
A X C for the case where A is per-
pendicular to B and also to C.

Since A is perpendicular to B, AX B is a
vector perpendicular to the plane of A and B
and having magnitude AB sin 90° = AB or
magnitude of AB. This is equivalent to mul-
tiplying vector B by A and rotating the
resultant vector through 90° to the position
shown in Fig, 5-18.

Similarly, A X C is the vector obtained
by multiplying € by A4 and rotating the
resultant vector through 90° to the position
shown,

In like manner, A X (B + C) is the vector
obtained by multiplying B+ C by A and
rotating the resultant vector through 90° to
the position shown.

Since A X (B + C) is the diagonal of the
parallelogram with A X B and A X C as sides,
we have AX(B+C)=AXB+AXC, Fig.5-18
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5.14. Prove that AX (B+C)=AXB+AXC
in the general case where A, B and C are
non-coplanar. See Fig. 5-19.

Resolve B into two component vectors, one
perpendicular to A and the other parallel to A,
and denote them by B, and B, respectively.
Then B = B.L+B”'

If 0 is the angle between A and B, then
B | = Bsing. Thus the magnitude of AXB,
is AB sin ¢, the same as the magnitude of A X B.
Also, the direction A X B is the same as the
direction of AXB. Hence AXB, = A X B.

Similarly if C is resolved into two compo-
nent vectors C; and C,, parallel and perpen-
dicular respectively to A, then AXC| =AXC, Fig. 5-19

Also, since B+ C =B, +B;,+C, +C, = (B, +C )+ (B, +C) it follows that
AX(B, +C,) = AX(B+C)

Now B, and C, are vectors perpendicular to A and so by Problem 5.13,
AX(B,+C,) = AXB, +AXC,
Then AX(B+C) = AXB+AXC
and the distributive law holds. Multiplying by —1, using Problem 5.12, this becomes (B+ C) X
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A=

B X A+ CXA. Note that the order of factors in cross products is important. The usual laws of

algebra apply only if proper order is maintained.

i

k

515. If A=A+ Asj+Ask and B = Bii + B:j+ Bsk, prove that AXB = | A; A; As|.

B, B,
AXB = (Ad+Ag+ Ak X (Byi+ Boj+ Bok)

= Aqi X (B\i+ Byj+ Bgk) + A,j X (Bji+ Bsj+ Bsk) + Azk X (Bi + Byj+ Bgk)
= ABjixi+ ABoiXj + A;Bsixk + ApBjXi+ AyByjXi + A,Bsi Xk
+ A3Bk Xi 4+ AgBkXj + AgBzk Xk

B

i § k
= (A283_A3Bz)i + (A3Bl—AlB3)j + (Ale_AgBl)k = Al A2 A3
Bl B2 B3
516. If A=3i—j+2k and B=2i+3j—k, find AXB.
ik 1 2 3 2 3
AXB = |3 -1 2 =i'31‘—j21’+k42;
2 3 -1 a
= =5i + 7j + 11k
5.17. Prove that the area of a parallelogram with |
sides A and B is [A XB|. See Fig. 5-20. [
Area of parallelogram = h|B| A : 3
= |A|sing |B| |
= |A X B| o |
Note that the area of the triangle with sides A B -

and B=4|AXB| Fig.5-20
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518. Find the area of the triangle with vertices at P(2,3,5), Q(4,2,—1), R(3,6,4).

PQ = (4—2)i+ (2—3)j + (-1 -5k = 2i—j— 6k
PR = (3—-2)i+(6—8)j+(4—-5k = i+3j—k
Area of triangle = }|PQXPR| = }|(2i—j—6k) X (i+3j—k]
i i k
= |2 -1 —6{| = }I19i—4j+7k|
1 38 -1

AR+ 42+ (M2 = /426

TRIPLE PRODUCTS

5.19. Show that A- (B X C) is in absolute
value equal to the volume of a paral-
lelepiped with sides A,B and C. See
Fig. 5-21.

Let n be a unit normal to parallelogram
I, having the direction of B X C, and let h be
the height of the terminal point of A above
the parallelogram I. Fig. 5-21

(height h)(area of parallelogram I)
(A-n)(|B X C|)
= A-{BXCln} = A+ (BXC)

If A,B and C do not form a right-handed system, A+n < 0 and the volume = A+ (B X C)|.

Volume of parallelepiped

520. If A=A+ Axj+Ask, B=Bii+B;j+ Bk, C=Cii+Csj+Ck show that

A, A, A;
A-(BXC) = |Bi B: Bs
Ci C: C;
i § k
A*(BXC) = A+|B, B, B,
¢, G G
= (Agi+ Aygj + Agk) * [(BoCy — B3sCo)i + (ByCy — B,Cy)j + (B1Cy — BoCy)K]
A, A, Ag
= A\(BsC3— ByCy) + Ag(ByCy— B,Cy) + Ag(B:C3— B,C,) = |B; By Bs
C, Cy Cs

5.21. Find the volume of a parallelepiped with sides A=8i—j, B=j+2k, C=i+5j+4k.

3 -1 0
By Problems 5.19 and 5.20, volume of parallelepiped = |[A-(BXC) = |[|0 1 2]
1 5 4

|—20] = 20

5.22. Prove that A:(BXxC)=(AXB)*C, i.e. the dot and cross can be interchanged.

Ay Ay Ay C, C, G
By Problem 5.20: A-(BXC) = |B, B, By|, (AXB)*C = C-(AXB) = |4, A, A,
¢, C, Cs B, B, B,

Since the two determinants are equal, the required result follows.
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5.23. Let ri = zii+y:ij + 21k, r2 = 22i + 10§ + 2k
and r3 = x3i+¥sj+2:k be the position
vectors of points Pi{(x1, ¥1, 21), P2(X2, Y2, 22) p
and Ps(xs, ¥s, 23). Find an equation for
the plane passing through P, P: and Ps.
See Fig. 5-22.

We assume that Py, P, and P; do not lie in
the same straight line; hence they determine
a plane,

Let r=xi+yj+ 2k denote the position
vector of any point P(z,y, z) in the plane. Con-
sider vectors P\P, = r,—r;, P/P3 = r;—r|
and P,P = r —r; which all lie in the plane,

Then P,P-P,P, x P,P, = 0
or (r—ry)s(@a—r) X (rg—ry) = 0
In terms of rectangular coordinates this becomes Fig. 5-22

[(w—2z)i+ (¥ —ypi + (2—2))k) * [(x2— 2 )i + (Y2 — y)i + (29 — 2,)K]
X [(xg—2 )i + (ys—w1)i + (23— z)k] = 0
T—% Y—Yy z2—2%
or, using Problem 5.20, Ty— X Ya— Y1 22— 7 = 0
T3— % Ys— Y 23— 2,
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5.24. Find an equation for the plane passing through the points Py(8,1,-2), P:(—1,2,4),

pP;(2,-1,1).
The position vectors of P,, P,, P3 and any point P(x,y,z) on the plane are respectively
ry, = 8i+j—2k, r, = —i+2j+ 4k, rg = 2i—j+k, r =gzxi+yj+zk

Then PP, =r—r;, PP, =r,—r,, P3P, =r;—r;, all lie in the required plane and so the

required equation is (r—ry) *(ry—ry) X (r3—r;) =0, i.e.,
{x—3)i+ @w—1j+ (z+2)k}{—4i+j+6k} X {-i—2j+3k} = 0
{x—=3)i+ (y—1))+ (z+2)k} « {16i+6j+ 9k} = 0
15(x—3) +6(y—1)+92+2) = 0 or bx+2+3z = 11

Another method. By Problem 5.23, the required equation is
x—3 y—1 =242
-1-3 2-1 442| =0 or br + 2y + 3z = 11
2-8-1-1 1+2

525. If A=i+j, B=2i-3j+k C=4j—8k find (¢) (AXB)XC, (b) Ax(BxC).

i j k i j k

(@) AXB=|1 1 0| =i—-j—5k. Then (AXB)XC = |1 -1 —5 = 23i + 3j + 4k,
2 -3 1 0 4 -3
i i k i j k

(b)) BXC =[2 -8 1| = 5i+6j+8k. Then AX(BXxC) =|1 1 0| =8i—8j+k.
0 4 -3 5 6 8

It follows that, in general, (AXB) X € # A X (BX C).
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DERIVATIVES
526. If r=(?+2{)i—3e%j+2sin5tk, find (a) 3—;, (
t =0 and give a possible physical significance.

dr _ d
(a) EE - dt(
At t=0, dr/dt = 2i+ 6§+ 10k.

() From (a), |dr/dt] = V(2)2+ (6)2+ (10)2 = V140 = 2/35 at t=0.

© & o= %(ﬂ) = gz{(gtuz)i + 6e~2tj + 10 cos5tk} = 6ti — 12¢-2j — 50 sin5t k

r d’r
dat |’ (c) dae’ d) ‘dt"’

B+ 28)i + % (—3e~2)j + ;_t 2sinbt)k = (3t2+2)i + 6e~24 + 10 cosbt k

de? dt
At t=0, d2r/de?2 = —12j.
(d) From (¢), |d2r/dt2| =12 at ¢t =0.

If t represents time, these represent respectively the velocity, magnitude of the velocity,
acceleration and magnitude of the acceleration at ¢t =0 of a particle moving along the space

curve * =3 +2¢, y = —3e2¢, z = 2sin5¢.
5.27. Prove that —%(A-B) = ZB+‘;—A B, where A and B are differentiable func-

tions of u.
(A+AA)-(B+AB) — A*B

d _ .
Method 1. (E(A B) = Al‘:?}o T
.. A*AB + AA*B + AA-AB
= lim
Au—0 Au
= lim< +— B + A'AB> = A'ZB+dA‘B
Au—0 u du
Method 2. Let A = A,i+A,j+ Ak, B = B,i+ Byj+ Bsk. Then
d d
duA*B) = - (AB1+ AxBy+ A;3By)
_ dB, dB, , , dBy dA, d4, dAq
—<A,d +Ar 2+ A+ (B iR+ 0B,
_ A.dB dA,
d du

528. If ¢(x,9,2) = x’yz and A = 3%+ yz%j— 22k, find —— (¢A) at the point (1,-2,1).

ay 0z
A = (2yz)(8x%yi + y22j — xzk) = 3Bxtylzi + 229228 — a8y2%k
6_6; (pA) = a_ag (Bxtyzi + 22y223) — x3y22k) = Baty?i + Sx2y222j — 2x3yzk
ay Fye (pA) = a—il~(3x4y2i + 3x2y222§ — 2x3yzk) = 6xiyi + 6x2y22j — 2x8zk

If =1, y=-2, z= -1, this becomes —12i — 12§ + 2k.

529. If A = z%sinyi+22cosyj— zy’%k, find dA.

Method 1.
A _ . oA . . 3A
- 2x siny i — y%k, o = a2cosyi — 22siny j — 2ayk, % - 2z cosy j
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5.30.

aa = Bz + ay + 2a
= (Qrsinyi-—y2k)dr + (x2cosyi — 22sinyj — 2xyk)dy + (2z cosy j) dz
= (Qusinydr+ x2cosy dy)i + (2zcosy dz — 22siny dy)j — (y2dx + 2xy dy)k
Method 2.
dA = d(x?siny)i + d(22 cosy)j — d(zyDk
= @uxsinydr + x2cosy dy)i + (2z cosy dz — 22 siny dy)j — (y?dx + 2xy dy)k

A particle moves along a space curve r =r(f), where ¢ is the time measured from
some initial time. If v = |dr/dt| = ds/dt is the magnitude of the velocity of the
particle (s is the arc length along the space curve measured from the initial position),
prove that the acceleration a of the particle is given by
dv 2
a = -d—tT + FN

where T and N are unit tangent and normal vectors to the space curve and

der ]! d2x\2? d?y\? d2z\2) ~1/2
p i - {<E> * (E} + (E)
The velocity of the particle is given by v = vT. Then the acceleration is given by
_dv _dodvg AT dvn dTds _ dvy  odT
a =% T @™ = @t r vy T Tt '@ T @ttt Ve @
Since T has unit magnitude, we have T+T =1, Then differentiating with respect to s,
df , dT _ dr AT _
TE;+78—'T—0, 2Tds_0 or Tds_o

from which it follows that dT/ds is perpendicular to T. Denoting by N the unit vector in the direc-
tion of dT/ds, and called the principal normal to the space curve, we have

a _
ds
where « is the magnitude of dT/ds. Now since T = dr/ds [see equation (9), page 126], we have

dT/ds = d?r/ds®. Hence e
d2x \2 d2y 2 d2z \2 ’
{(5‘2‘) * <@) a2

Defining p = 1/x, (2) becomes dT/ds = N/p. Thus from (1) we have, as required,

_ @
a = Gt

The components dv/dt and v2/p in the direction of T and N are called the tangential and normal
components of the acceleration, the latter being sometimes called the centripetal acceleration. The
quantities p and « are respectively the radius of curvature and curvature of the space curve.

«N (2)

d2r

X or
ds2

2
T+ £N
p

GRADIENT, DIVERGENCE AND CURL

5.31.

If ¢ =2%2° and A =xzi—y%+2x%k, find (a) V¢, (b) V*A, (¢) VXA, (d) div
(¢A), (e) curl(sA).

= (98, 98..9 9, 9. 9, _ 9 o 30 o a0 o 9o
(@) V¢ = <ax‘+ay’+azk)"’ = el T, i T3k = o @y 5 @y + 5 (dPyf)k
= 2xyz3i + 223§ + 32222k

d .

., 0 .
(b v-A (£1+@;+§k)-(le—y2;+2x2yk)

0
= gD+ + e = sy
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(¢) VXA

(—1 + T,J + :—zk) X (w2 — y2%j + 2x2yK)

i ] k
8/ox /oy d/dz
xz —y? 2z%

( (2a%) — 5 —y?)) + (;—z (e2) = %(2x2y)>i + (a%(—zﬂ) - a"—y(xz>> K
= 2% + (z—4xy)

(d) div(gA) = Ve (gA) = V »(a3yzt — 22y325) + 2aiy2:%k)

Il

2 9 (—x2343) + - 28y = 8xlyrt — 3x2y%2% + 6uwiy2e?
aw(:fvsyz“)+(.,y( o) + o (2ety>2) %%y 22y Yy

(e) curl(gA) = V X (¢A) = V X (x3yzti — x2y823j + 2x4y223k)
i j k

8/ox 8/9y a/az

adyzt —x2y823 2xiy2:8

(4xty23 + 3a2y322)i + (4a8y28 — 8a8y223)j — (2xy328 + x82h)k

532. Prove V- (¢A) = (V4)*A+ ¢(V-A).
V- (3A) V°(¢A1i+¢Azi+¢Ask)

= (¢A1) +3 (¢A) z(¢A3)

i} 0, , 0 o oAy o4,
- axA‘ A2+azA3+¢<ax+ay+az

(g¢'+ J+"¢ > A+ A+ Ak

+ ¢< +—J +%k> v (Agi+ Agj + A k)
= (Vg)+A + ¢(V+A)

5.33. Prove that V¢ is a vector perpendicular to the surface ¢(x,%,2) =c¢, where ¢ is a
constant.

Let r = xi+ yj + 2k be the position vector to any point P(x, y, z) on the surface.
Then dr = dzi+ dyj+ dzk lies in the plane tangent to the surface at P. But

= 6_(,6 a_¢ 6_¢ = 9% 6¢ 3¢ . i i =
d¢ = axda: + aydy + azdz = 0 or (ax i+ = (dzi+ dyj+ dzk) 0
ie. Vgedr =0 sothat V¢ is perpendicular to dr and therefore to the surface.

534. Find a unit normal to the surface 2x2+4yz—>522=—10 at the point P(3,—-1,2).

By Problem 5.33, a vector normal to the surface is

V@ +4yz—522) = 4ui + 4zj + (dy—102k = 12i + 8 — 24k at (3,—1,2)
Then a unit normal to the surface at P is 12i + 8j — 24k = 83i+2i—6k .
V(12)2 + (8)2 + (—24)2 1
Another unit normal to the surface at P is — §1L271;6k .

535. If ¢ =2x% — 2% find (a¢) V¢ and (b) V2.
¢ . . 5] . .
(@) V¢ = 3%1 + g%] + a—(’:k = (dxy—23)i + 222 — 8x2%k
_ . [} [} 9
() V2¢ = Laplacianof¢ = V+Vyg = 5;(4::1/—2:3) + a—y—(2x2) + 5(—3%2) = 4y — 6z
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Another method.

Po | P9, P
ox2 dy? az®

i

2 = 6222 3 6222 3 _‘7122_ 3
Vg = a—xz(a:y—xz) W(xy—xz)+azz(a:y x23)
= 4y - 6xz

5.36. Prove divcurl A =0.

i § Kk
diveurlA = V+(VXA) = V-|a/ox 8/0y 9/oz
Ay Ay A,

043 0A,\ . 0A; 943\ | 0A, 094,
= V'[(Tf?)”(sg*v)” R "J

_ F] 6A3 6A2 + ] aAl 6.43 + a 6A2 aAl
T ax\ oy 8z ay\ oz o 3z \ oz oy

924, 924, 9244 9245 + 924, 924, _
= woy  dmez T ayez T oyox ozox  ozay _ °
assuming that A has continuous second partial derivatives so that the order of differentiation is
immaterial.

5.37. Find equations for (e) the tangent plane and (b) the normal line to the surface
F(x,y,2) = 0 at the point P(x, ¥, 20). See Fig. 5-23.

(@) A vector normal to the surface at P is Ny = VF|p. Then if ry and r are the vectors drawn
respectively from O to P(xg, ¥y, %) and Q(x,y,2) on the plane, the equation of the plane is
(r—rg)*Nyg = (r—rp)* VF|p = 0
since r —r, is perpendicular to N, In rectangular form this is
Fxlp (& —xg) + Fy]P (¥ —vo) + Folo(z—2) = 0

(b) If r is the vector drawn from O in Fig. 5-23 to any point (x,y,2) on the normal line, then
r — I, is collinear with N, and so

(r—rg) XN, = (r=r) X VF|p = 0
which in rectangular form is T~ % = Y~ % = %
Fxlp Fy|P lep

&

Fig, 523

5.38. Find equations for (a) the tangent line, (b) the normal plane to a space curve
x = f(u), y=9g(u), 2= h(u) at the point where u =uo. See Fig. 5-24.
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(@) If R = f(u)i+ g(u)j + h(u)k, then a vector tangent to the curve C at point P is given by

()

Ty = % b Then if ry, and r are the vectors drawn respectively from O to P and Q on the
tangent line, we have dR
r—re) XTy = (r—ro)xﬁp =0

since r —r; is collinear with T,. In rectangular form this becomes

X — Xy Y — Yo 22— %

fllu)) = g'(ug) T R'(ug)

If r is the vector from O to any point (z,¥,2) on the normal plane, it follows that r —r, is
perpendicular to T,. Then the required equation is
dR
(r—ry) Ty = (r—ro)~du P 0
or in rectangular form

Fr(wg) — 2g) + g'(we)(y —yo) + A (ug)(z—25) = 0

5.39. If F(x,y,z) is defined at any point on a space curve C and s is the arclength to (x, ¥, 2)
from some given point on C, show that

I opdt _ gpy
where T =dr/ds is a unit tangent vector to C at (z, y, 2).
= (%i+%j+%k)o<z—:i+%j+%k>
= VF‘% = VF-T

The fact that T = dr/ds is a unit vector follows from dr2 = dx24 dy2+4 dz2, We often call
dF/ds the directional derivative of F at (x,y,z) along C.

CURVILINEAR COORDINATES AND JACOBIANS

540. Find ds?® in (a) cylindrical and (b) spherical coordinates and determine the scale

factors.
(a) Method 1. x = pecos¢p, Y = psing, 2z = z
de = —psingde + cosg dp, dy = pcosgde + sing dp, dz = dz
Then
ds? = dx2 + dy? + d22 = (—psingdg + cose¢ dp)2 + (o cosg dp + sing dp)?2 + (dz)?
= (dp)? + p2dg)? + (d2)2 = hi(dp)® + h3(dg)? + hi(dz)?

(b)

and hy=h,=1, hg =hy =p, hg=h, =1 are the scale factors.

Method 2. The position vector is r = pcosg i+ psing j + zk. Then
g org  or
dr = apdp+a¢d¢+azdz
= (cosgpi+singj)dp + (—psingi+ pcosejde + kdz

= (cos¢p dp—psing dp)i + (sing dp + p cos ¢ dg)j + kdz

Thus ds2 = dredr = (cos¢ dp— psing dg)2 + (sing do + p cos ¢ dp)2 + (dz)?
(dp)? + p%dg)? + (d2)?

x = rsingcosg, Yy = rsingsing, Z = rcosé
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Then de = —rsingsing dp + 7 cosé cos¢ d¢ + sing cos ¢ dr
dy = rsingcosgde + rcosé sing do + sing sin g dr
dz = —rsineds + coseé dr
and (ds)2 = (da)2 + (dy)? + (dz)2 = (dr)2 + r2(ds)? + 72 sin? 9 (d¢)?

The scale factors are hy =h, =1, hy = hy =1, hg = hy = r sine.

5.41. Find the volume element dV in (a) cylindrical and (b) spherical coordinates and
sketch.

The volume element in orthogonal curvilinear coordinates u,, us, u3 is

¥z, ¥, 2)

duy duy du
Ay, gy thg) | 12T

AV = hihghgdu, dugdus =

(@) In cylindrical coordinates, u, =p, up = ¢, ug =2, by =1, hy =p, kg3 =1 [see Problem 40(a)].
Th
o WV = WV dpdsdz = pdpdpdz
This can also be observed directly from Fig, 5-25(a) below.

EF = opinfiddn o 40 iy
w of i i e JE dob

aF = (0 a0 {ﬁﬂ} Wil
= did g

(@) Volume element in cylindrical coordinates. (b) Volume element in spherical coordinates.
Fig.5-25

(b) In spherical coordinates, u; =, up =86, ug=¢, hy=1, hy=1r, hy=7rsine [see Problem
5.40(b)]. Then
dV = ()r)(rsine)drdede = 72sing drdedy

This can also be observed directly from Fig. 5-25(b) above.

542. Express in cylindrical coordinates: (a) grad @, (b) divA, (c) V2.
Let u =p, up=¢, u3=2, by =1, hy =p, k3 =1 [see Problem 5.40(a)] in the results 1, 2,
page 128, and 4, page 129. Then

_ _ 13 134: 100 od 109
a) gradé = Vo = = =
( 1op ot T 502 138 = G0 T 05, ¢

where e,, e,, ;3 are the unit vectors in the directions of increasing p, ¢,z respectively.

e
2 + 9z €3

() divA = V-A = (1)(;:)(1)[ ((k)(1)Ay) +—((1)(1)A2)+ ((1)(p)A3)]
34, 94,

_ 119
= o + 32+ ]

where A = Alel + Azez + A3e3.
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_ 1 [afwee) , o [pee) , 8 @@@)}
S SIEY [ap< (1) ap) +0¢< () 3¢> +3z< W o

_ 1a<a¢> 102 | 3%

p0\"3) " 232 " a2

543. If F(x,y,u4,v)=0 and G(z,y,u4,v) =0, find (a)ou/dx, (b)ou/dy, (c) sv/dx, (d) dv/dy.

The two equations in general define the dependent variables » and v as (implicit) functions of
the independent variables x and y. Using the subscript notation, we have

(1) dF = F,dzx + F,dy + F,du + Fydv = 0

(2) dG = Gpdx + Gydy + G,du + G,dv = 0
Also, since u and v are functions of z and y,
) du = ucdx + u,dy 4) dv = v,dx + v,dy

Substituting ($) and (4) in (Z) and (2) yields
(5) dF (Fp+ Fyu, + Fyv)de + (Fy + Fyuy + Fou))dy = 0
6) dG = (G.+ Guu, + Gyv)dx + (G, + Guuy + Gyvy)dy = 0

Since x and y are independent, the coefficients of dx and dy in (5) and (6) are zero. Hence we

obtain
) Fyu, + Fyo, = —-F, ) Fyu, + Fyu, = —F,
G,u, + Gyv, = —G, G,uy + G,vy = —G,
Solving (?) and (8) gives
~F, F, oF, G) F, —F, aF,G)
ou -G, G, ¥z, v) v G, G, o(u, x)
(a) u, = Fr = = - ) v, = _a— = _ _ =
* F, F, 3(F, G) x F, F, a(F, G)
G, G, a(u, v) G, G, a(u, v)
-F, F, oF, G) F, —F, IF, Q)
ou —Gy Gv oy, v) v G, _Gy ou, y)
©) u, = o = - - (d) v, = — = = —
v F, F, oF,G) Y F, F, 3(F,G)
Gu G', a(u,v) Gu Gv a(u,v)
F, F
The functional determinant ¥ " 71, denoted by AF, G) or J FG , is the Jacobian of
G. G, u, v) u, v

F and G with respect to « and v and is supposed » 0,

Note that it is possible to devise mnemonic rules for writing at once the required partial deriva-
tives in terms of Jacobians.

Supplementary Problems

VECTOR ALGEBRA
5.44. Given any two vectors A and B, illustrate geometrically the equality 4A + 3(B—A) = A + 3B.

5.45. A man travels 26 miles northeast, 15 miles due east and 10 miles due south. By using an appropriate
scale determine graphically (¢) how far and (b) in what direction he is from his starting position.
Is it possible to determine the answer analytically?

546, If A and B are any two non-zero vectors which do not have the same direction, prove that mA + nB
is a vector lying in the plane determined by A and B.
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5.47.

5.48.

5.49.

5.50.

If A,B and C are non-coplanar vectors (vectors which do not all lie in the same plane) and
2, A + B+ 2,C = 7,A + y,B+ 2,C, prove that necessarily =z =z, ¥; = ¥s 2 = 22

Let ABCD be any quadrilateral and points P, Q,R and S the midpoints of successive sides. Prove
(a) that PQRS is a parallelogram and (b) that the perimeter of PQRS is equal to the sum of the
lengths of the diagonals of ABCD,

Prove that the medians of a triangle intersect at a point which is a trisection point of each median.

Find a unit vector in the direction of the resultant of vectors A =2i—j+k, B=i+j+ 2k,
C = 8i —2j + 4k.

THE DOT OR SCALAR PRODUCT

5.51.

5.52.

5.53.

5.54.

5.55.

5.56.

5.57.

Evaluate |(A+B)*(A—B)| if A=2i—38j+5k and B=3i+j—2k

Prove the law of cosines for a triangle. [Hint. Take the sides as A,B,C where C = A—B. Then
use C-C = (A—B)*(A—B)]

Find a so that 2i — 3j + 5k and 3i + a¢j — 2k are perpendicular.

If A=2i+j+k, B=i—2j+2k and € =3i—4j+ 2k, find the projection of A+ C in the
direction of B.

A triangle has vertices at 4(2,3,1), B(—1,1,2), C(1,—2,3). Find («) the length of the median drawn
from B to side AC and (b) the acute angle which this median makes with side BC.

Prove that the diagonals of a rhombus are perpendicular to each other.

Prove that the vector (AB + BA)/(A + B) represents the bisector of the angle between A and B.

THE CROSS OR VECTOR PRODUCT

5.58.

5.59.

5.60.

5.61.

5.62.

If A=2i—j+k and B =i+ 2j—3k, find |[(2A+ B) X (A—2B)|.

Find a unit vector perpendicular to the plane of the vectors A =3i—2j+4k and B=1i+j— 2k.
If AXB=AXC, does B =C necessarily?

Find the area of the triangle with vertices (2,-3,1), (1, -1, 2), (—1,2, 3).

Find the shortest distance from the point (3,2,1) to the plane determined by (1,1,0), (3,—1,1),
(-1,0,2).

TRIPLE PRODUCTS

563. If A=2i+j—3k, B=i—2j+k, C=—i+j—4k, find (¢) A+ (BXC), (b)) C-(AXB), (¢) AX
(BXC), (d) (AXB) X C.
564, Provethat (¢) A*(BXC)=B+(CX A)=C - (A XB)
() AX (BXC)=B(A*C)— C(A-B)
5.65. Find an equation for the plane passing through (2, —1,-2), (—1,2, —3), (4,1, 0).
5.66. Find the volume of the tetrahedron with vertices at (2,1,1), (1, -1, 2), (0,1, —1), (1,—2, 1),
5.67. Prove that (AXB)+*(CXD)+ (BXC)*(AXD)+ (CXA)*(BXD) = 0,
DERIVATIVES
5.68. A particle moves along the space curve r = e~tcosti+ e tsintj+ e¢—tk. Find the magnitude
of the (a) velocity and (b) acceleration at any time ¢.
d _ dB , dA .
5.69. Prove that a—J(A XB) = AX Tn + Tu X B where A and B are differentiable functions of .
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5.70.

5.71.

5.72.

5.73.

5.74.

5.75.

VECTOR ANALYSIS [CHAP. 5

Find a unit vector tangent to the space curve z = ¢, y = t2, 2 = t3 at the point where ¢t =1,

If r = acoswt + b sinwt, where a and b are any constant noncollinear vectors and « is a constant

scalar, prove that (a) r X % = w(@xb), ) Z—i:— + w2r = 0.
2
If A=xli—yj+ack, B=yi+taj—2ysk and C=i—yj+a2k, find (a) O;Oy (AXB) and

(b) d[A « (B X C)] at the point (1,—1,2).

2R

If R = x2%yi— 2y22) + xy222k, find | Tz

R he point (2,1, —2
XW at the point (2,1, —2).

If A is a differentiable function of » and |A(u)] =1, prove that dA/du is perpendicular to A.

Let T and N denote respectively the unit tangent vector and unit principal normal vector to a space
curve r = r(u), where r(u) is assumed differentiable. Define a vector B =T X N called the unit
binormal vector to the space curve. Prove that

ﬂ=KN, Q-_—'_TN, ‘ﬁ"—‘rB—xT

ds
These are called the Frenet-Serret formulas. In these formulas « is called the curvature, = is called
the torsion; and the reciprocals of these, p = 1/x and o = 1/7, are called the radius of curvature

and radius of torsion respectively.

GRADIENT, DIVERGENCE AND CURL

5.76.

5.77.

5.78.

5.79.

5.80.

5.81.

5.82.

5.83.

5.84.

5.85.

5.86.

5.87.

5.88.

If U, V, A, B have continuous partial derivatives prove that:
(@ VWU+V)=VU+ VYV, (b) V-(A+B) = V-A+ V-B, (¢c) VX(A+B) = VXA + VXB,

If ¢g=axy+yz+2x and A = x2yi+ y2%2j+ 222k, find (a) A- Vg, (b) ¢V-A and (¢) (Vo) XA
at the point (3, -1, 2).

Show that V X (#2r) =0 where r==zi+yj+2k and » =1

Prove: (a) VX (UA) = (VU)X A+ U(VXA), (b)) V-(AXB) = B+(VXA)—A+(VXB).
Prove that curlgrad U = 0, stating appropriate conditions on U.

Find a unit normal to the surface xz2y— 2xz + 2y%2¢ = 10 at the point (2,1, —1).

If A = 3z2%i — yzj + (x + 22)k, find curl curl A,

(a) Prove that V X (V X A) = —V2A + V(V +A). (b) Verify the result in (a) if A is given as in
Problem 5.82.

Find the equations of the (a) tangent plane and (b) normal line to the surface x2+y2= 4z at
(2,—4,5).

Find the equations of the («) tangent line and (b) normal plane to the space curve z = 6 sin¢,
¥ =4 cos 3¢, z = 2sin 5t at the point where ¢t = /4.

(¢) Find the directional derivative of U = 2xy —22 at (2,—1,1) in a direction toward (3,1, —1).

(b) In what direction is the directional derivative a maximum? (c¢) What is the value of this
maximum?

Prove that the acute angle y between the z axis and the normal to the surface F(x,y,z) = 0 at any
point is given by secy = A/FZ+ Ff, + F2/|F,).

(a) Develop a formula for the shortest distance from a point (%, ¥y, 2,) to a surface. (b) Illustrate
the result in (¢) by finding the shortest distance from the point (1,1, —2) to the surface z = x2+ y2.
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5.89.

5.90.

Let E and H be two vectors assumed to have continuous partial derivatives (of second order at least)
with respect to position and time. Suppose further that E and H satisfy the equations

_ 16H _ 14E

V.'E = 0, V'H = 0, VXE = —2%75, VXH = % @
prove that E and H satisfy the equation >
1 9%y

vy poler s (2)

[The vectors E and H are called electric and magnetic field vectors in electromagnetic theory. Equa-
tions (1) are a special case of Mazwell’s equations. The result (2) led Maxwell to the conclusion
that light was an electromagnetic phenomena. The constant ¢ is the velocity of light.]

Use the relations in Problem 5.89 to show that
:—t{,}(m +H?)} + cV+(EXH) = 0

JACOBIANS AND CURVILINEAR COORDINATES

5.91.

5.92.

5.93.

5.94.

5.95.

5.96.

5.97.

5.98.

5.99.

5.100.

8(x, ¥, 2)
a(ul’ Uz, “3)

or or  or

Prove that u, @ g |

Express (a) grad ¢, (b) div A in spherical coordinates.

The transformation from rectangular to parabolic cylindrical coordinates is defined by the equations
z = 4(u2—v?), y = uv, 2 = 2. (a) Prove that the system is orthogonal. () Find ds? and the scale
factors. (c) Find the Jacobian of the transformation and the volume element.

Write (a) V2¢ and (b) div A in parabolic cylindrical coordinates.

Prove that for orthogonal curvilinear coordinates,

&L ov & ob € ot

v 2 4 =
¢ h’l au, h2 0u2 h3 6u3

[Hint. Let V& = a,e; + ase, + aze; and use the fact that d¢ = V& +dr must be the same in both
rectangular and the curvilinear coordinates.]

Prove that the acceleration of a particle along a space curve is given respectively in (a) cylindrical,
(b) spherical coordinates by
(F— pede, + (04 + 208)e, + Ze,
(¥ — r62 — r§2sin2g)e, + (r¥ + 276 — r¢2 sin 6 cos 6)ey + (274 sin 6 + 2764 cos 6 + 7§ sin d)e,
where dots denote time derivatives and e, ey, e, e, eye, are unit vectors in the directions of
increasing p, ¢, 2, 7, 6, ¢ respectively.

o(F, G, H)

if F= 2 — 28 G = 232 — 9,2
x+3y2—23, G = 2222, and H = 222— xy, evaluate 3Gy, 2)

at (1,—1,0).

If F=aytyz+z2,G=22+y>+22 and H=x+ y+2 determine whether there is a functional
relationship connecting F, G, and H, and if so find it.

oP| oT P aP| oT
If F(P,V,T) =0, prove that (a) T lvavle = “avir (b) 3T |v 37 |p g r = —1 where a

subscript indicates the variable which is to be held constant, These results are useful in thermo-
dynamics where P, V, T correspond to pressure, volume and temperature of a physical system.

@I == fu,v,w),y = g(u,v,w), and z = h(x,v,w), prove that S 2¥:2) 0, v, )
a(x: Y, Z) : . . a(u’ v, w) a(x’ I’ w)
3(u, v, w) # 0. (b) Give an interpretation of the result of () in terms of transformations.

=1 provided
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Answers to Supplementary Problems

5.45. 33.6 miles, 13.2° north of east
550. (6i — 2j + Tk)/V/89

551. 24
553. a=—4/3

554. 17/3

555. (a) V26, (b) cos—1V/91/14
558. 253

559.  =(2j+k)/V5

561 1V3

5.62. 2

563. (a) 20, (b) 20, (¢) 8i—19j—k, (d) 25i—15j— 10k
565. 2x+y—32=9

5.66.
5.68. (¢) V3e—t, (b) VBet
570. (i+2j+ 3k)/V14

cole

572. (¢) —4i+8j, (b) 8dx
573. 16V5
577. (a) 25, (b) 2, (c) 56i—30j+ 47k
5.81.  =(3i+ 4j — 6k)/V/61
582, —6zi+ (62— 1)k
x—2 y+ 4 z—5

584, (a) x—2y—2z = 5, (b) 1 = "3 = 3

585. (a) “_33‘/5 - y+_f;‘/§ = ’“:;/E (b) 3z — 6y — 5z = 262

5.86. (a) 10/3, (b) —2i+4j—2k, (c) 2V/6

0P 1 0o 1 0P
592. (a) F;el -+ ;%ez + ysine %es
9
7 sin 6 99

1 043
rsing o¢

19
r2or

(sine A,) + where A = Aje, + Age, + Ageq

(b (r*4,) +

593, (b) ds? = (+vd)du+ R+oR)dv?+det, hy = hy = ViET 2, hy=1
(©) u2+ 2 (u2+2)dudvdz

1 2 92d 2
v = —— (&2 4 22 4 &
5.9 (a) i u + v2 <8u2 0v2> 322
. 1 d 0 3A3
= —~ 3% iz ¥ o2 S uZ ¥ 2 talnl
(b) diva ” v2{0u( u2+ v A‘)+av( U2+ v Az)} + y
597. 10

598, H2—G-2F =0



Chapter 6

Multiple, Line and Surface .
Integrals and Iatagml Thaamms:;

DOUBLE INTEGRALS

Let F(x, y) be defined in a closed region R of the
zy plane (see Fig. 6-1). Subdivide R into n sub-

regions AR, of area AA,, k=1,2,...,n. Let (§,7,) g
be some point of AR,. Form the sum
n cf -
kzl F(gk’ ’7k) AAk (1)
Consider
}Ll_{g kzl F(&, ) AA, (®) P
E £ &
where the limit is taken so that the number % of sub- p 5

divisions increases without limit and such that the
largest linear dimension of each AR, approaches
zero. If this limit exists it is denoted by Fig. 6-1

ff F(z,y)dA 3
R

and is called the double integral of F(x,y) over the region R.

It can be proved that the limit does exist if F(x,y) is continuous (or piecewise con-
tinuous) in R.

ITERATED INTEGRALS

If R is such that any lines parallel to the y axis meet the boundary of R in at most
two points (as is true in Fig. 6-1), then we can write the equations of the curves ACB
and ADB bounding R as y = fi(x) and y = fa(x) respectively, where fi(x) and f2(x) are
single-valued and continuous in e=x=b5. In this case we can evaluate the double
integral (3) by choosing the regions AR, as rectangles formed by constructing a grid of
lines parallel to the x and ¥ axes and AA, as the corresponding areas. Then (3) can be

written
fo(x)
f Fz,y)dzdy = f f s @0 dy da 4
y=Hx
R

b fa(x)
JodS et as

where the integral in braces is to be evaluated first (keeping x constant) and finally
integrating with respect to « from a to b. The result (4) indicates how a double integral
can be evaluated by expressing it in terms of two single integrals called iterated integrals.

147
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If R is such that any lines parallel to the x axis meet the boundary of ® in at most
two points (as in Fig. 6-1), then the equations of curves CAD and CBD can be written
z=g:1(y¥) and = g:(y) respectively and we find similarly

gs(¥)
ff F(z,y) dz dy f ) f F(z, ) dz dy (5)
R = z=g,(y)
d g2(y)
S AS Fraa)an
y=c x=g,(y)

If the double integral exists, (4) and (5) will in general yield the same value. In writing a
double integral, either of the forms (4) or (5), whichever is appropriate, may be used. We
call one form an interchange of the order of integration with respect to the other form.

In case R is not of the type shown in the above figure, it can generally be subdivided
into regions R, R,, ... which are of this type. Then the double integral over R is found
by taking the sum of the double integrals over R ,R,, . ...

TRIPLE INTEGRALS

The above results are easily generalized to closed regions in three dimensions. For
example, consider a function F(z,y,2) defined in a closed three dimensional region R.

Subdivide the region into n subregions of volume AV,, k=1,2,...,n. Letting (¢, 7. &)
be some point in each subregion, we form
’I‘I_I.I‘,lo kzx F(fkr Mer Zk) AVk (6)

where the number n of subdivisions approaches infinity in such a way that the largest
linear dimension of each subregion approaches zero. If this limit exists we denote it by

fff F(x,y,2)dV (7)
X

called the triple integral of F(x,y,2) over R. The limit does exist if F(x,y,?) is continu-
ous (or piecewise continuous) in R.

If we construct a grid consisting of planes parallel to the xy, y2 and zz planes, the
region R is subdivided into subregions which are rectangular parallelepipeds. In such
case we can express the triple integral over R given by (?) as an iterated integral of the
form

ga(x) fo(z, 4} b go(x) folx,y)
f f f F(x,y,z)dedydz = f [f {f F(x,y,2) dz} dy:l dr (8)
y=g,(x) v z=f(x,y) x=a y=g,(z) z=f(x,¥)

(where the innermost integral is to be evaluated first) or the sum of such integrals. The
integration can also be performed in any other order to give an equivalent result.

Extensions to higher dimensions are also possible.

TRANSFORMATIONS OF MULTIPLE INTEGRALS

In evaluating a multiple integral over a region R, it is often convenient to use
coordinates other than rectangular, such as the curvilinear coordinates considered in
Chapter 5.
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If we let (u,v) be curvilinear coordinates of points in a plane, there will be a set of
transformation equations x = f(u,v), ¥ = g(%,v) mapping points (x,y) of the xy plane
into points (u,v) of the uv plane. In such case the region R of the xzy plane is mapped
into a region R’ of the uv plane. We then have

ffp(x,y)dxdy - f f G, v) g_gi—g—; ' du dv 9)
R R’
where G(u,v) = F{f(u,v), g(u,v)} and
o o
ax, ) _ ou v
3(%,’1}) B 3_?/ 3_1/ (10)
ou Jv

is the Jacobian of x and y with respect to » and v (see Chapter 5).

Similarly if (u,v,w) are curvilinear coordinates in three dimensions, there will be
a set of transformation equations z = f(u,v,w), ¥ = g(u, v, w), z= h(u,v,w) and we can

write
a 14 14
ff F(x,y,2)dedydz = fﬂ G(u, v, w) '% \ dudv dw (11)
R R’

where G(u,v,w) = F{f(u,v,w), g(u,v, w), h(u,v,w)} and

. w o
o ov ow

o, ¥,2) |9y dy oy

du,v,w) ~ |ou dv dw (22)
2 bz o
ou odv ow

is the Jacobian of z, y and 2z with respect to «, v and w.
The results (9) and (11) correspond to change of variables for double and triple integrals.
Generalizations to higher dimensions are easily made.

LINE INTEGRALS

Let C be a curve in the zy plane which ¥
connects points A(a;,b;) and B(as by), (see
Fig. 6-2). Let P(x,y) and Q(x,y) be single-
valued functions defined at all points of C. c teme)
Subdivide C into n parts by choosing (n—1) (& m) @)
points on it given by (1, ¥1), (Z2,¥2), . . ., (Tn-1, Afoy, b)
Yn—1). Call Az, = @k — 2~ and Ay = Yk — Vi1, |
k=1,2,...,n where (ai,bi) = (2o, %), (a2, b2) =
(%, yn) and suppose that points (£,,5,) are
chosen so that they are situated on C between
points (xk-1, Yx—1) and (2x, ¥x). Form the sum

3 (Plun)an, + Qen)an) (13

The limit of this sum as %>« in such a way that all the quantities Az, Ay approach
zero, if such limit exists, is called a line integral along C and is denoted by

B(Gz, bl)

1
[N TP |

E.____

|

|

|

|

|

:
|
Qs
Fig. 6-2

Cag, by)

fc [P(x,y)de + Q@,y)dy] or f [Pdx + Qdy] (14)

Cap, bp)
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The limit does exist if P and @ are continuous (or piecewise continuous) at all points of C.
The value of the integral depends in general on P, Q, the particular curve C, and on the
limits (a;, bl) and (az, bz).

In an exactly analogous manner one may define a line integral along a curve C in
three dimensional space as
lim kgl {Al(gk, Mg Zk) Axk + A2(£k’ Nies Zk) Ay, + A3(§k’ Ny Zk) Azk} (15)
= f [Arde + A.dy + Asdz]
(o4

where A;, A2 and A; are functions of z,y and z.

Other types of line integrals, depending on particular curves, can be defined. For
example, if As. denotes the arc length along curve C in the above figure between points
(xx, ¥x) and (%x+1, Yx+1), then

lim 3 Ut n) 08, = fc U(x,y)ds (16)

n=ro0 k=1

is called the line integral of U(x,y) along curve C. Extensions to three (or higher)
dimensions are possible.

VECTOR NOTATION FOR LINE INTEGRALS

It is often convenient to express a line integral in vector form as an aid in physical
or geometric understanding as well as for brevity of notation. For example, we can
express the line integral (15) in the form

(([41dz + Asdy + Asde) = [ (A + A + Ay (@dmi + dy+dek) (1)
C C

= fA'dr
C

where A = Aii+ Asj+ Ak and dr = dei+dyj+dzk. The line integral (14) is a
special case of this with z=0.

If at each point (,y,z) we associate a force F acting on an object (i.e. if a force field

is defined), then
J; F-dr (18)

represents physically the total work done in moving the object along the curve C.

EVALUATION OF LINE INTEGRALS

If the equation of a curve C in the plane z =0 is given as y = f(x), the line integral
(14) is evaluated by placing y = f(x), dy = f’(x) do in the integrand to obtain the definite
integral

S P @) do + QU () (@) dal (19)
which is then evaluated in the usual manner.

Similarly if C is given as « = g(y), then dx = ¢’(y¥)dy and the line integral becomes

j; "Plow), v} ') dy + QUom), ) dy] (20)
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If C is given in parametric form z = ¢(f), ¥ = ¢(f), the line integral becomes
£ [PLott) 40) 40 dt + QUolt), 4(®) w(t) (21)

where t; and ¢: denote the values of t corresponding to points A and B respectively.

Combinations of the above methods may be used in the evaluation.
Similar methods are used for evaluating line integrals along space curves.

PROPERTIES OF LINE INTEGRALS

Line integrals have properties which are analogous to those of ordinary integrals.
For example:

1. J:_ [P(x,y)dz + Q(x,y)dy] = J; P(z,y)dz + J; Q(z,y) dy

(ag, by) (ag, by)
2. J' [Pdz + Qdy] = —f [Pdz + Qdy
(ay.bp (8g.by)
Thus reversal of the path of integration changes the sign of the line integral.
(as, by) (ag, b3) (as,by)
3. f [Pdx +Qdy] = f [Pdx + Qdy] + [Pdx + Qdy]
(a;, by) (ay,by) (ag, by)

where (as, bs) is another point on C.

Similar properties hold for line integrals in space.

SIMPLE CLOSED CURVES. SIMPLY AND MULTIPLY-CONNECTED REGIONS

A simple closed curve is a closed curve which does not intersect itself anywhere.
Mathematically, a curve in the zy plane is defined by the parametric equations z = ¢(t),
y = ¢(tf) where ¢ and ¢ are single-valued and continuous in an interval L=t =t,. If
#(t1) = ¢(t2) and y(t1) = y(t2), the curve is said to be closed. If ¢(u) = ¢(v) and y(u) = ¢(v)
only when % = v (except in the special case where u =t and v =t;), the curve is closed
and does not intersect itself and so is a simple closed curve. We shall also assume, unless
otherwise stated, that ¢ and ¢ are piecewise differentiable in ¢ =t = {,.

If a plane region has the property that any closed curve in it can be continuously
shrunk to a point without leaving the region, then the region is called simply-connected,
otherwise it is called multiply-connected [see Problem 6.19].

As the parameter ¢ varies from t; to £, the plane curve is described in a certain sense
or direction. For curves in the zy plane, we arbitrarily describe this direction as positive
or negative according as a person traversing the curve in this direction with his head
pointing in the positive z direction has the region enclosed by the curve always toward his
left or right respectively. If we look down upon a simple closed curve in the xy plane, this
amounts to saying that traversal of the curve in the counterclockwise direction is taken
as positive while traversal in the clockwise direction is taken as negative.

GREEN’S THEOREM IN THE PLANE

Let P,Q,0P/dy,0Q/0x be single-valued and continuous in a simply-connected region
R bounded by a simple closed curve C. Then

§; [Pdx +Qdy] = {f <%§ - %) dz dy (22)
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where § is used to emphasize that C is closed and that it is described in the positive
direction‘i

This theorem is also true for regions bounded by two or more closed curves (i.e.
multiply-connected regions). See Problem 6.19.

CONDITIONS FOR A LINE INTEGRAL TO BE INDEPENDENT OF THE PATH
Theorem 6-1. A necessary and sufficient condition for J; [Pdz + Qdy] to be independent
of the path C joining any two given points in a region R is that in R
oP/oy = 9Q/ox (23)
where it is supposed that these partial derivatives are continuous in <R.

The condition (23) is also the condition that Pdxz + Qdy is an exact differential,
i.e. that there exists a function ¢(z,y) such that Pdz + Qdy = d¢. In such case if the
end points of curve C are (&1, #:) and (z2,y:), the value of the line integral is given by

(x3,v2) (xg,¥2)
f [Pdr + Qdy] = f do = ¢(@ys) — ¢, Y1) (24)
( [¢

Xy, 4y) xy,v1)

In particular if (23) holds and C is closed, we have z: =z, y =y. and
§ (Pdz+Qay) = o (25)
For proofs and related theorems, see Problems 6.22 and 6.23.
The results in Theorem 6-1 can be extended to line integrals in space. Thus we have
Theorem 6-2. A necessary and sufficient condition for J; [Ardx + A2dy + Aszdz] to be

independent of the path C joining any two given points in a region R is

MatIMR A _ sy a4y _ad 04 _ ods
dy ~ ox’ dx ~ 9z’ 9z 9y
where it is supposed that these partial derivatives are continuous in R.

(26)

The results can be expressed concisely in terms of vectors. If A = A;i+ A.j+ Ak,
the line integral can be written f A-dr and condition (26) is equivalent to the condition

C
V XA =0. If A represents a force field F which acts on an object, the result is equiv-
alent to the statement that the work done in moving the object from one point to another
is independent of the path joining the two points if and only if ¥ XA =0. Such a force
field is often called conservative.

The condition (26) [or the equivalent condition ¥ X A =0] is also the condition that
Aidx + A2dy + Asdz [or A-dr] is an exact differential, i.e. that there exists a function
&(z,y,2) such that A,dx+ A2dy+ Asdz=d¢é. In such case if the endpoints of curve C
are (1, ¥1,21) and (%2, Y2, 22), the value of the line integral is given by

(X3, ¥2,23) (X2,¥2,22)
.’: A- dl’ = .’: d¢ = 4)(:172, Y2, 22) - ¢(xly Y, zl) (27)

Xy, ¥1,21) X1, ¥1.21)

In particular if C is closed and ¥V X A =0, we have

§;A-dr = 0 (28)
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SURFACE INTEGRALS

Let S be a two-sided surface having
projection R on the zy plane as in the
adjoining Fig. 6-3. Assume that an
equation for S is z = f(x,y), where f is
gingle-valued and continuous for all x
and y in R. Divide R into n subregions
of area A4A,, p=1,2,...,n, and erect
a vertical column on each of these sub-
regions to intersect S in an area AS,.

Let ¢(x,y,2) be single-valued and
continuous at all points of S. Form
the sum

i $(£,,m,L,) AS, (29) Fig. 6-3

where (¢, 7,,¢,) is some point of aS,. If the limit of this sum as n- in such a way
that each AS -0 exists, the resulting limit is called the surface integral of ¢(x,¥,2) over
S and is designated by

§f o,z as (30)

S

Since AS = |secy,AA, approximately, where y, is the angle between the normal line
to S and the positive z axis, the limit of the sum (29) can be written

ff #(x, Y, 2) [sec y| dA (31)
R

The quantity |secy| is given by

1 9z \? <8z>2
= — = 1+(=) +(—= 32
|Sec 'Y] Inp°k| ‘J7 <ax> oy ( )
Then assuming that z = f(x,y) has continuous (or sectionally continuous) derivatives in
R, (31) can be written in rectangular form as

f f 5@, 9,2) A |1 + <3—;)2 + <3—;)2dx dy (3)
R

In case the equation for S is given as F(z,y,z) =0, (33) can also be written

I sto,10 YV L gy (34)

The results (33) or (34) can be used to evaluate (30).

In the above we have assumed that S is such that any line parallel to the z axis
intersects S in only one point. In case S is not of this type, we can usually subdivide S
into surfaces Si, Sz, ... which are of this type. Then the surface integral over S is defined
as the sum of the surface integrals over Si,S., ....

The results stated hold when S is projected on to a region R of the xy plane. In some
cases it is better to project S on to the yz or zz planes. For such cases (30) can be
evaluated by appropriately modifying (33) and (34).
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THE DIVERGENCE THEOREM

Let S be a closed surface bounding a region of volume V. Choose the outward drawn
normal to the surface as the positive normal and assume that a, 8,y are the angles which
this normal makes with the positive z,y and z axes respectively. Then if A;, 42 and As are
continuous and have continuous partial derivatives in the region

fff (‘i’ﬁ + @ aA“) v = ff (Aicosa+ Azcosp + Ascosy)dS  (35)
S
which can also be written

ff I <"A‘ 04, 35:3) v = f [Aidydz + Asdedz + Ay dz dy) (36)
S

In vector form with A = A,i+Aj+Ask and n = coseai + cos 8j + cos yk, these can be

simply written as
ff V-AdV = ffA-nds 87)
\ 4 S

In words this theorem, called the divergence theorem or Greem’s theorem in space, states
that the surface integral of the normal component of a vector A taken over a closed
surface is equal to the integral of the divergence of A taken over the volume enclosed
by the surface.

STOKES’ THEOREM

Let S be an open, two-sided surface bounded by a closed non-intersecting curve C
(simple closed curve). Consider a directed line normal to S as positive if it is on one side
of S, and negative if it is on the other side of S. The choice of which side is positive is
arbitrary but should be decided upon in advance. Call the direction or sense of C posi-
tive if an observer, walking on the boundary of S with his head pointing in the direction
of the positive normal, has the surface on his left. Then if A4, A2, A3 are single-valued,
continuous, and have continuous first partial derivatives in a region of space including S,
we have

f (Ardz + Asay + Asa2 f i [("’A“ 64, >COSa (38)

aAI_@ 24; _ 04y
+ <W ax)cos,[:’ + <ax W) cosY]dS

In vector form with A = A;i + A2j + Ask and n = cosai + cos8j + cos vk, this is simply
expressed as
J;A°dr = ff(VXA)'ndS (39)
S

In words this theorem, called Stokes’ theorem, states that the line integral of the
tangential component of a vector A taken around a simple closed curve C is equal to the
surface integral of the normal component of the curl of A taken over any surface S
having C as a boundary. Note that if, as a special case Y XA =0 in (39), we obtain
the result (28).
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Solved Problems

DOUBLE INTEGRALS

6.1.

(@)
(b)

()

(@)
(b)

Sketch the region ® in the zy plane bounded by y =22, =2, y = 1.
Give a physical interpretation to ff (x? + y?) dx dy.
R

Evaluate the double integral in (b).

The required region ® is shown shaded in Fig. 6-4 below.

Since %2+ y2 is the square of the distance from any point (x,y) to (0,0), we can consider the
double integral as representing the polar moment of inertia (i.e. moment of inertia with respect
to the origin) of the region ® (assuming unit density).

We can also consider the double integral as representing the mass of the region ® assuming
a density varying as 2+ y2.

¥
4 Vigr‘i} w1

¥zl .

Fig. 6-4 Fig. 6-5

(¢) Method 1. The double integral can be expressed as the iterated integral

1l

S
=1

2 2 22 2 o
f f (=2 + y?) dy dax {f (22 + 92) dy} dx = f x2y + 3
z=1" y=1

¥y=1 =1

2 6 1 1006
YRTEAG S. | — V%
f . <x + 3 x 3> dx 105

=

The integration with respect to y (keeping x constant) from y =1 to y = %2 corresponds
formally to summing in a vertical column (see Fig. 6-4). The subsequent integration with
respect to 2 from x =1 to x =2 corresponds to addition of contributions from all such
vertical columns between x =1 and x = 2.

Method 2. The double integral can also be expressed as the iterated integral

4 4 2 1 3 2
f f x2+yddedy = f {f (22 + y2) dx} dy = f = + xy? dy
¥y=1vYz=vo y=1 2=VF y=1 3 x=‘,§
4
8 2 _ Y _ s — 1006
J;=1 <3 M A e K B T

In this case the vertical column of region ® in Fig. 6-4 above is replaced by a horizontal
column as in Fig. 6-5 above. Then the integration with respect to # (keeping y constant) from
t=Vy to =2 corresponds to summing in this horizontal column. Subsequent integration

with respect to ¥y from y =1 to y =4 corresponds to addition of contributions for all such
horizontal columns between y =1 and y = 4.
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6.2. Find the volume of the region common to the intersecting cylinders 2+ %? = a? and
x?+ 2% = a?

Required volume = 8 times volume of region shown in Fig. 6-6
a Vaz—a a Vaz~
= Sf f az_z’zdydx = Sf f @t Ve — a2 dydx
=0 Yy=0 x=0"%Y y=0

a 3
8 f @—)de = 262
_ 3
x=0

As an aid in setting up this integral note that z dy dx corresponds to the volume of a column
such as shown darkly shaded in the figure. Keeping x constant and integrating with respect to y
from y =0 to y = va2— =22 corresponds to adding the volumes of all such columns in a slab
parallel to the yz plane, thus giving the volume of this slab. Finally, integrating with respect to
# from x =0 to x = a corresponds to adding the volumes of all such slabs in the region, thus
giving the required volume.

Fig. 6-6

TRIPLE INTEGRALS

6.3. (a) Sketch the 8 dimensional region R bounded by z+y+z=a (a> 0, 2=0,y=0,
z2=0.

(b) Give a physical interpretation to
ff (@2 +y*+ 2*)dx dy dz
R

(¢) Evaluate the triple integral in (b).

(@) The required region R is shown in Fig. 6-7.

(b) Since x2+ y2+ 22 is the square of the distance from any point (x, y, 2) to (0, 0, 0), we can consider
the triple integral as representing the polar moment of inertia (i.e. moment of inertia with
respect to the origin) of the region ® (assuming unit density).

We can also consider the triple integral as representing the mass of the region if the
density varies as %2+ y2 + 22.

(¢) The triple integral can be expressed as the iterated integral

a a—x a—x—u
f f f (@2 +y2 + 22) dz dy dx
=0%Yy=0 z2=0

a a—x Al
= f f ©2%2 + y2 + % dy dzx
=0 YVy=90 3 z2=0
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6.4.

= fa f ) {x2(a—x)—x2y+(a—x)y2—y3+(a——g—_—y)—3}dydx

xr=0 " y=0

a—x

dx

= 3 4 12

=0 y=0

¢ w2a—x)2 , (a—x) (a—x)t (a— x)t
fo{”z(“‘x)z‘ 2 T3 T 1 To1 }d”

- (“J2a—22?  (@a—ap _ @
= fo{ 2 T e }d’” = 2

The integration with respect to z (keeping = and y constant) from z2=0 to z2=a—2x—y
corresponds to summing the polar moments of inertia (or masses) corresponding to each cube
in a vertical column. The subsequent integration with respect to y from y =0 to y =a—x
(keeping x constant) corresponds to addition of contributions from all vertical columns contained
in a slab parallel to the yz plane. Finally, integration with respect to x from =0 to x =g¢
adds up contributions from all slabs parallel to the yz plane,

Although the above integration has been accomplished in the order 2,9, %, any other order
is clearly possible and the final answer should be the same.

Find the (a) volume and (b) centroid of the region R bounded by the parabolic
cylinder z=4—2? and the planes z=0, y=0, y=6, 2= 0 assuming the density
to be a constant o.

The region R is shown in Fig. 6-8,

() Required volume = fff dx dy dz
R
2 6 4-x2
f f f dz dy d«
x=0"y=0" z=0
f2 6
=0

= y=

It

(4—x2) dy dx
0

I
8 3
1 ©
<

_

-

|

8

=

<

H
=,

(24 —6x2)dx = 32 Fig. -8
0

=

2 6 4-x2
(b) Total mass = f f f odzdydx = 320 by part (a), since o is constant. Then
z=0"y=0"z2=0

2 ] 4-a2
f f f ox dz dy dx
T=0"y=0"2z2

_ Total moment about yz plane =0 240 3
B Total mass h Total mass T 82 1
f2 fs f4 -x2
R Total moment about x2 plane r=0Y y=0"Y z=9 oy dz dy dx 960
Yy = = = — = 3
Total mass Total mass 320
2 6 4-x2
f f f ozdzdy dx
5 = Total moment about xy plane _ z=0Yy=0"2z=9 _ 2560/5 _ 8
Total mass Total mass 320 5

Thus the centroid has coordinates (3/4, 3, 8/5).
Note that the value for # could have been predicted because of symmetry.
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TRANSFORMATION OF DOUBLE INTEGRALS

6.5.

6.6.

MULTIPLE, LINE AND SURFACE INTEGRALS. INTEGRAL THEOREMS [CHAP. 6

Justify equation (21), page 151, for chang-
ing variables in a double integral.

In rectangular coordinates, the double integral
of F(x,y) over the region R (shaded in Fig. 6-9) is

F(x,y) dx dy. We can also evaluate this double

R
integral by considering a grid formed by a family
of # and v curvilinear coordinate curves constructed
on the region ® as shown in the figure.

Let P be any point with coordinates (x,y) or
(4,v), where = = f(u,v) and y = g(u,v). Then
the vector r from O to P is given by r =zi+yj =
f(u,v)i+ g(u,v)j. The tangent vectors to the coordi-
nate curves 4 = ¢; and v = ¢;, where ¢; and ¢; are
constants, are dr/dv and dr/du respectively. Then
the area of the region AR of Fig. 6-9 is given ap-

proximately by lg—; X g—:}| Au Av,

But i § k
Zam o fmal

% 3w 0
so that g—;x%lmmv =

The double integral is the limit of the sum

= F{f(u,v), 9(u, v)} I

taken over the entire region R. An investigation reveals that this limit is

a(u, v)

9z oy
ou ou

dx 9oy

v v

(=, y)

F) (u’ ) Au Av

%, ¥) A AV

ff F{ftu, ), g(w, )} a(”’ Y ‘ du dv

where R’ is the region in the uv plane into which the region ® is mapped under the transformation

x = f(u,v), y=g(u).

Fig. 6-9

a(x’ y)
au, v) k

Evaluate ff Va:+y*dedy, where R is the region in the zy plane bounded by
R

22+y*=4 and z*+9*=9.

The presence of 2 + y2 suggests the use of polar coordinates (p, ¢), where x = p cos ¢, ¥y = p sin ¢.
Under this transformation the region ® [Fig. 6-10(a)] is mapped into the region R’ [Fig. 6-10(b)].

¥

who y* el e pon i

4 = gprdpide

{a}

gt = or pmd

Fig. 618

2

@

(%)
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Since 3z, y) = p, it follows that

a(p, ¢)
Z—E%ldp&ﬁ = i!p-pdpd¢

f Va4 ytdedy = ff\/x2+y2
] R’
3 2

j-21r fs 2 o8
2 dp d = f —
pldpag
6=0"p=2 o=03 l2 s=0 3 3

We can algo write the integration limits for ®’ immediately on observing the region X, since
for fixed ¢, p varies from p =2 to p =3 within the sector shown dashed in Fig. 6-10(a). An
integration with respect to ¢ from ¢ =0 to ¢ = 2r then gives the contribution from all sectors.
Geometrically p dp dp represents the area dA as shown in Fig. 6-10(a).

TRANSFORMATION OF TRIPLE INTEGRALS
6.7. Justify equation (11), page 149, for changing variables in a triple integral.

&

Fig. 6-11

By analogy with Problem 6.5 we construct a grid of curvilinear coordinate surfaces which sub-
divide the region ® into subregions, a typical one of which is AR (see Fig. 6-11).

The vector r from the origin O to point P is
r=zxi+yi+zk = flu,v,w)i+ gu,v,w)j+ hin,v, wk
assuming that the transformation equations are = = f(u,v,w), ¥ = g(u,v,w) and z = h(u, v, w).

Tangent vectors to the coordinate curves corresponding to the intersection of pairs of coordinate
surfaces are given by dr/du, dr/év, or/ow. Then the volume of the region AR of Fig. 6-11 is given
approximately by

or or  or

,or oz, ¥, 2)
Ju dv dw

3w, v, w) Au Av Aw

AuAv Aw = l

The triple integral of F(x,y, z) over the region is the limit of the sum

3z, y, 2)
Nu, v, w)

S F{f(u,v,w), gu, v, w), b, v, w)}] St A 8w

An investigation reveals that this limit is

fff F{f(u, v, w), g(u, v, w), hlx, v, w)} ‘ 0@ 42| 1y, dy do
-~

a(u, v, w)

where R’ is the region in the uvw space into which the region R is mapped under the transformation.
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6.8. Express ff F(x,y,2z)dxdydz in cylindrical coordinates.
R

The transformation equations in cylindrical coordinates are = = pcos¢, y = psing, z = 2.
The Jacobian of the transformation is

cos¢p —psing O
sing pcosgp O = p
0 0 1

oz, y,2)  _
a(P’ b, z)

Then by Problem 6.7 the triple integral becomes

{fS cw o0 dpasas
R’

where R’ is the region in the p, ¢,2 space corresponding to ® and where

G(p,¢,2) = F(pcosg, psing,z)

6.9. Find the volume of the region above the
zy plane bounded by the paraboloid
2=2z*+y%* and the cylinder z2+ y?= a2

The volume is most easily found by using
cylindrical coordinates. In these coordinates the
equations for the paraboloid and cylinder are re-
spectively 2 =p2 and p =a. Then

Required volume

= 4 times volume shown in Fig. 6-12

/2 a p2

4f f f pdzdpdy
6=0 Y'p=0" z=9
w/2 a

4f f p3dode
¢=0" p=0

4J‘"/2£i
o=0 4

0

N

a

dg = Zgt Fig. 6-12
p=0 2

The integration with respect to z (keeping p and ¢ constant) from z2=0 to z = p? corresponds
to summing the cubical volumes (indicated by dV) in a vertical column extending from the xy plane
to the paraboloid. The subsequent integration with respect to o (keeping ¢ constant) from p, =10
to p = a corresponds to addition of volumes of all eolumns in the wedge shaped region. Finally,
integration with respect to ¢ corresponds to adding volumes of all such wedge shaped regions.

The integration can also be performed in other orders to yield the same result.

We can also set up the integral by determining the region R’ in p, ¢, 2 space into which R is
mapped by the cylindrical coordinate transformation.

LINE INTEGRALS

(1,2)

6.10. Evaluate J:O N [((*—y)dx + (¥* + z) dy] along (a) a straight line from (0,1) to (1,2),

(b) straight lines from (0,1) to (1,1) and then from (1,1) to (1,2), (c) the parabola
z=1t y=t2+1.

(@) An equation for the line joining (0, 1) and (1,2) in the xy plane is y =2+ 1. Then dy = dx
and the line integral equals

1 1
f {22 — (x+1)} dz + {(x+1)2 + x} da] = f (2224 22)dx = 5/3

z=0 0
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(b) Along the straight line from (0,1) to (1,1), ¥y =1, dy = 0 and the line integral equals
1 1
f [(®2—1)dx + (1+2)(0)] = f (x2—1)dx = -—2/3
=0 0
Along the straight line from (1,1) to (1,2), x =1, dr = 0 and the line integral equals
2 2
J a-po+atva) = (Cerva = 10
¥y=1 1

Then the required value = —2/3 4+ 10/3 = 8/3.
(¢) Since t=0 at (0,1) and ¢t =1 at (1,2), the line integral equals

1 1
f [{e2—(2+ 1)} dt + {(£24+1)2 + ¢} 2tdt] = f 25 +43+ 2242t —1)dt = 2
t=0 0

611. If A = (322 —6yz)i + (2y +3x2)j + (1 — 4xyz?k, evaluate f A-dr from (0,0,0) to
(1,1,1) along the following paths C: ¢
(@) x=t, y=13 2=1¢%
(b) the straight lines from (0,0, 0) to (0,0, 1), then to (0,1, 1), and then to (1,1,1).
(¢) the straight line joining (0,0, 0) and (1,1, 1).

fA-dr
c

il

f {(8x2 — 6y2)i + (Qy + 3x2)j + (1 — 4xy22)k} « (dxi+ dyj + dzk)
c

f [(Bx2 — 6yz) dx + (2y + Bxz) dy + (1 — 4xyz?) dz]
c

(@) If x=1¢,y=1¢2 2=13 points (0,0,0) and (1,1,1) correspond to ¢t =0 and ¢ =1 respectively.

Then
1
fA°dr = f [{3t2 — 6(12)(t3)} dt + {2¢2 + 3(¢)(£3)} d(£2) + {1 — 4(¢)(t2)(£3)2} d(t3)]
c t=0
1
= f [(Bt2 — 6t5) dt + (483 + 6t5)dt + (3t2—12¢1)dt] = 2
t=0

Another method.

Along C, A = (32— 665)i + (22 + 3t4)j + (1— 4tk and r = i+ yj+ zk = ti + £2j + t%k,
dr = (i + 2tj + 3t%k) dt. Then

1
fA-dr = f (862 —6t5) dt + (463 + 615)dt + (3t2—12¢1)dt] = 2
C 0

(b) Along the straight line from (0,0,0) to (0,0,1), =0, ¥y =0, de =0, dy =0 while z varies
from 0 to 1. Then the integral over this part of the path is

1 1
f [{3(0)2 — 6(0)(2)}0 + {2(0) + 3(0)(2)}0 + {1 — 4(0)(0)(z2)} dz] = f dz = 1
z2=0 z2=0
Along the straight line from (0,0,1) to (0,1,1), =0, 2 =1, de =0, dz=0 while y
varies from 0 to 1. Then the integral over this part of the path is
1

1
f [{3(0)* — 6(x)(1)}0 + {2y +3(0)(1)} dy + {1—4(0)(¥)(1)2}0] = j 2ydy = 1
y=0 y=0
Along the straight line from (0,1,1) to (1,1,1), y=1, 2=1, dy =0, dz=0 while
x varies from 0 to 1. Then the integral over this part of the path is

1 1
f ({822 — 6(1)(1)} dz + {2(1) + 3z(1)}0 + {1 — 4a(1)(1)2}0] = f (B322—6)dz = —b
=0 0

z= z=

Adding, fA°dr =141-5 = -3,
c
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6.12.

6.13.
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(¢) The straight line joining (0,0,0) and (1,1, 1) is given in parametric form by x=t, y=t 2=t
Then
1
fA°dr = f (82 —662) dt + (2t+3t)dt + (1—4td)dt] = 6/5
c

t=0

Find the work done in moving a particle once around an ellipse C in the xy/plane,
if the ellipse has center at the origin with semi-major and semi-minor axes 4 and 3
respectively, as indicated in Fig. 6-13, and if the force field is given by

F = (3x—4y+22)i + (4o +2y—323)j + (Crz— 42+ 2%k

In the plane z =0, F = (3z — 4y)i + (4= +2y)j — 4y%k and y  r=aity
dr = dxi + dyj so that the work done is = 4costl+ 3sintj

§F odr = f {(8x — 4y)i + (4x + 2y)j — 4y2k} * (dzi + dyj) r
c C

§ [(8z — 4y) dx + (42 + 2y) dy]
c

Choose the parametric equations of the ellipse as # = 4 cos ¢,
y = 8 sint where t varies from 0 to 2r (see Fig. 6-18). Then the )
line integral equals Fig.6-13

pi-4

f [{8(4 cos t) — 4(3 sin £)}{—4 sin t} dt + {4(4 cost) + 2(3 sin t)}{83 cos t} dt]
t=0

2r

2r
= f (48 — 30 sin t cost)dt = (48t — 15 sin2t) = 96r
t=0 o
In traversing C we have chosen the counterclockwise direction indicated in Fig., 6-13. We call
this the positive direction, or say that C has been traversed in the positive sense. If C were traversed
in the clockwise (negative) direction the value of the integral would be —96s.

Evaluate j; y ds along the curve C given by y =2yx from x=3 to x=24.

Since ds = Vde?+dy? = V1+ (¢)2dx = V1+ 1/xdx, we have

4 24
fyds = f oVzViFijzde = 2f VeFide = %(x+1)3/2
) 3

c 3

24

1566

3

GREEN’S THEOREM IN THE PLANE

6.14.

Prove Green’s theorem in the plane if C
is a closed curve which has the property
that any straight line parallel to the co-
ordinate axes cuts C in at most two points.

Let the equations of the curves AEB and AFB

|

¥
(see adjoining Fig. 6-14) be y =Y, (x) and L S i
y = Yy(x) respectively. If R is the region bounded i 2
by C, we have s &

r=a y=Y,(x) 9y
b
f Pz, y)
z=a y=Y (1)

b a
- f P(x,Y,)dx — f P(x,Yy)dx = —dex
a b c

b Yo (1)
f % dx dy f ':f Edy:| dx Fig. 8-14
- =

Y, (2)

b
de = f [P(x,Y,) — Pz, Y))] dx
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P
Then §Cde = —jq;f@dxdy (1)

Similarly let the equations of curves EAF and EBF be z = X,(y) and z = X,(y) respectively.

Th
" ff‘.’a%dx dy fi [fxz(y) %g—dx] dy = j: [Q(Xey) — QX9 dy
®

y=e =X (y)

J;eQ(Xl,y) dy + Jj QXyy)dy = iQdu

Then §c Qdy — ff 5?% dx dy 2

R
Adding (2) and (2), §C [Pdx + Qdy] = ff <% - %) dx dy.
R

6.15. Verify Green’s theorem in the plane for

ﬁ [(xy — ) dx + (x + y?) dy]

where C is the closed curve of the region
bounded by y =22 and ¢¥®==x.

The plane curves y =«2 and y2 = inter-

sect at (0,0) and (1,1). The positive direction in &
traversing C is as shown in Fig, 6-15.
Along y = x2, the line integral equals Fig. 6-15
1 1
j [{(2x)(x2) — x2} dx + {x+ (x?)2}d(x?)] = f (223 + 22 + 2x5)dx = 7/6
=0 0
Along y2 = x the line integral equals
0 0
f ({2 () — W2 dy?) + {2 +y2rdy] = f (dy* —2y5+2y%)dy = -17/15
y=1 1
Then the required line integral = 7/6 — 17/16 = 1/30.
3Q _oP = f f 3wty — O (ay— a2
ff<6x ay>daz:dy = " (x + y2) ay(2az;y x2) - dx dy
R R
1 VZ
= ff(l—Zx)dxdy = f f (1—2x)dydx
R =0 YVy=2?
1 vE 1
= f (y — 2xy) dx — f (2172 — 293/2 — 52+ 223) dx = 1/30
z=0 y=x2 0
Hence Green’s theorem is verified.
6.16. Extend the proof of Green’s theorem in the Y

plane given in Problem 6.14 to the curves
C for which lines parallel to the coordinate
axes may cut C in more than two points.

Consider a closed curve C such as shown in
the adjoining Fig. 6-16, in which lines parallel to
the axes may meet C in more than two points, By
constructing line ST the region is divided into two
regions R, and R, which are of the type con- 18 x
sidered in Problem 6.14 and for which Green’s
theorem applies, i.e., Fig. 6-16
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6.17.

6.18.

6.19.
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f[de+Qdy] ff( )dxdy, f[de+Qdy] = ff( )dxd

STUS SVTS
Adding the left hand sides of (1) and (2), we have, omitting the integrand de + Qdy in each

[ e fefefef = fef -

STUS SVTS TUS SvT TUS SVT TUSVT

using the fact that f f

Adding the right hand sides of (Z) and (2), omitting the integrand, ff ff ff

where ® consists of regions ®; and R,.

Then f (Pde + Qdy] = ff < > dxdy and the theorem is proved.
TUSVT

A region R such as considered here for which any closed curve lying in R can be continuously
shrunk to a point without leaving R, is called a simply-connected region. A region which is not
simply-connected is called multiply-connected. We have shown here that Green’s theorem in the
plane applies to simply-connected regions bounded by closed curves. In Problem 6.19 the theorem
is extended to multiply-connected regions.

For more complicated simply-connected regions it may be necessary to construct more lines,
such as ST, to establish the theorem.

Show that the area bounded by a simple closed curve C is given by % .£ [x dy — y dx].
In Green’s theorem, put P = —y, @ =x. Then

§C[xdy—ydx] ff(—(x)——( y)>dxdy = 2fjdxdy = 24
R

where A is the required area. Thus A = %—f [x dy — y da].
c

Find the area of the ellipse x = a cosé, y = b sin 4.

2n
Area = %f [xdy — ydx] = % f [(a cos 6)(b cos ¢) d¢ — (b sin ¢)(—a sin 6) ds}
(o 0

1 2r 1 2r
= 3 f ab(cos2 ¢ + sin2¢)ds = 2 f abde = =ab
0 0

Show that Green’s theorem in the plane is
also valid for a multiply-connected region R ¥
such as shown in Fig. 6-17.

The shaded region ®, shown in the figure, is
multiply-connected since not every closed curve lying
in ® can be shrunk to a point without leaving R, as
is observed by considering a curve surrounding
DEFGD for example. The boundary of 4R, which
consists of the exterior boundary AHJKLA and the
interior boundary DEFGD, is to be traversed in the
positive direction, so that a person traveling in this ;) &
direction always has the region on his left. It is
seen that the positive directions are those indicated
in the adjoining figure. Fig. 6-17

In order to establish the theorem, construct a line, such as AD, called a cross-cut, connecting
the exterior and interior boundaries. The region bounded by ADEFGDALKJHA is simply-con-
nected, and so Green’s theorem is valid. Then
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§ [Pdz + Qdy] = ff <%—‘;—’y’>dxdy
R

ADEFGDALKJHA

But the integral on the left, leaving out the integrand, is equal to
for fe foe fo= fo+f
AD DEFGD DA ALKJHA DEFGD ALKJHA
since f = —f . Thus if C, is the curve ALKJHA, C, is the curve DEFGD and C is the
boundar;l:)f R con:i:ting of C, and C, (traversed in the positive directions), then jc + J; = fc
1 2

and so
aQ 9P
i [Pdx + Qdy] = ﬂ <—ax % >dxdy

INDEPENDENCE OF THE PATH

6.20.

6.21.

Let P(x,y) and Q(x,y) be continuous and have continuous first partial derivatives at
each point of a simply connected region R. Prove that a necessary and sufficient

condition that ﬁ [Pdx + Qdy] = 0 around every closed path C in ® is that
dP/oy = 8Q/ox identically in R.
Sufficiency. Suppose 9P/dy = 3Q/0x. Then by Green’s theorem,

ffC[Pdmquy] = ff(%—%)dxdy =0
R

where X is the region bounded by C.
Necessity.

Suppose § [Pdx + Q@ dy] = 0 around every closed path C in R and that oP/dy #* 3Q/dx at
c

some point of R. In particular suppose doP/dy — 3dQ/dx > 0 at the point (xy,y,).

By hypothesis dP/dy and 3Q/dx are continuous in X, so that there must be some region r con-
taining (xg,¥%,) as an interior point for which aP/dy —aQ/dxz > 0. If I' is the boundary of =,
then by Green’s theorem

ﬁ[de+Qd1/] = ff(%—%)dmdy > 0

contradicting the hypothesis that § [Pdx 4+ Qdyl = 0 for all closed curves in ®. Thus
3Q/dx — 3P/dy cannot be positive.

Similarly we can show that 3Q/dx — dP/dy cannot be negative, and it follows that it must be
identically zero, i.e. dP/3y = 3Q/dx identically in R.
Let P and @ be defined as in Problem 6.20. Prove that a necessary and sufficient con-
B
dition that f [P dx + @ dy] be independent of the path in ® joining points 4 and B
A
is that oP/oy = 6Q/dx identically in R.

B
D
Sufficiency. If 9P/dy = 9Q/dx, then by Problem 6.20, o
[Pde +@Qdy] = 0 A
ADBEA E
(see Fig. 6-18). From this, omitting for brevity the integrand
Pdx + @dy, we have Fig. 6-18
Jrf=o f = -f = ww f=f
ADB  BEA ADB BEA AEB G C2

i.e. the integral is independent of the path.
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3.9

6.22. (a) Prove that j:l > [(6xy® — y*) dz + (62%y — B2y?) dy] is independent of the path

joining (1,2) and (3,4). (b) Evaluate the integral in (a).
(@) P=6xy2—1y3, Q= 6x2% —3xy2. Then 0P/dy = 12zy — 3y2 = 8Q/3xz and by Problem 6.21 the
line integral is independent of the path.

(b) Method 1.

Since the line integral is independent of the path, choose any path joining (1,2) and (3, 4),
for example that consisting of lines from (1,2) to (3,2) [along which y =2, dy = 0] and then
(3,2) to (3,4) [along which z = 3, d# = 0]. Then the required integral equals

3 4
f (242 — 8) dx + f (54y —9y2)dy = 80 + 166 = 236
=1 y=2
Method 2.
3 QI: —- & a_¢_ = 2 — 43 iﬁ = —_ 2
Since 3y~ o we must have (1) Py 6xy2—y3, (2) 3y 6x2y — 3xy2.

From (1), ¢ = 3222 — 2y + f(y). From (2), ¢ = 322y2—2y3+ g(x). The only way in
which these two expressions for ¢ are equal is if f(y) = g(x) =¢, a constant. Hence ¢ =
3x2y2 —xy3+ ¢. Then

(3,4) (3,4)
f [(6xy2 — y®) dx + (6x2y — 3xy?) dy| f d(3x2y2 — 2y3 + ¢)
1,2 (1,2)

3,4
= Sty - f e 1,2) = 236
Note that in this evaluation the arbitrary constant ¢ can be omitted.
We could also have noted by inspection that
(6xy2 — y3) dx + (622y — 3xy2)dy = (6xzy?dx + 622y dy) — (y3 dx + 3xy? dy)
= d(3x2%y?%) — d(xy®) = d(3x2y%— xy?)

from which it is clear that ¢ = 3x2y2—xy3 +c.

6.23. Evaluate § [(#*y cos x + 2xy sinx — y?e%) dx + (x® sinx — 2ye*) dy] around the hy-
pocycloid %3 + y*3 = a2/,

P = 22y cosx + 2xy sinx — y2% Q = =x2sinx — 2ye=.

Then 9P/3y = x2 cosx + 2x sin 2 — 2ye* = 3Q/dx, so that by Problem 6.20 the line integral
around any closed path, in particular «2/3 + y2/3 = a2/3, is zero.

SURFACE INTEGRALS

6.24. If y is the angle between the normal line to any point (z,y,2) of a surface S and the
positive z axis, prove that

VFi+ F2 4+ F?
[secy] = V1+Z+2 = —2 - r
|F|
according as the equation for S is z = f(z,y) or F(z,y,z)=0.
If the equation of S is F(x,y4,2) =0, a normal to S at (2,9,2) is VF = F,i+ F,j+ F.k.

Then
VF+k = |VF||k| cosy or F, = VF2 + F: 4+ Flcosy
VFL+F. +F?
from which |secy| = ﬁ—z as required.
z

In case the equation is 2z = f(x,y), we can write F(x,y,2) = z— f(z,y) =0, from which
Fy=—2, Fy=~z, F,=1 and we find [secy| = V1+ 22 + 22
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6.25. Evaluate ff U(z,y,2) dS where S is the surface of the paraboloid z = 2 — (22 + ¢?)
s . .
above the zy plane and U(x, y, 2) is equal to (a) 1, (b) 22+ 42, (c) 8z. Give a physical
interpretation in each case.
The required integral is equal to

ff U(x,y,z)\/1+z§+zl2,dxdy )
®

where R is the projection of S on the xy plane
given by 22+ y2=2, z=0.

Since 2z, = ~2z, 2y, =—2y, (1) can be
written

ff Uz, y,2) V1+ 422+ 4y2 dx dy 2)
xR

(@) If U(x,y,2) =1, (2) becomes

ff\/1+4x2+4y2dxdy
R
To evaluate this, transform to polar co-
ordinates (p, ¢). Then the integral becomes Fig. 6-19
27 V2 27 ')
f f \/1+4p2pdpd¢ = f ];(1+4p2)8/2 _ d¢ = &
= - .12 p=0 3
6=0"p=0 =0

Physically this could represent the surface area of S, or the mass of S assuming unit
density.

(b) If Ulx,y,2) = 22+ y2, (2) becomes ff (x2+ y2)V1+ 422+ 4y2de dy or in polar coordinates
R

27 "7
f f V1 +4p2dpds = 1497
=0 p=0 30

where the integration with respect to p is accomplished by the substitution 1+ 4p2 = u.

Physically this could represent the moment of inertia of S about the z axis assuming unit
density, or the mass of S assuming a density = x2+ y2.

(¢) If Ulx,y,2z) =32, (2) becomes

ff 3zV1+4x2+4y2dedy = ff 32 — (224 ¥} V1 + 402+ dy2 d dy
R R
or in polar coordinates,
2
[ (st adoas = W
¢=0%p=0
Physically this could represent the mass of S assuming a density = 3z, or three times the
first moment of S about the xy plane.

6.26. Find the surface area of a hemisphere of
radius @ cut off by a cylinder having this
radius as diameter.

Equations for the hemisphere and cylinder (see
Fig. 6-20) are given respectively by x2+y2+
22=a? (or z2=Va2—22—y?) and (x—a/2)2+
y2 = a?/4 (or 22+ 92 = azx).

Since
— -z — —Y
2y = ———————— and 7z, = N e
Va2 —x2 =42 Vaz —x2 — 32

we have Fig. 6-20
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6.27.

6.28.
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dz dy

o
Required surface area = 2 ff\/l +22+22dedy = 2 ff —ﬁ
a2 —aZ—y
R R

Two methods of evaluation are possible.

Method 1. Using polar coordinates.

Since %2+ 42 = gz in polar coordinates is p = @ cos ¢, the integral becomes

/2 acosd w2

a

2f ————pdpdg —Va2—p2
p=0 Va2—p? ¢=0

/2
= 2¢a2 J‘ (1—sing)dp = (r—2)a?
0

acosd

do

=0

Method 2. The integral is equal to

a
2f f dydx = 2af gin—1 —ZL— [Vor-2t g
Va— 22— g2 =0 m y=0
a
= 2a f sin—1 dx
Letting » = a tan2 ¢, this integral becomes
w/4 wi4 w/4
4a? f o tang sec2ods = 4a? {%o tan2 g -3 tan2 ¢ de
0 0 0

/4 w4
- f (secz 9 — 1) da}
o 0

w/4
} = (7 —2)a?
0

Note that the above integrals are improper and should actually be treated by appropriate
limiting procedures.

202 {o tan2¢

2q2 {7/4 — (tané — 6)

Find the centroid of the surface in Problem 6.25.
szds f zV1 + 422 + 4y2dx dy
R

By symmetry, £ =9y =0 and 2 =

f ds f V1 + 422 + 4y2de dy
R

The numerator and denominator can be obtained from the results of Problem 6.25(c) and

i . _ 37#/10 _ 111
6.25(a) respectively, and we thus have z = 1373 — 130"

Evaluate ffA'ndS, where A = xyi— 2% + (x+2)k, S is that portion of the

S
plane 2x + 2y +2 = 6 included in the first octant, and n is a unit normal to S.

AnormaltoSis V2x+2y+2—6) =2i+2j+ k,
21+ 2i+ k 2i + 2§ + k

and so n = = . Then
V2R E 22 & 12 3
Aen = {xyi—x2j+(x+z)k}~<g%t£>
_ Zxy— 252+ (x+2)
3
- 22y — 222 + (x 4+ 6 — 2x — 2y)
3
_2xy—2x2—x—2y+6
3

The required surface integral is therefore

Fig. 6-21
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6.29.

— 22— — 2wy — 202 — 3 — 2y + 6
ff(zxy 2% 3x 2y+6>ds _ ff( xy x 390 Y >\/1—+z;25_;z_12,dxdy
S R
_ ff<2xy—2x2—3x—2y+6> r——12+22+22dxdy
)

3 3—x
= f f (2xy — 242 — 2 — 2y + 6) dy dux

z=0"Yy=0
3~z

dx = 27/4

0

3
f (xy? — 222y — 2y — y* + 6y)
=0

x=

In dealing with surface integrals we have restricted ourselves to surfaces which are
two-sided. Give an example of a surface which is not two-sided.

Take a strip of paper such as ABCD as
shown in the adjoining Fig. 6-22. Twist the
strip so that points A and B fall on D and C
respectively, as in the adjoining figure, If n
is the positive normal at point P of the sur-
face, we find that as n moves around the
surface it reverses its original direction when
it reaches P again. If we tried to color only
one side of the surface we would find the
whole thing colored. This surface, called a
Moebius strip, is an example of a one-sided
surface. This is sometimes called a non-
orientable surface, A two-sided surface is
orientable.

THE DIVERGENCE THEOREM

6.30.

Prove the divergence theorem.

Bevw 7w faluul

Fig. 6-23

Let S be a closed surface which is such that any line parallel to the coordinate axes cuts S in at
most two points. Assume the equations of the lower and upper portions, S, and S,, to be z = f,(x, y)

and 2z = fy(x,y) respectively. Denote the projection of the surface on the xzy plane by R.
Consider

Y| dA @ 94

5w = [ paae = ff[f7 Falwe
v v R z=fi(z,y)

ff A3(x, Y, Z) f dy dx = f [A3(x) Y, f2) - A3(x’ Y, fl)] dy dx

R R

For the upper portion S,, dydz = cosy,dS, = k+n,dS, since the normal n, to S, makes an
acute angle vy, with k.

f2
2=




170 MULTIPLE, LINE AND SURFACE INTEGRALS. INTEGRAL THEOREMS [CHAP. 6

For the lower portion S;, dydx = —cosy;dS; = —k-n;dS; since the normal n, to S, makes
an obtuse angle y, with k.
Then ff Ayx,y,fo)dydx = ff Azk*ng dS,
R Sz

fj Ag(x,y, f1) dy dx - ff Azken,dS,
®

{fAs(x:%fz) dy dx — {fAs(x,y;f1) dydz = {!Ask'nzdsz + {‘;I‘Ask’lh ds,
ffAsk'ndS
s

so that . J:foa—;%dV = {f Agk+ndS (03]

Similarly, by projecting S on the other coordinate planes,

fff%dV = ffAlionds @
\ 4 S
fff%dV = ffAzj-nds )
\ 4 S

and

Adding (1), (2) and (3),

0A; A, 94, J‘J‘ . .
fff <—a'; +W+3;> av (Ai+ A5+ Agk) ndS
v s
or fij-AdV ffA’ndS
v s

The theorem can be extended to surfaces which are such that lines parallel to the coordinate
axes meet them in more than two points. To establish this extension, subdivide the region bounded
by S into subregions whose surfaces do satisfy this cundition. The procedure is analogous to that
used in Green’s theorem for the plane.

i

6.31. Verify the divergence theorem for A = (2% — 2)i + 2*yj — 22k taken over the region
bounded by #=0, x=1,y=0, y=1, 2=0, z=1.

We first evaluate f A +ndS where S is the

s
surface of the cube in Fig, 6-24.

Face DEFG: n =i, x =1. Then
1 1

ffA*ndS = f f {@—2)i+j -22k}-idydz
0 0

DEFG
1 1
f f 2—~2)dydz = 38/2
o o

Face ABCO: n=—i, x =0. Then

ffA-nds = j;lj;l(—zi)-(—i)dydz

ABCO
1 1
= f f zdydz = 1/2 Fig. 6-24
0 Yo
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Face ABEF: n=3j, y=1. Then

1 1 1 1
f A*'ndS = f f {(2x — 2)i + x2j — 222k} jdedz = f f x2dxdz = 1/3
o Yo 0 Yo

ABEF

Face OGDC: n=—j, y =0. Then
1
fA-ndS = f f {(2x — 2)i — 222k} * (—j)dzdz = 0
o Yo

oGDC

Face BCDE: n =k, 2z=1. Then

1 1 o1
f A'ndS = f f {(@x —1)i + x2yj — zk} + kdzdy = f f —zdedy = -—-1/2
0o Yo

0 0
BCDE

Face AFGO: n= -k, 2z=0. Then

ffA~ndS = £1£1{2xi—x%j}°(—k)dxdy = 0

AFGO

Adding, ffa-nds =3+1+3+0—4+0=1 Since
S

1 1 1 11
ff VeAdV = f f f 2+ 22—2x2)dxdydz = 3
v 0 (1] 0

the divergence theorem is verified in this case.

6.32. Evaluate jf r-ndS, where S is a closed surface.
S

By the divergence theorem,

[fronas = fff v
fff <ax J+—k>-(xi+yj+zk)dv
(ff (zegez)or = offfov - o

where V is the volume enclosed by S.

6.33. Evaluate jf [x22dy dz + (2%y — 2®) dzdx + (22y + y*2) dx dy] where S is the entire
S

surface of the hemispherical region bounded by 2z =1Ve*—2>—9% and 2=0 (a) by
the divergence theorem (Green’s theorem in space), (b) directly.

(a) Since dydz = dScosa, dzde = dScosB, dedy = dScosy, the integral can be written
ff {xz2cosa + (x2y—28) cos B + (2xy + y22) cosy}dS = fj A+ndS
s s

where A = x2% + (x2y —23)j + (22y + y22)k and n = (cos )i + (cos B)j + (cos y)k, the out-
ward drawn unit normal.

Then by the divergence theorem the integral equals

ff VeAdV = fff {% @22) + (% (@2 — ) + a"—z 2wy + yzz)} av = ff (@2 + 92 + 22) AV
\ 4 \ 4 v

where V is the region bounded by the hemisphere and the xy plane.
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By use of spherical coordinates, this integral is equal to
/2 w2 pa oras
4f f f r2er2sing drdode = ——Tsa
=0 =0 r=0

(b) If S, is the convex surface of the hemispherical region and S, is the base (z =0), then

Vai-y2 Vatlyt
ffxzzdydz = f f zzvaz—uz—rdzdu— f f — 22/a2 —y2—22dzdy

Var-zt
f (w2y —2%) dadx = f f {2V a2 — 22— 22 — 23} dz dx
z=-a"z=0
S a 2zt
a X
- f f (o E—E =7~ ) dedx
z=-a"%2=0

2 _ 22
ff (2xy + y22) dx dy f f oo {2xy + y2Va2 — 22— y2} dy dx
S,

T=—a" y=-— Vaz-z2

ff x22dydz = 0, ff (x%2y —2%)dzdx = 0
S, Sy

a Vat-z2
f Qxy +y2z)dxdy = f {2xy + y2(0)}ydxdy = f f 2xydyde = 0
Se Sy z=—aYy=--Vat_z2

By addition of the above, we obtain

a2-y2 Va-zt
4f f 2Va2—y2—22dzdy + 4f f x2Va? — 22— 22dz dx
Vaz-zt
+ 4f f y2Va2—x2—y2dyde
z=0"y=0

Since by symmetry all these integrals are equal, the result is, on using polar coordinates,

27a’

a a?-zx2 /2 a
12f f et —x2—y2dyde = 12f f p2sin2¢VaZ—p2pdpdy = 5
z=0Yy=0 =0 " p=0

STOKES’ THEOREM
6.34. Prove Stokes’ theorem.

Let S be a surface which is such that its
projections on the xy, yz and xz planes are
regions bounded by simple closed curves, as indi-
cated in Fig. 6-26. Assume S to have represen-
tation z = f(x,y) or x =g(y,2) or y = h(z,2),
where f, g, h are single-valued, continuous and
differentiable functions. We must show that

ff(VxA)-nds

ff [V X (A4i+ Aqyj + Ak)] *ndS

fA°dr
c

where C is the boundary of S.

Consider first ff [V X (A,i)] *ndS. Fig.6-25
s
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i j k
, W _la 8 o _ 04, 04,
Since V X (4,i) = w 3y oz Pyl Wk’
A, 0 0
04, oA,
] » = (X, - Zlh k) dS 1
[VX(4,)]*ndS <az nej " n k> )

If z=f(z,y) is taken as the equation of S, then the position vector to any point of Sis r = xi+

yj+zk=zxi+yj+ f(x,y)k so that g—; = j+gf7k = j+g—£—k. But g; is a vector tangent to S
and thus perpendicular to n, so that
= e +Qin°k = 0 or n*j = -—Qin-k
n y ) oy y
Substitute in (I) to obtain
aAl 3111 3A1 3z aAl
ey — . = 19z - —1h. d
<azn) aunk)dS <azay k aynk S
VX (4,D)]ndS = e s K/ Y 2
or [ X( ll)]n = - W'f‘?z—a—y n ()

N S, 4 =4 1l = Fiz,y); hence o %410z _OF 0o become
owon S, A(x,y,2) = Az, y,f(x,¥)] = F(z,y); hence F z oy — 3y oM (2) becomes

. ) = OF
[VX(Ai)]*ndS = 3y n*kdS = 3y dx dy
. oF
Then f [VX(441)]+ndS = ff ———dzdy
s R 3y

where R is the projection of S on the xy plane., By Green’s theorem for the plane the last integral
equals § F dx where T' is the boundary of ®. Since at each point (x,y) of T' the value of F' is the
r

same as the value of A, at each point (x,y,2) of C, and since dx is the same for both curves, we

must have
§ Fdx = § A dx
r o

or ff [VX(Ad)]*ndS = §A1dx
s (o4
Similarly, by projections on the other coordinate planes,

£f[VX(Ag‘)]-ndS = ﬂAzdy, Lf[VX(Ask)]ondS = £A3dz

Thus by addition,

f (VXA)endS = £A°dr

S

The theorem is also valid for surfaces S which may not satisfy the restrictions imposed above.
For assume that S can be subdivided into surfaces S,,S,,...,S, with boundaries C,,C,, ..., C;
which do satisfy the restrictions. Then Stokes’ theorem holds for each such surface. Adding
these surface integrals, the total surface integral over S is obtained. Adding the corresponding line
integrals over C,,C,, ..., C,, the line integral over C is obtained.
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6.35.

6.36.
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Verify Stokes’ theorem for A = 3yi — xzj + y2*k, where S is the surface of the
paraboloid 2z =x2+92 bounded by z=2 and C is
its boundary.

The boundary C of S is a circle with equations #2 4 y2 = 4,

z =2 and parametric equations « = 2 cost, y = 2sint, 2 = 2,
where 0 =t < 2. Then

§A°dr = §[3ydx—xzdy+yz2dz]
¢ ¢

0
= f [8(2 sin £)(—2 sin t) dt — (2 cos )(2)(2 cos t) dt]
2r

2w
= (12 sin?t + 8 cos2 t) dt = 20«
0

Also,
i j k
=& & 3 e
VXA = % 3y 3z (22+x)i — (2 + 3)k
3y —xz y22 Fig. 6-26

V(@2+y2—-2z)  zi+yj—k

and n = V2 +y2~2z)] — M r 1

Then f (VXA)*ndS f (VXA)-nﬁlx.d]i/] = ff(xz2+x2+z+3)dxdy
S R R

2 2\ 2 2 2
= ff{x(x—;—”—> +x2+x—1;i+3}dxdy
R

In polar coordinates this becomes

27 2
f f {(p cos ¢)(p4/2) + p2 cos2 ¢ + p2/2 + 8} p dod¢p = 20r
=0 " p=0

Prove that a necessary and sufficient condition that f A+dr=0 for every closed
curve C is that ¥ X A =0 identically. ¢

Sufficiency. Suppose VXA =0. Then by Stokes’ theorem

£A-dr = fsf(VxA).nds = 0

Suppose § A+dr =0 around every closed path C, and assume V X A # 0 at some point P.
c

Then assuming V X A is continuous there will be a region with P as an interior point, where
V XA #0. Let S be a surface contained in this region whose normal n at each point has the same
direction as VX A,ie. VXA = an where « is a positive constant. Let C be the boundary of S.
Then by Stokes’ theorem

£A-dr = ff(VXA)-ndS = affn°ndS > 0
s s

which contradicts the hypothesis that § A-dr = 0 and shows that VXA = 0,
c

Necessity.

It follows that VXA =0 is also a necessary and sufficient condition for a line integral

2
f A-dr to be independent of the path joining points P, and P,.
Py
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6.37.

6.38.

Prove that a necessary and sufficient condition that Y xA =0 is that A= Ve¢.
Sufficiency. If A= Vg, then VXA =V X Vg =0 by Problem 5.80, page 144.

Necessity.
If VXA=0, then by Problem 6.36, § A+dr = 0 around every closed path and f A-dr
c
is independent of the path joining two points which we take as (a,b,¢) and (z,y,2). Let us define

(z,¥,2) (x,y,2)
¢(x’yvz) = f A'dl’ = f [Aldx +A2dy+.43dz]
(a,b,c) (a,b,¢)
Then
(x+ A%, ¥,2)
le+ A%, y,2) — ¢(x, 94, 2) = f [A,dx + A, dy + Ay d7]
(z,9,2)

Since the last integral is independent of the path joining (x,y,2) and (x + Ax,y,?), we can
choose the path to be a straight line joining these points so that dy and dz are zero. Then

(x+A4Az,y,2)

pet Az, y,2) — 9@,y 2) _ L Ajde = Ax+68x,y,2) 0<6<1
Ax Ax (z,¥9,2)

where we have applied the law of the mean for integrals.
Taking the limit of both sides as Ax = 0 gives d¢/ox = 4,.

Similarly we can show that a¢/dy = A,, 9¢/dz = As.
a4 _ 0 . e, _
Thus A = Aji+ 4, + Ak = axl+ ay]+ azk = Ve¢.

(¢) Prove that a necessary and sufficient condition that A,dxz + A.dy + Asdz = d¢,
an exact differential, is that Y X A =0 where A = A4i + A.j + 4:k.

(b) Show that in such case,

(%9, Y2.29) (xg,¥2,2)
§. [Aide + Asdy + Asde] = dp = ¢leoyn2) — (21, U1,2)

Z1,¥1,21) T1¥1,%y)

(a) Necessity. If A dx + A,dy + Azdz

I

_ 3 g g 02
de = axdx+audy+azdz, then

9 9 _ 3 _
1) Pl 4, 2 3y A, (3) 3z Ajg

Then by differentiating we have, assuming continuity of the partial derivatives,
a4,  9A, 84, 04, 3A,  8A,

ay ~ ox’ az oy’ 9z ox

which is precisely the condition V X A = 0.
Another method. If A ;dx + A,dy + Aydz = dg, then
4 . _ 3. 98, B8, _
A = Aji+ A4+ Ak = ax‘+ay’+azk = V¢
from which VXA =V X V¢g=0.

Sufficiency. If V X A =0, then by Problem 6.37, A= V¢ and

Ajdz + Aydy + Azdz = A-dr = vdr = 2 a9 9 4, =
1 2dy 3dz dr Veedr axda:-+-aydy+azdz = d¢

(x,y,2)
(b) From part (a), ¢(x,¥,2) = f [A1dx + Ay dy + Agdz].
(a,b,¢)
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Then omitting the integrand A, dx + A, dy + Azdz, we have

(x2,¥9,29) (Z9,¥2, 22) (xy,¥1,2;)
f = f - f = $(% Y2, 20) — ¢(®1, Y1, %)
( (a,b,c) (a,b,c)

Xy, Y1,2p)

6.39. (¢) Prove that F = (222°+ 6y)i + (6x —2yz)j + (8x**—y»k is a conservative force
field. (b) Evaluate f F-dr where C is any path from (1,—1,1) to (2,1,-1). (c) Give
c
a physical interpretation of the results.

(a) A force field F is conservative if the line integral f F+dr is independent of the path C joining
c

any two points. A necessary and sufficient condition that F be conservative is that V X F = 0.

i j k
. d a d _ . .
Since here V XF = — — - = 0, F is conservative.
dx oy 9z

2223 + 6y 6x — 2yz 3x%2 — y?

(b) Method 1.
By Problem 6.38, F-dr = (2223 + 6y) dx + (6x — 2yz) dy + (32222 — y2) dz is an exact dif-
ferential dp, where ¢ is such that

¢ _ 3 do _ _ 9 _ g.0,9 _ .2
(1) - = 2x2°+ 6y (2) 3y 6x — 2yz & 3 32222 — y

From these we obtain respectively
p = 223+ 6xy + fi(y,2) ¢ = 6xy — Yyl + folx,2) ¢ = 228 —yZz 4+ f3(x,9)
These are consistent if f,(y,2) = —y2z2+ ¢, fo(x,2) = 222+ ¢, fa(x,y) = 62y + ¢ in which case

¢ = 2223 + 62y —y2z+¢. Thus by Problem 6.38,

2,1,-1 (2,1, -1)
f Fedr = 2223 + 62y — 922 + ¢ = 15
(1, -1, a, -1,

Alternatively we may notice by inspection that
Fedr = (2x28dx + 32222d2) + (6ydx + 6xdy) — (2yzdy + y2dz)
d(x223) + d(6xy) — d(y?2) = d(x223 + 6xy — Y2z + ¢)

from which ¢ is determined.

Method 2.

Since the integral is independent of the path, we can choose any path to evaluate it; in
particular we can choose the path consisting of straight lines from (1,—1,1) to (2,-1,1), then
to (2,1,1) and then to (2,1,—1). The result is

2 1 -1
f (2x—6)dx + f 12—2y)dy + f (1222—1)dz = 15
z=1 y=—1 z=1

where the first integral is obtained from the line integral by placing y = -1, z=1, dy = 0,
dz = 0; the second integral by placing x =2, 2 =1, de =0, d2 = 0; and the third integral by
placing =2, y=1,dx =0, dy = 0.

(¢) Physically f F + dr represents the work done in moving an object from (1,—1,1) to (2,1, —1)
c

along C. In a conservative force field the work done is independent of the path C joining these
points.
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Supplementary Problems
DOUBLE INTEGRALS

6.40. (a) Sketch the region ® in the xy plane bounded by y2=2x and y = . (b) Find the area of R.
(¢) Find the polar moment of inertia of ® assuming constant density o.

6.41. Find the centroid of the region in the preceding problem.

6.42. Given f f (x +y)dxdy. (a) Sketch the region and give a possible physical interpretation
3 z=1
of the double integral. (b) Interchange the order of integration. (c) Evaluate the double integral.

2 z 4 2

6.43. Show that sin™% dy dx + sin™% dyde = 4(r + 2) )
3
z=1Yy=vE 2y z=2Vy=vE 2y =

6.44. Find the volume of the tetrahedron bounded by x/a+y/b+z/c =1 and the coordinate planes.
6.45. Find the volume of the region bounded by z=22+y2, 2=0, x=—a, 2 =@, y = —a, ¥y = a.

6.46. Find (a) the moment of inertia about the z axis and (b) the centroid of the region in Problem 6.45
assuming a constant density o.

TRIPLE INTEGRALS

6.47. (a) Evaluate f f f xyzdzdy dx. (b) Give a physical interpretation to the integral
in (a) y=0 x2+y2

6.48. Find the (a) volume and (b) centroid of the region in the first octant bounded by z/a + y/b+z/¢c =1,
where a, b, ¢ are positive.

6.49. Find the (a) moment of inertia and (b) radius of gyration about the z axis of the region in
Problem 6.48.

6.50. Find the mass of the region corresponding to 22+ y2+22=4, 220,y =0, z= 0, if the density
is equal to xyz.

6.51. Find the volume of the region bounded by 2z = 22+ y2 and z = 2z.
TRANSFORMATION OF DOUBLE INTEGRALS

6.52, Evaluate ff V2 + y? dx dy, where R is the region 22+ y2 =< a2,
R
6.53. If R is the region of Problem 6.52, evaluate ff e~ (T gy dy.

6.54. By using the transformation x+y = u, y = uv, show that

1 1-x -1
f f e dydy = %
z=0 “ y=0 2

6.55. Find the area of the region bounded by xy =4, xy =8, xy% =5, xy® = 15. [Hint. Let xy = u,
xy® = 0.

6.56. Show that the volume generated by revolving the region in the first quadrant bounded by the
parabolas y? =2, y2=8wx, 2=y, 2= 8y about the z axis is 279r/2. [Hint. Let y2= ux,
22 = vy.]

6.57. Find the area of the region in the first quadrant bounded by y = 3, y = 423, x = 3, x = 498,

6.58. Let ® be the region bounded by x+y =1, 2 =0, y = 0. Show that ff cos( >dx dy = sin 1,
[Hint, Let 2~y =u, x+y =]

TRANSFORMATION OF TRIPLE INTEGRALS
6.59. Find the volume of the region bounded by z =4—22—y%2 and the zy plane.

6.60. Find the centroid of the region in Problem 6.59, assuming constant density o.
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6.61.

6.62.

6.63.

6.64.

6.65.

6.66.
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(a) Evaluate fff Va2 + y2 + 22dx dy dz, where ® is the region bounded by the plane z =38 and
R

the cone z = Va2+y2. (b) Give a physical interpretation of the integral in (a). [Hint. Perform the
integration in cylindrical coordinates in the order o, z, ¢.]

Show that the volume of the region bounded by the cone 2z = Vx2+y2 and the paraboloid
z=2x2+4+y? is #/6.
Find the moment of inertia of a right circular cylinder of radius a and height b, about its axis if

the density is proportional to the distance from the axis.

(a) Evaluate fff @t dx ygid:z)s 75 » where R is the region bounded by the spheres x2+y2+ 22 = a2

and :t:2+;/2+z2 b2 where a > b > 0. (b) Give a physical interpretation of the integral in (a).

(a) Find the volume of the region bounded above by the sphere r = 2a coss, and below by the cone
¢ = a wWhere 0 < a < z/2. (b) Discuss the case « = #/2.

Find the centroid of a hemispherical shell having outer radius ¢ and inner radius b if the density
(a) is constant, (b) varies as the square of the distance from the base. Discuss the case a = b.

LINE INTEGRALS

6.67.

6.68.

6.69.

6.70.

6.71.

6.72.

6.73.

(4,2)
Evaluate f [(x+y)de + (y —x) dy] along (a) the parabola y2 ==, (b) a straight line,
«a,

(¢) straight lmes from (1,1) to (1,2) and then to (4,2), (d) the curve x =22+ ¢+ 1, y =2+ 1.

Evaluate § [(@x —y + 4) dx + (5y + 3x — 6) dy] around a triangle in the xy plane with vertices at

(0,0), (3,0), (3,2) traversed in a counterclockwise direction.

Evaluate the line integral in the preceding problem around a circle of radius 4 with center at (0, 0).

(@) If F = (22— y2)i + 2xyj, evaluate fF'dr along the curve C in the xy plane given by
c
y = 22— from the point (1,0) to (2,2). (b) Interpret physically the result obtained.

Evaluate f (2« + y) ds, where C is the curve in the xy plane given by 22+ %2 =25 and 8 is the
c
arc length parameter, from the point (3,4) to (4,8) along the shortest path.

If = (8x— 2y)i + (¥ + 22)j — 2%k, evaluate f Fedr from (0,0,0) to (1,1,1), where C is a path
fos

consisting of (a) the curve x = ¢, y =2, 2 = t3, (b) a straight line joining these points, (¢) the

straight lines from (0,0,0) to (0,1,0), then to (0,1,1) and then to (1,1,1), (d) the curve =z = 22,

z = y2

If T is the unit tangent vector to a curve C (plane or space curve) and F is a given force field, prove

that under appropriate conditions f Fedr = f F+Tds where s is the arc length parameter.
c c

Interpret the result physically and geometrically.

GREEN’S THEOREM IN THE PLANE. INDEPENDENCE OF THE PATH

6.74.

6.75,

Verify Green’s theorem in the plane for § [(x2 — xy?) dx + (y2 — 22y) dy] where C is Q square with
vertices at (0,0), (2,0), (2, 2), (0,2). ¢

Evaluate the line integrals of (a) Problem 6.68 and (b) Problem 6.69 by Green’s theorem.
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6.76. (a) Let C be any simple closed curve bounding a region having area A. Prove that if a,, a5 a3,
by, by, by are constants,

§ [(ayx +asy + az)dx + (Byx+ by +by)dy] = (by—axd
c

(b) Under what conditions will the line integral around any path C be zero?
6.77. Find the area bounded by the hypocycloid «2/3 + y2/3 = a2/3,

[Hint. Parametric equations are x = acos3t, y =asindt, 0 =t = 27.)

678, If x=pcos¢, y = psing, prove that 1 § [xdy —ydx) = éf p2ds and interpret,

6.79. Verify Green’s theorem in the plane for f [(23 — x2y) dx + xy2 dy), where C is the boundary of the
c

region enclosed by the circles 22+ %2 =4 and 22+ y2 = 16.

@n
6.80. (a) Prove that f [(@xy — vt + 3) dx + (x2 — 4xy?) dy] is independent of the path joining (1,0)
1,0
and (2,1). (b) Evaluate the integral in (a).

6.81. Evaluate f [(2xy® — y2 cos x) dx + (1 —2y sin x + 3x2y2) dy] along the parabola 2x = 7y? from
c

(0,0) to (=/2,1).

6.82. Evaluate the line integral in the preceding problem around a parallelogram with vertices at (0,0),
3,0), (5,2), (2,2).

6.83. Prove that if x = f(u,v), y = g(«,v) defines a transformation which maps a region ® of the
zy plane into a region R’ of the uv plane then

_ iz, u)'

f dedy = f,ﬂ a(u, v) dudv

R R’

by using Green’s theorem on the integral %f [x dy — y dx] and interpret geometrically.
c

SURFACE INTEGRALS
6.84. (a) Evaluate ff (22 + y?) dS, where S is the surface of the cone 22 = 3(x2+ »2) bounded by z =10
S

and z = 3. (b) Interpret physically the result in (a).

6.85. Determine the surface area of the plane 22 +y +22=16 cutoff by (@) x =0,y =0, =2,y = 8,
b) x =0,y =0 and 2«2+ y2 = 64,

6.86. Find the surface area of the paraboloid 2z = x2+ y2 which is outside the cone 2z = Va2+ y2.
6.87. Find the area of the surface of the cone 22 = 3(x2+ y2) cut out by the paraboloid z = x2+ y2.

6.88. Find the surface area of the region common to the intersecting cylinders 22+ 2= a2 and
22+ 22 = a2,

6.89. (a) Show that in general the equation r = r(ux,v) geometrically represents a surface. (b) Discuss
the geometric significance of u = ¢;, v = ¢, where ¢, and ¢, are constants. (¢) Prove that the
element of arc length on this surface is given by

ds2 = Edu? + 2Fdudv + Gdv2
— or or = 9r or - or or
where E = ou au’ T eu av’ T v v’

6.90. (a) Referring to Problem 6.89, show that the element of surface area is given by dS = VEG — F2 du dv.
(b) Deduce from (a) that the area of a surface r = r(x,v) is ff VEG — F2du dv.
s

or or| _ [fax ar\, for or denti
S X | = \f(au X av> <au X%> and then use the identity

(AXB)+ (CXD) = (A-C)B+D) — (A+D)B-C).

[Hint. Use the fact that
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691. (a) Prove that r = (a sinu cosv)i + a(sinu sinv)j + (e cosu)k, 0 =u =7, 0 = v < 27 represents a
sphere of radius a. (b) Use Problem 6.90 to show that the surface area of this sphere is 47a2.

THE DIVERGENCE THEOREM

6.92. Verify the divergence theorem for A = (2xy + 2)i + y2j — (x + 3y)k taken over the region bounded
by 2¢+2y+2=6,2=0,y=0,2z=0.

6.93. Evaluate ff FendS, where F = (22— x)i— xyj+ 82k and S is the surface of the region

s
bounded by z=4—%2% x =0, x =3 and the zy plane.

6.94. Evaluate ff A+ndS, where A = 2o+ 32)i — (xz+y)j + (¥2+22)k and S is the surface of the

s
sphere having center at (3,—1,2) and radius 3.

6.95. Determine the value of ff [* dy dz + y dzdx + z dx dy), where S is the surface of the region

S
bounded by the cylinder 22+ y2 =9 and the planes z = 0 and z = 3, (a) by using the divergence
theorem, (b) directly.

6.96. Evaluate ff [4xzdy dz — y2 dz dx + yz dx dy], where S is the surface of the cube bounded by
S

x=0,y=0,2=0,2=1,y=1, 2=1, (a) directly, (b) by Green’s theorem in space (divergence
theorem).

6.97. Prove that ff (VXA)*ndS =0 for any closed surface S.
s

6.98. Prove that ff ndS =0, where n is the outward drawn normal to any closed surface S.
s

6.99. If n is the unit outward drawn normal to any closed surface S bounding the region V, prove that

ff divndV = S
v
STOKES’ THEOREM

6.100. Verify Stokes’ theorem for A = 2yi-+ 3xj — 22k, where S is the upper half surface of the sphere
22+ 9y2+22=9 and C is its boundary.

6.101. Verify Stokes’ theorem for A = (y +2)i — xzj + y?k, where S is the surface of the region in the

first octant bounded by 2x+2z =6 and y = 2 which is not included in the (a) xy plane, (b) plane
¥ =2, (c) plane 2x+ 2 =6 and C is the corresponding boundary.

6.102., Evaluate ff (VX A)*ndS, where A = (x—2)i+ (x3+ y2)j — 8xy%k and S is the surface of the
s
cone z = 2 —Vx2+ y2 above the zy plane.

6.103. If V is a region bounded by a closed surface S and B = V X A, prove that ff B+ndS = 0.
s

6.104. (a) Prove that F = (2xy +3)i + (22 —4z)j — 4yk is a conservative force field. (b) Find ¢ such
that F = V¢. (¢) Evaluate f F + dr, where C is any path from (3,—1,2) to (2,1,—1).
c

6.105. Let C be any path joining any point on the sphere #2+y2+ 22 = a2 to any point on the sphere
22+ y2+ 22 = b2, Show that if F = b6r3r, where r = xi+ yj+ 2k, then f Fedr = b5 — a5,
c

6.106. In Problem 6.105 evaluate f Fedr if F = f(r)r, where f(r) is assumed to be continuous,
c
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6.107.

6.108.

6.40.

6.41.

6.42.

6.44.
6.45.

6.46.

6.47.
6.48.
6.49.
6.50.
6.51.
6.52.
6.53.
6.55.
6.57.
6.59.
6.60.
6.61.
6.63.
6.64.
6.65.

6.66.

6.67.
6.68.

6.69.

Determine whether there is a function ¢ such that F = V¢, where:
(@) F = (xz—y)i+ (22y + 23)j + (Bz22 — xy)k.
(b) F = 2xe~vi + (cos z— x2¢~¥)j — (y sinz)k. If so, find it.

Solve the differential equation (28 — 4xy)dx + (6y —222)dy + (8x22+1)dz = 0.

Answers to Supplementary Problems

(b) 2/3; (c) 480/35 = 72M /35, where M 6.70. (a) 124/15
is the mass of R.

6.71. 15
2=4/5, y=1
6.72. (a) 28/15, (b) 5/8, (c) 0, (d)18/30
2 4—22
(b) f f (x+y)dydx, (c) 241/60 6.74. Common value = 8
z=1Yy=0
6.76. (b) az = b,
abe/6
6.77. 37a?/8
8a4/3
6.79. Common value = 120r

(a) 12q8, = %Mtﬂ, where M = mass;

45
®) 2=§=0, 2= za 680. (b)5

(a) 3/8 6.81. 71’2/4
(@) abe/6; (b) & = a4, § = b/4, & = c/4 682. 0
684. (a) 97

(@) M(az+ b2)/10, (b) V(a2 + b2)/10
6.85. (a)9, (b)24r

4/3
/2 6.86. $7(5V5—1)
L 687. 6r
7(l — e—a%) 6.88. 16a2
21In3 6.92. Common value = 27
1/8 6.93. 16
8 6.94. 108~
G=§=0 2=4 6.95. 8lr
27r(2y/3 — 1)/2 6.96. 3/2
6.100. Common value = 9r

$Ma2
6.101. The common value is

(a) 47 In (a/b) (@) =6, (b) —9, (c) —18

47a¥(1 — costa)

6.102, 12~
Taking the z-axis as axis of symmetry: 6.104. (b) & = x%y — 4yz + 3x + constant
(@) 2 =7 =0, z= §(a*— b¥)/(a® — b3); ’
b
(b) 2=9=0, 2= §a®—b%)/(a®—b%) 6.106. f 7 f(r) dr

(a) 34/3, (b) 11, (c) 14, (d) 32/3 ¢
6.107. (a) ¢ does not exist.

12 () ¢ = x2¢~¥ + y cosz + constant

64r 6.108. x23 — 222y + 3y2 + 2 = constant

181
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Chapter 7

PERIODIC FUNCTIONS

A function f(z) is said to have a period T or to be periodic with period T if for all z,
f(x+T) = f(x), where T is a positive constant. The least value of T >0 is called the

least period or simply the period of f(x).

Example 1. The function sin x has periods 2r, 47, 67, .. ., since sin (x +27), sin (x +4x), sin (¥ + 67),
. all equal sin x. However, 27 is the least period or the period of sinx.

Example 2. The period of sinnx or cos nx, where n is a positive integer, is 2z/n.
Example 3. The period of tan x is .
Example 4. A constant has any positive number as period.

Other examples of periodic functions are shown in the graphs of Figures 7-1(a), (b)
and (¢) below.

@) % f(2) :g ,(2)——20
s ~ [ [ [ [,
/ /] S/
(a) (%) (o)

Fig.7-1

FOURIER SERIES

Let f(x) be defined in the interval (—L, L) and outside of this interval by f(x +2L) = f(x),
i.e. assume that f(xr) has the period 2L. The Fourier series or Fourier expansion corre-
sponding to f(x) is given by

ao nwlX
5 + E <a,.cos—L— + basin L> (1)

where the Fourier coefﬁcients a. and b, are
_ lfL nrx
W = 7). f(x) cos~—L—dx
. n=0,12,... 2)
b = lf f(x) sin 2% dz
LJ-. L
If f(x) has the period 2L, the coefficients a, and b. can be determined equivalently
from

1 c+2L —

an = f.j: f(z) cos—L—dx
c+2L Anl (3)

b = z £ f( smT dx

where ¢ is any real number. In the special case ¢ = —L, (3) becomes (2).

182



CHAP. 7] FOURIER SERIES 183

To determine ao in (1), we use (2) or (8) with n=0. For example, from (2) we
a
see that ao= Lf f(x)dx. Note that the constant term in (1) is equal to 5 =

5 Lf f(x) dx, which is the mean of f(x) over a period.

If L=~ the series (I) and the coefficients (2) or (3) are particularly simple. The
function in this case has the period 2.

DIRICHLET CONDITIONS
Theorem 7-1. Suppose that

(1) f(x) is defined and single-valued except possibly at a finite number of
points in (=L, L)
(2) f(x) is periodic outside (—L, L) with period 2L
(8) f(x) and f’(x) are piecewise continuous in (—L, L).
Then the series (1) with coefficients (2) or (3) converges to
(@) f(x) if x is a point of continuity

v 1E+0 : f®=0) 3¢ 4 is a point of discontinuity

In this theorem f(xz+0) and f(x —0) are the right and left hand limits of t(x) at = and
represent ling f(x +¢) and lin; f(x —¢) respectively where ¢> 0. These are often written
Elixgl+ f(x+¢ and lixgl+ f(x —¢) to emphasize that ¢ is approaching zero through positive
values. For a proof see Problems 7.18-7.23.

The conditions (1), (2) and (3) imposed on f(x) are suffictent but not necessary, and
are generally satisfied in practice. There are at present no known necessary and sufficient
conditions for convergence of Fourier series. It is of interest that continuity of f(x) does
not alone insure convergence of a Fourier series.

ODD AND EVEN FUNCTIONS

A function f(x) is called odd if f(—x)=—f(x). Thus % x°®—8x%+ 2z, sinx, tan3x
are odd functions.

A function f(x) is called even if f(—x) = f(x). Thus %, 2z®—4x2+5, cosx, e*+e*
are even functions.

The functions portrayed graphically in Figures 7-1(¢) and 7-1(b) are odd and even
respectively, but that of Fig. 7-1(c) is neither odd nor even.

In the Fourier series corresponding to an odd function, only sine terms can be
present. In the Fourier series corresponding to an even function, only cosine terms (and
possibly a constant which we shall consider a cosine term) can be present.

HALF RANGE FOURIER SINE OR COSINE SERIES

A half range Fourier sine or cosine series is a series in which only sine terms or
only cosine terms are present respectively. When a half range series corresponding to
a given function is desired, the function is generally defined in the interval (0, L) [which
is half of the interval (—L, L), thus accounting for the name half range] and then the
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function is specified as odd or even, so that it is clearly defined in the other half of the
interval, namely (—L,0). In such case, we have

L
an =0, b. = Ef f(x) sin®®dx  for half range sine series
LJ, L 4)

L
b = 0, an = %j‘ f(x) cosz%ai‘dx for half range cosine series
0

PARSEVAL’S IDENTITY states that
1 (" al
1S, vera = F+ T )

if a. and b, are the Fourier coefficients corresponding to f(x) and if f(x) satisfies the Dirichlet
conditions.

DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

Differentiation and integration of Fourier series can be justified by using the theorems
on page 7 which hold for series in general. It must be emphasized, however, that those
theorems provide sufficient conditions and are not necessary. The following theorem for
integration is especially useful.

Theorem 7-2. The Fourier series corresponding to f(x) may be integrated term by term
from a to x, and the resulting series will converge uniformly to f f(u)du

provided that f(x) is piecewise continuous in —L =z = L and both a and x
are in this interval.

COMPLEX NOTATION FOR FOURIER SERIES
Using Euler’s identities,
e = cosd + 1ising, e”¥® = cosfd — t8ind (6)

where i=1/—1 [see Problem 1.61, page 30], the Fourier series for f(x) can be written as

f(x) = i Cn eimrx/l. (7)

n=-—w

1 (" .
where e = 3f j: . f(x) e—inm/L dgg (8)

In writing the equality (?), we are supposing that the Dirichlet conditions are satisfied
and further that f(x) is continuous at x. If f(x) is discontinuous at z, the left side of (?)
f(x +0) + f(x—0)

5 .

should be replaced by

ORTHOGONAL FUNCTIONS

Two vectors A and B are called orthogonal (perpendicular) if A*B=0 or AB,+
A2B>+ A3B3 =0, where A= Aii+Asj+Ask and B = Bii+ Byj+ Bk. Although not geo-
metrically or physically evident, these ideas can be generalized to include vectors with
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more than three components. In particular we can think of a function, say A(x), as being a
vector with an infinity of components (i.e. an infinite dimensional vector), the value of each
component being specified by substituting a particular value of x in some interval (a, b).
It is natural in such case to define two functions, A(x) and B(x), as orthogonal in (a,b) if

J;bA(x) B(x)dz = 0 (9)

A vector A is called a unit vector or normalized vector if its magnitude is unity, i.e.
if A-A=A42=1. Extending the concept, we say that the function A(x) is normal or
normalized in (a, b) if

b
f (A@)de = 1 (10)
From the above it is clear that we can consider a set of functions {¢,(x)}, ¥ =1,2,3,...,

having the properties
b
f 4o @dz = 0 mAn (12)

fb{¢m(x)}2dx =1 m=1,23,... (12)

In such case, each member of the set is orthogonal to every other member of the set and
is also normalized. We call such a set of functions an orthonormal set in (a,b).

The equations (11) and (12) can be summarized by writing

J t@s@a = s, (19)

where &, called Kronecker's symbol, is defined as 0 if m % n and 1 if m = n.

mn?

Just as any vector r in 8 dimensions can be expanded in a set of mutually orthogonal
unit vectors i, j, k in the form r = ¢i + ¢2j + csk, so we consider the possibility of expanding
a function f(z) in a set of orthonormal functions, i.e,,

f@ = ZTos) aesazsb | (14)

Such series, called orthonormal series, are generalizations of Fourier series and are of great
interest and utility both from theoretical and applied viewpoints.

1t [ o @@ = s, (15)

where w(x) =0, we often say that y,(x) and ¢ (x) are orthonormal with respect to the
density function or weight function w(z). In such case the set of functions {yw(x) ¢ (x)) is
an orthonormal set in (a, b).
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Solved Problems
FOURIER SERIES

7.1.  Graph each of the following functions.

[CHAP. 7

(@) f( 8 0<w<h Period = 10
a x = eriod =
) ) -3 -5<zx<0
f(x)
|
~— Period —»
—_—— _— —— ———— ' —_———- ——
3
4
) i i L T ¥ T T T T T
—25 —20 -15 -10 -5 0 3 5-__10 11__30 25___
Fig. 7-2

Since the period is 10, that portion of the graphin —5 < # < 5 (indicated heavy in Fig. 7-2

above) is extended periodically outside this range (indicated dashed).

Note that f(x) is not

defined at z = 0,5,—5,10,—10,15,—15, etc. These values are the discontinuities of f(x).

siny 0=zx=n~ )
(b) f(x) = Period = 2
0 <2< 2n
(=)
Period
\\ //’ \\\ //, \\\ /’
A, Vi A L S vl
—3z —2% - 0 1 4 2 8= 4
Fig. 7-3
Refer to Fig, 7-8 above. Note that f(x) is defined for all z and is continuous everywhere.
0 0=2x<2
(¢) f(®) = 1 2=x2<4 Period=26
0 4=2x2<6
fx)
*— Period —>
- - ==y — - S
1
K|
T T T L T T T L T A T RN o
-12 -10 -8 -6 ~4 -2 o 2 4 [} 8 10 12 14

Fig. 7-4

Refer to Fig. 7-4 above. Note that f(x) is defined for all # and is discontinuous at « = *2,

+4,+8 +10, =14, ...,

L
.k L k
7.2. Prove f sinZ™ 4y = f cosﬂdx =0 if k=1,2,8,....
L
. krx _L Erx |- L L —
f—z. sin —- dx -— or €087 . —k—”coskw+k—;cos(—kw) =0
L
krx _ L . krx _ L . L . _
f_Lcos I der = o S0 L= Esmkw —k—;sm(—kar) =0
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7.3.

L L 0 m=n
Ml Nk _ .. Mmnx Nl _
Prove (a) f €08 —5— cos 7~ dx = f_L sin—= sin I dx = {L me=n

b) f sm—cosnLLxdx =0

where m and n can assume any of the values 1,2,3, ... .

(a) From trigonometry: cosA cos B = }{cos (4 —B) + cos (A + B)}, sind sinB = 3{cos (4 —B) —
cos (A + B)}.

Then, if m » n, we have by Problem 7.2,

L
mrx nrx _ (m— n)n-x (m+ n)rzx -
J‘_L cosTcosde 2f { + cos T }dx 0

Similarly if m » =,

L p—
f sin Z7% gin 27T gy f (m n)n-x — cos (m + n)rz dx
. L L 2)_, L

If m =n, we have

L L
mrx nre 1 2nryx _
f_L cos —7— cos de —2-f_L <l + cos I >dx = L

L L
f sin 7% gin ML gy = lf <1—cos2mrx>dx = L
-L L L 2J)_, L

Note that if m = n = 0 these integrals are equal to 2L and 0 respectively.

|
=

(b) We have sinA cos B = }{sin (4 — B) + sin(4 + B)}. Then by Problem 7.2, if m » =,

L
mrx nra (m — n)wx . (m+n)rx _
f—z, sm—L cos — dx = 2f { + sin I }dx = 0
If m=n,
j‘ L gin TTE L RTE oo j‘ sin 2n1rx - 0
. L L T2 -

The results of parts (a) and (b) remain valid even when the limits of integration —L,L are
replaced by c¢, ¢ 4+ 2L respectively.

If the series A + E <a,. cos 2% L + b.8in an> converges uniformly to f(x) in (~L, L),
show that for n=1,2,3,.

(@) a. = Lf f(x) cos—dx (b) b,.—-—f f(x) sin 7% dz, (¢) A =%,
(a) Multiplying @) = A+ 3 (a,cosZZ+p, sin2Z (1)
n=1 L L
by cos m}:x and integrating from —L to L, using Problem 7.3, we have
f f(x) cos——dx = Af Cos-"yr—xdx (2)
-L

+

Ms

It

n

L
l{a,,J: cos—f—cosnﬂdx + b, f cos% sdex}

L
= azl if m#0

L
Thus Ay = -il;f f(x) cosm—ngx if m=1,2,3,..
-L
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(b) Multiplying () by sin mZx

L L
mnrx
f(x) sin MTge = A f sin dx
.[L L L L

" L
+ 3 a,,f sin 272 cos mdx + b, f sm—sx n 278 gy
e L L L
b, L

and integrating from —L to L, using Problem 7.3, we have

11

Thus b f f(x) sm———dx if m=1,2,8,...

(¢) Integration of (1) from —L to L, using Problem 7.2, gives
L L
f@dz = 24L o A = = f f(@) de
—L 2L)_,

L a
Putting m = 0 in the result of part (a), we find a, = L f(x)dx and so A = 2.
L), 2

The above results also hold when the integration limits —L,L are replaced by ¢,c+2L.

Note that in all parts above, interchange of summation and integration is valid because the
series is assumed to converge uniformly to f(x) in (—L,L). Even when this assumption is not
warranted, the coefficients a,, and b,, as obtained above are called Fourier coefficients corresponding
to f(x), and the corresponding series with these values of a,, and b,, is called the Fourier series
corresponding to f(x). An important problem in this case is to investigate conditions under which
this series actually converges to f(x). Sufficient conditions for this convergence are the Dirichlet
conditions established below.

7.5. (@) Find the Fourier coefficients corresponding to the function

{0 5<x<0

flxy = Period = 10

3 0<x<b

(b) Write the corresponding Fourier series.

(¢) How should f(x) be defined at x = —5, x = 0 and « =5 in order that the Fourier
series will converge to f(x) for —-56=x =5?

The graph of f(x) is shown in Fig. 7-5 below.
f (x)l

—~+— Period —»

=15 -10 -3

Fig. 7-5
(a) Period =2L =10 and L =35. Choose the interval ¢ to ¢+ 2L as —5 to 5, so that ¢ = —5.

Then ) O nrx 1 (° n
a, = Zf f(x)cosde = gf f(x)cos%xdx

5
= f (0) cos ™% dx+f @ cos™Eaxt = 2 (aogtriy,
5 o 5
= 3(5 gpnrz ?
5\ nr 5

)
3(° Orx 3 (°

If n=0, an=a0=—f cos——dx=—f dx = 8.
5J, 5 5J,

0 if n¥0
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1 c+2L
b, = Ef f(x) sm—dx = f f(x) sm——dx

5
= f (0) sin 7mxda: + f (3) sin 2% gy = §f sin 22% gy
5 5/, 5
- 3 _icosm
5 nr 5

(b) The corresponding Fourier series is

[ 2 X TL
2+ §l<a cosL +bsmL>

_ 3(1 —cosnw)
0 nr

3(1 — cosnr) ., nTX
2 nr 5

6/ qn™% 4 Lgpdm® 1 0
+1’_<sm5+3sm5 +5sm5+ >

[-JE-] m!w

(¢) Since f(x) satisfies the Dirichlet conditions, we can say that the series converges to f(x) at all

points of continuity and to fz+0) ; fz—0) at points of discontinuity, At x = —5, 0 and 5,

which are points of discontinuity, the series converges to (8--0)/2 = 38/2 as seen from the
graph. If we redefine f(x) as follows,

8/2 x=-5
0 —5<x2<0
fx) = 3/2 x=0 Period =
3 0<z<5
8/2 x=5

then the series will converge to f(x) for —5 =2x = 5.

76. Expand f(x) =2% 0<x <2r in a Fourier series if (a) the period is 2, (b) the
period is not specified.
(a) The graph of f(x) with period 2= is shown in Fig. 7-6 below.

f(=x)
/ / / / /
/ / // / //
/ / /
/ / / 4 / /
/ / / /7 P /
- - - s . // = - _ x
[ [ T ) I T T
—67 —47 —27 27 47 67
Fig.7-6
Period = 2L =27 and L =7, Choosing ¢ =0, we have
c+2L 2r
@ = T f f(x) cosnT”x de = 1 f 22 cos nx dx
T
. 2T
_ sin nx cos nx —
= Hen() e () e (G - 8 e

2w
If =0, ao=11jf w2de = 87
0

1 c+2L . o
b, = Ef f=x) smn—}:'zdx = vlf 22 sin nx dx
c 1]

_ 1 _gcosnx) sin nx
= ”{(x2)< o > (2x)< o >+(2)(°°;”">}

2 0
Then f(x) = 22 = 4r? g < — cosnx — 47smna:>

27

—47
o n

3
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This is valid for 0 < x < 2r. At x =0 and x = 2r the series converges to 272
(b) If the period is not specified, the Fourier series cannot be determined uniquely in general.
. 1 1 1 w?
7.7. Using the results of Problem 7.6, prove that e + o7 + 3 + .. = g
_ . R 472 < 4
At xz = 0 the Fourier series of Problem 7.6 reduces to 3 + 3 2z
n=1
By the Dirichlet conditions, the series converges at « =0 to 4(0+ 472) = 272,
4n2 < 4 < 1 w2
—_— —_ = 2 —_— = —
Then —2-+ 3 -5 = 2¢% and so 3 .5 = .

ODD AND EVEN FUNCTIONS. HALF RANGE FOURIER SERIES
7.8. Classify each of the following functions according as they are even, odd, or neither

even nor odd.

) f@) 2 0<x<3 Period = 6
a x = riod =
( -2 -8<z<0 ¢

From Fig. 7-7 below it is seen that f(—x) = —f(x), so that the function is odd.

f(=)

cosr O0<zx<m
b) flx) = Period = 2«
(b) f(x) { 0 <z<2 eriod

From Fig. 7-8 below it is seen that the function is neither even nor odd.

f(x)

- 1 -
~ ~
\\\ \ \\\
\ \ x
~ N ™ 0 T | N ™
—2r \\ - \r 2r \\ 37
Sea S

Fig.7-8

(¢) f(x) =2(10—1x), 0 <z <10, Period = 10.

From Fig. 7-9 below the function is seen to be even.

f(2)
T~
// h
\
\ / \ 7/
\ / \ 28 /
N \ /
\N y \ 1 /
I ] ! z
-10 0 H 10
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7.9.

7.10.

711

Show that an even function can have no sine terms in its Fourier expansion.
Method 1.

No sine terms appear if b, =0, n=1,2,8,.... To show this, let us write

L 0 L
— f fo) sin T2 dy = I f f(z) sin Mz + Ilj J; f(z) sin 7% da
—L -L

If we make the transformation x* = —u in the first integral on the right of (I), we obtain
1 fo . MT® 1 (" . nru _ 1 (" . MryU
= f(z) sin——dx = —f f(—w) sin <—-——> du = - —f f(—u) sin——du
LJ_, L LJ, L LJ, L
L L
—%f f(u) sin—n—}:ﬁdu = —%—f f(2) sinndex
0 0

191

)

@

where we have used the fact that for an even function f(—u) = f(u) and in the last step that the
dummy variable of integration u can be replaced by any other symbol, in particular x. Thus from

(1), using (2), we have

L L
1 . T 1 . MTX
b, = ——f f(z) sin——dx + —f f(z) sin——dx = 0
» LJ, L LJ, L
Method 2.
= %S 7%
Assume flz) = 3 + ng <a cos 2% L + b, sin L)
_ % < nrx . NTx
Then f(==2) = 2 + ngl (a,, cos—— — by sin 7= )

If f(z) is even, f(—=z) = f(x). Hence

%o < nrxe) _ %o S LLC nrx
2+ ngl (a cos % L + b, s mT> = 5+ ngl (a,, cos - b, sin—f >
and so 2 b, si nz_x =0, ie. flx) = —+ E a, cosTx

and no sine terms appear.

In a similar manner we can show that an odd function has no cosine terms (or constant term)

in its Fourier expansion.

L
If f(x) is even, show that (a) an = % f fiz) cos = dz, (b) bu=0.
0

(a) a, = L_f f(x)cos—d = Lf f(x)cosmdx+Lf f(x)cos——dx

Letting z = —u

L
f f@) cos = Mx = %J; fl=w c°s<_1£m>d“ = % f f(u) cos n[’:u du

since by definition of an even function f(—u) = f(u). Then

L L
nry nrx _ 2 nre
f f(w) cos—du + LJ; f(2) cosde = LJ; f() cos = dz

(b) This follows by Method 1 of Problem 7.9.

Expand f(z)=sinz, 0 <2 <=, in a Fourier cosine series.

A Fourier series consisting of cosine terms alone is obtained only for an even function. Hence
we extend the definition of f(x) so that it becomes even (dashed part of Fig. 7-10 below). With this
extension, f(x) is then defined in an interval of length 2r. Taking the period as 2», we have

2L = 27 so that L = r.
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fl=)
P -~ -~
N s RN g N\ e SN 7
N v N s \ / N/
AV4 AV] (V4 x
1 [ I I
—27 - T 27
Fig.7-10
By Problem 7.10, b, =0 and
T
a, = f f(x) cos—dx = 12—rf sin z cos nx dx
0
1 . . _ _ 1 cos(n+ = cos(n—Dax | |7
= ”fo {sin (z + nx) + sin (z —nx)} dx ”{ 1 + =1 .
_ 1jl—cos(n+l)w  cos(mn—1)r—1( _ 1§ 1+4cosnr 1+ cosnr
T o n+1 n—1 I n+1 n—1
—2(1 + cos nr) R
Tami—1) if n#1
T In2 T
For n=1, a = Ef sinz coszdx = 28in°z = 0.
J, z 2 o
T T
For n=0, ay = Ef sinzde = -2-(—cosx) = 4
” 0 T 0 T
_ 2 _ 2 < (1+cosnm)
Then flx) = il g ToE—q cosne
_ 2 4 /fcos2zx |, cosdx , cosbx .
o7 7r<22—1+42—1+62—1+ >

712. Expand f(x)=2,0< 2 <2,

in a half range (a) sine series, (b) cosine series.

(a) Extend the definition of the given function to that of the odd function of period 4 shown in

Fig. 7-11 below. This is sometimes called the odd extension of f(x).

Then 2L =4, L=2.

fl=)
/ /7 7/
// 7 //
/
yd o / x
T ya T 7 T A T
-6, -4 -2, 2 74 [ /
7/ / / 7/
7/ 7/ 7/ Ve
Fig. 7-11
Thus e, =0 an
9 (2
bn - Lf f(-’l?) Slnn”x EJ; wsm%xdm
_ 2 nrx nre 2 —
= {(x) <n— cos%) (1) <n2”2 sm%)} . = —cosnr
Then fx) = 2 T COs T smmz"—x
n=1
= 3fgin™® _Lp2m2 1 o Bmx
= 7<sm 2 2 sin 2 + 3 sin 2 >
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(b) Extend the definition of f(x) to that of the even function of period 4 shown in Fig. 7-12 below.
This is the even extension of f(x). Then 2L =4, L =2,

f(zx)
/\ 7\ \ 7\
7 N\ /7 \ \ /7 N\
/7 \ v \ \ 7
¢ . N T 2
-'e ) s 0 2 4 ]
Fig. 7-12

Thus b, =0,

= nzi”z(cosmr—-l) if n#0

o0

— 4 — nxx
Then f®) = 1+ ngl n2”2(°°s"” 1) cos 2

Il

8 T 1 3rx 1 brx
1—;’—2-<cos?+32cosT+52cos 2 + >

It should be noted that the given function f(x) = x, 0 < z < 2, is represented equally well
by the two different series in (a) and (b).

PARSEVAL'’S IDENTITY

7.13. Assuming that the Fourier series corresponding to f(z) converges uniformly to f(x)
in (—L, L), prove Parseval’s identity

1 (" 2 a(2) 2 2
) f@yde = 3+ X (@i +b))
where the integral is assumed to exist.
If f(x) = % + 21 <a,, cosn—? + b, sin%) , then multiplying by f(x) and integrating term
i

by term from —L to L (which is justified since the series is uniformly convergent) we obtain

L L 0 L L
f_L @)rda = 3 @+ 3 {a,. f_L f(@) cos "Trdz + by f_ @ sin’%dx}

a2 )
= —2°L + L3 (a}+b) (1)
n=1

where we have used the results
L nrx L nrx L
f f@) cos™Edz = La,, f ) f) sin™% dz = Lb,, f f@)de = La,  (2)
- - —-L

obtained from the Fourier coefficients.

The required result follows on dividing both sides of (1) by L. Parseval’s identity is valid
under less restrictive conditions than that imposed here.
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7.14.

7.15.
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(@) Write Parseval’s identity corresponding to the Fourier series of Problem 7.12(b).
.1 .1, 1 1
(b) Determine from (a) the sum S of the series Etoatat - + '717+ ceel

(a) Here L =2, a; =2, an=n%2(cosn7r—1), n#0, b,=0.

Then Parseval’s identity becomes

2 2 2 ) 16
%f (f@)2dx = %f 2rdy = (2—2)-+n§lm(cosmr—1)2
-2 -2
8 64/1 1 1 .1, 1 .1, _ ot
Ol‘;o;: 2+F<1—4+§;+5—4‘+"'>, i.e. 1—4+,oq+g4'+ = 96"
1,1 1 1 1.1, 1
® S = ptotxut = <i?+3?+5—4+ >+<§3+F+§+

I
TN

1,1 1 1/1,1, 1,
1_4+§?+5?+"'>+§i<i?+§?+§3+ )

T S . _ =t
9% 16’ from which S = %0

Prove that for all positive integers M,

atz) < 2 2 1 fL 2 d

— = =

g+ 2 (@+b) = 7) (@)rd

where a. and b. are the Fourier coefficients corresponding to f(x), and f(x) is assumed
piecewise continuous in (-L, L).

% S nrx . N7
Let Su(x) = -+ ngl (a,, cos =7~ + b, sin—p, > (1)
For M =1,2,3,... thisis the sequence of partial sums of the Fourier series corresponding to f(x).
L
We have f {f(x) — Sy(z)}2dx = 0 (2)
-L

since the integrand is non-negative. Expanding the integrand, we obtain
L L L
2 [ fwsuwar — [ Shwdr = [ Uenrd ®)
-L -L -L

Multiplying both sides of (I) by 2f(x) and integrating from —L to L, using equations (2) of
Problem 7.13, gives

L a(2, M , )
2 f @ Sulede = 2L {? + 3 @+ bn)} )
Also, squaring (1) and integrating from —L to L, using Problem 7.3, we find
b ap i 2
f Si(x)dz = L{? + 3 (a3,+b,,)} (5)
-L n=1

Substitution of (4) and (5) into (8) and dividing by L yields the required result.
Taking the limit as M — «, we obtain Bessel’s inequality

2 » L
=+ 3 (an+b7) ,%f {f(2))* de ®
n= -L

2

A

If the equality holds, we have Parseval’s identity (Problem 7.13).

We can think of S)(x) as representing an approximation to f(x), while the left hand side of
(2), divided by 2L, represents the mean square error of the approximation. Parseval’s identity
indicates that as M — « the mean square error approaches zero, while Bessel’s inequality indicates
the possibility that this mean square error does not approach zero.

The results are connected with the idea of completeness of an orthonormal set. If, for example,
we were to leave out one or more terms in a Fourier series (say cos 4rx/L, for example) we could
never get the mean square error to approach zero no matter how many terms we took. For an
analogy with 3 dimensional vectors, see Problem 7.46.
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DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES
7.16. (a) Find a Fourier series for f(x)=12% 0<x<2, by 1ntegratmg the series of

Problem 7.12(a). (b) Use (a) to evaluate the series El (—n)2 .
(a) From Problem 7.12(a),

4 T 1 . 272 1 . 3wz
= -— in — — — — —_ —— —— s e e 1
x w<sm2 g sin—5 +3sm2 > 1)
Integrating both sides from 0 to = (applying Theorem 7-2, page 184) and multiplying by 2,
we find 16 . \ . .
= - = ™ _ 2 erx omx _ ..
22 = C -2 (cos 2 22 cos 2 + 32 cos 2 ) (2)
_ 16 1 1 1
where C = w_2<1_2_2+§_4_2+ )

(b) To determine C in another way, note that (2) represents the Fourier cosine series for z2 in
0 <z < 2. Then since L =2 in this case,

= %o 1t I
C_2_Lj;f(x)dx—2oxdx—3

Then from the value of C in (a), we have

Syt o1 1 1. _ 24 7
2 T l-mtm-gt 16°3 12

7.17. Show that term by term differentiation of the series in Problem 7.12(a) is not valid.

Term by term differentiation yields 2 <cos 2 cosg’zr—x + e '%Tx — - > .
Since the nth term of this series does not approach 0, the series does not converge for any

value of .

CONVERGENCE OF FOURIER SERIES

7.18. Prove that (a) %+ cost+cos2t + -+ +cos Mt = —su;(i‘iln-;f )t
lf sin(M + )t 5. _ lf sin(M+4~)tdt_l
2 sin 3t = 2’ 2 sin 4t 2

(a) We have cosntsindt = }{sin (n+ )t — sin(n— })¢}.
Then summing from n =1 to M,
sin 4t{cos t + cos 2t + +- - + cos Mt}

(sin 3¢ — sin §¢) + (sin £t —sin &¢)
+ -+ <sin(M+§)t—sin(M—%)t>

3{sin (M + })t — sin §¢}
On dividing by sin ¢ and adding 1, the required result follows.

It

(b) Integrate the result in (a) from —7 to 0 and 0 to » respectively. This gives the required
results, since the integrals of all the cosine terms are zero.

T
7.19. Prove that lim f(x) sinnxdx = 11m f(x) cosnrdr = 0 if f(x) is piecewise
. Nesoo oV _ -
continuous. i N 2
This follows at once from Problem 7.15, since if the series — + E (a2 + b2) is convergent,
lim a, = llm b, =0. 2
M= 0

The result is sometimes called Riemann’s theorem.
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w

7.20. Prove that Bllim f(x)sin (M +§)xdx = 0 if f(x) is piecewise continuous.
We have
Jw f(@) sin(M + J)xda = fﬂ {f(x) sin }x} cos Mz dz + f {f(x) cos 3x} sin Mz dx

Then the required result follows at once by using the result of Problem 7.19, with f(x) replaced by
f(z) sin 4« and f(x) cos 4z respectively which are piecewise continuous if f(x) is.

The result can also be proved when the integration limits are a and b instead of —» and =,

7.21. Assuming that L ==, i.e. that the Fourier series corresponding to f(x) has period
2L =27, show that

M
Go . 1 sin(M +3)t
Su@) = F+ ,‘21 (an cosnx + b, sinnx) = f fE+2) g1t Sin 3t dt
Using the formulas for the Fourier coefficients with L = », we have

T k.4
a,cosnx + b,sinnx = <% f f(u) cosnu du> cos nx + <if f(u) sin nu du> sin nx
- -

T
=1 f f(u) (cos nu cos nz + sin nu sin nx) du
v
1 w
= 7 f f(u) cos n(u — x) du
-7

Q _]__ v
Also, 7 = 2”f f(u) du

@
Then Sylz) = z + E (a, cosnx + b, sin nz)

= 51;[" flu) du + ; ,21 f_" f(u) cos n(u — =) du

- M
= 1-1; f_, f(w) {—% + ﬂgl cos n(u — x)} du

_ lf’ sin (M + ) (u — x)

- YW osntu—a)

using Problem 7.18, Letting u—x = ¢, we have

—x M+ )t
suw = L7 rero T

-T—X

Since the integrand has period 27, we can replace the interval —z — 2, —x by any other
interval of length 2r, in particular —=,». Thus we obtain the required result.

7.22. Prove that ,
Sule) - (XD fe=0) _ L ( (f(”’”).‘f(x“’)) sin (M + bt dt

T 2 sin ¢
lf" ft+x) — fx+0)\ .
+ = < 2 sin 3¢ sin (M + )t dt
From Problem 7.21,
1 sin (M + -&) 1" sin (M + 1)t
SM(Q?) = f f¢+2) —————— Ssin -&t dt + ;J; f(t+x)Wdt (1)

Multiplying the integrals of Problem 7.18(b) by f(x — 0) and f(x + 0) respectively,

fle+0) + flz—0) _ 1 sin (M + 4)¢ 1 (" sin (M + )t
2 = f fe=0 g gmge -+ . 1@+ 0 =gyt

(2)

Subtracting (2) from (1) yields the required result.
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7.23. If f(x) and f’(x) are piecewise continuous in (—=, =), prove that
f(x +0) + f(x—0)

lim Su (x)
Mes 2
The function f'(_t'f_i;)s;n_f(:?'*'_o) is piecewise continuous in 0 < £ = r because f(x) is piecewise
continuous. i
Also,
lim f(t + =) - flx+0) = lim f(t+x) — flx+0) , .t = lim fit+2) — f(xz+0)
te0+ 2 sin 4t 0+ t 2 sin 3¢ te 0+ t

exists, since by hypothesis f'(x) is piecewise continuous so that the right hand derivative of f(z) at
each z exists.

f(t+ ) — f(x 4+ 0)

s R . . <t=n
Thus 2 sin 3¢ is piecewise continuous in 0 =t =~r
o . ft+z) — fle—0) . . . . in —p = t=
Similarly, 2 sin 3t is piecewise continuous in —7 =t =0,
Then from Problems 7.20 and 7.22, we have
Jim S0) — {f(x SUESE m} =0 o Jin Sy = Ket0tfe=0

ORTHOGONAL FUNCTIONS

7.24. (a) Show that the set of functions
2rx 2rx . 3rx 3rx

. X nr .
1, 8in—-, cos -, sin——, cos——, sin——, COS 7=, .-
forms an orthogonal set in the interval (—L, L).

(b) Determine the corresponding normalizing constants for the set in (a) so that the
set is orthonormal in (—L, L).

(a) This follows at once from the results of Problems 7.2 and 7.3.
(b) By Problem 7.3,

L L
f sin2%dx = L, f cost™™ % 4y = L
-L -L L
L 2 L 2
1 . mrx _ 1 mrx _
Then f_L <."Lsm———L ) dx = 1, f_L (\/’TZCOS_L ) dx = 1
L L 1 \2
Also, f (12dz = 2L  or f <—> dz = 1
-L —L \vaL
Thus the required orthonormal set is given by

2rx 1 2rx

1

e —l—sin”—x l—cos"—x Lsin cos
m’ L L’ﬁ L! VE L ’ VE L’ ..

7.25. Let {¢,(x)} be a set of functions which are mutually orthonormal in (a,b). Prove
that if Y ¢ ¢, (x) converges uniformly to f(x) in (a, ), then
n=1

e, = f 1@ 4@

Multiplying both sides of w
f@) = 3 capa®) (1)

n=1

by ¢,(2) and integrating from a to b, we have
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b o b
f f@) pmi@)dz = 3 cnf $m(®) pa(w) dz @)

where the interchange of integration and summation is justified by using the fact that the series
converges uniformly to f(z). Now since the functions {#,(x)} are mutually orthonormal in (a,d),

we have » 0 mEn
j; @) ga@)de =
so that (2) becomes b
[t onimrds = o @
as required. e

We call the coefficients c,, given by (3) the generalized Fourier coefficients corresponding to
f(x) even though nothing may be known about the convergence of the series in (1), As in the case

o0
of Fourier series, convergence of 3 c, ¢,(x) is then investigated using the coefficients (8). The
n=1

conditions of convergence depend of course on the types of orthonormal functions used.

Supplementary Problems

FOURIER SERIES

7.26.

7.27,

7.28.

7.29.

7.30.

7.31.

7.32.

7.33.

Graph each of the following functions and find their corresponding Fourier series using properties
of even and odd functions wherever applicable.

8 o< —-x —4=x2=0

(@) f(z) = {—8 o< pcd Period 4 b flz) = { e O0=z=<4 Period 8
2z 0=2<3

(¢ f(x) = 4z, 0 < 2 < 10, Period 10 d) flx) = {0 3 <z<o Period 6

In each part of Problem 7.26, tell where the discontinuities of f(x) are located and to what value
the series converges at these discontinuities.

2—2 0<zx<4

Expand f(z) = {x 6 4<z<8 in a Fourier series of period 8.

(a) Expand f(x) =cosz, 0 <x <, in a Fourier sine series.

(b) How should f(x) be defined at =0 and x == so that the series will converge to f(x) for
0= =77

(a) Expand in a Fourier series f(z) =cosz, 0 < 2 < » if the period is =; and (b) compare with
the result of Problem 7.29, explaining the similarities and differences if any.

x 0<x<4
Expand f(z) = in a series of (a) sines, (b) cosines.

88—z 4<zx<8

Prove that for 0 =z = =,

_ <cos2:c_+_cos4:c+cos6:c+ >

(@) x(r—2x) = 1z 2 D

72
6
_ 8 /sinx sm3x sin bx
®) zr—2z) = ;< + 5 +>

Use Problem 7.32 to show that
2

. w_1_=ﬁ ”(—1)"_1__77_ (1)"'_73
@2E=% OI——=5 © E. T = 5
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1,1 1 1.1 1 _ 3%

7.34. Show that 13 + 33 B® 73 + 93 118 = 'm—.
DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES
7.35. (a) Show that for —r < 2 <=,

s = 2<smm_sm2w+sm3x_ >

1 2 3
(b) By integrating the result of (a), show that for —r = ¢ ==,
2
2 = T4 <cos:v _ cos2z +cos3:c _ >

-8 12 22 32
(¢) By integrating the result of (b), show that for —r =2 = »,

. in 2 in3
2r—2)(r+x) = 12 <81]gx—81;3x+51;3w_ >

7.36. (a) Show that for —r < 2 <=,

= 1. 2 -8 4 _
rcosx = 2sm:v+2<1.3sm2w 2.4sm3x+3.5sm4x >
() Use (a) to show that for —r =2 = 7,

1.3 24 " 38

zsineg = 1_%cosx_2<cos2x cos3x | cosdx __ >

7.37. By differentiating the result of Problem 7.32(b), prove that for 0 =z = »,

v = %__4_<cosw+cos3:v 4 cosbe )

7\ 12 32 52

PARSEVAL'S IDENTITY
7.38. By using Problem 7.32 and Parseval’s identity, show that

s 1 _ s 1 _ 7
(a) ,21 nt 90 ® ,2, n® ~ 945

1 1 1 _ 22—8 )
7.39. Show that et aetE.e toe = 1 [Hint. Use Problem 7.11,]
S 1 _ < 1 _ o8
740. Show that (a) ngl B—1) = 9 (b En T8 = 960"
1 1 1 _ 42239
741. Show that 12.22.32+ 22.32.424— RIS 4 e = T .

ORTHOGONAL FUNCTIONS

742, Given the functions ag, a,+ asx, ag+ asx + asx? where ay, ...,a5 are constants. Determine the
constants so that these functions are mutually orthonormal in (—1,1) and thus obtain the functions.

7.43. Generalize Problem 7.42.

imo
7.44. (a) Show that the functions Liind ,m=0,%x1,%2, ... are mutually orthonormal in (==, ). (b) Show

18
how to expand a function f(x) in a series of these functions and explain the connection with Fourier
series.

7.45. Let f(x) be approximated by the sum of the first M terms of an orthonormal series

M
3 cntala) = Sule)

where the functions ¢,(x) are orthonormal in (a,b). («¢) Show that

b b M
f [f(x) — Sy(x))2dx = f [f(x)]2dx — ngl c2
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7.46.

7.47.

7.48.

7.49.

7.50.

7.26.

7.27,

7.28.

7.29.

7.30.

7.31.

FOURIER SERIES [CHAP.7

(b) By interpreting
— Sy(2)]2 dx

as the mean square error of Sy(x) from f(x) [and the square root as the root mean square or
r.m.s8. error|, show that Parseval’s identity is equivalent to the statement that the root mean
square error approaches zero as M — «,

(¢) Show that if the root mean square error may not approach zero as M — «, then we still have
Bessel’s inequality w b
S = f [f(2))2 dz
n=1 @

(d) Discuss the relevance of these results to Fourier series.

Let r be any three dimensional vector. Show that

(@) (@-i)24+(r+j§j)2 = r2 b)) (rei)2 + (x*3)2 + (r+k)2 = r2
and discuss these with reference to Bessel’s inequality and Parseval’s identity. Compare with
Problem 7.15.

Suppose that one term in any orthonormal series [such as a Fourier series] is omitted. (a) Can we
expand a function f(z) into the series? (b) Can Parseval’s identity be satisfied? (¢) Can Bessel’s
inequality be satisfied? Justify your answers.

Let {¢,(%)}, n =1,2,8,..., be orthonormal in (a,b). Prove that
b M 2
Sl - Seso] @
a n=1

b
is a minimum when cp = f () pn(x) dz

a

Discuss the connection of this to (a) Fourier series and (b) Problem 7.45,

(a) Show that the functions 1,1 —«, 2 — 4z + 22 are mutually orthogonal in (0, ») with respect to
the density function e—%. (b) Obtain a mutually orthonormal set.

Give a vector interpretation to functions which are orthonormal with respect to a density or
weight function.

Answers to Supplementary Problems

16 & (1 —cosnr) . nre 8 3 (1 —cosnm) nax
(@ — ngl n sin =5 (b) 2 -3 ngl g cosT,
_ 40 3 1 proz 3, & J6(cosnr —1) nmrx 6 cosnr . nmz
@ 20— 3 sy @ 3+2 { w3 T Tar "3 }

(@) 2=0,+2,%4,...;0 (b) no discontinuities
(¢) «=0,%+10,%*20,...;20 (d) = x3,*9,=%15,...;8

16 3rx 1 brax
> {cos— + 32 cosT + B2 cos— + }

8 @ nsin2nzx _ B
@ 2 =1 (®) fO)=f@=) =0

Same answer as in Problem 7.29.

32 nrx 16  [2cosna/2 — cosnr — 1 nre
nE = sm——— sin =g~ (b) 2+ §n§l< s > cos~g



Chapter 8

THE FOURIER INTEGRAL
Let us assume the following conditions on f(x):
1. f(x) satisfies the Dirichlet conditions (page 183) in every finite interval (—L, L).

2. f [f(x)| dx converges, i.e. f(x) is absolutely integrable in (—«, «).
Then Fourier’s integral theorem states that
flx) = f {A(a) cosax + B(a) sinax} de (1)
0
A = %f f(z) cos az da

where ,, (2)
B(a) = %f_” f(x) sinaz dx

The result (1) holds if » is a point of continuity of f(x). If x is a point of discontinuity,

fx+0) ;_f (z—0) as in the case of Fourier series. Note that

we must replace f(x) by

the above conditions are sufficient but not necessary.

The similarity of (1) and (2) with corresponding results for Fourier series is apparent.
The right hand side of (1) is sometimes called a Fourier integral expansion of f(x).

EQUIVALENT FORMS OF FOURIER’S INTEGRAL THEOREM
Fourier’s integral theorem can also be written in the forms

flxy = %f:o f:_w f(u) cos a(x — u) du da 3
f@) = o ewdaf " f(w) e du )

= { () € d d

where it is understood that if f(x) is not continuous at x the left side must be replaced
py 1 +0) + f(z—0)
y 3 .

These results can be simplified somewhat if f(z) is either an odd or an even function,
and we have

flz) = %J;w €08 o da J;wf(u) cos aut du if f(x) is even (%)

fa) = 2 j; " sin az da fo “fw) sineudu  if f(z) is odd (6)

201
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FOURIER TRANSFORMS
From (4) it follows that if

Fla) = \/% f_ : F(u) e du )
then fl®) = —\—/—1_2_—j: F(a)e~** da (8)

The function F(a) is called the Fourier transform of f(x) and is sometimes written
F(a) = F {f(x)}. The function f(z) is the inverse Fourier transform of F(a) and is written

f(@) = F 1 {F(a)}.

Note: The constants preceding the integral signs in (7) and (8) were here taken as
equal to 1/y/2r. However, they can be any constants different from zero so long as their
product is 1/2». The above is called the symmetric form.

If f(x) is an even function, equation (5) yields

Fe(a) = \/gj; ) f(u) cos au du
\/gj;w F:(a) cos az da

and we call F.(e) and f(z) Fourier cosine transforms of each other.

~

—_—
8

S
I

If f(x) is an odd function, equation (6) yields

Fy(a) = \Ej; f(u) sin au du
s (10)
flz) = \/;f Fs(e) sin azx de
0
and we call F5(a) and f(x) Fourier sine transforms of each other.
PARSEVAL’S IDENTITIES FOR FOURIER INTEGRALS
If Fi(a) and Gs(a) are Fourier sine transforms of f(z) and g(x) respectively, then
j; Fe(a)Gs(a)da = j; f(®) 9(x) dz (11)
Similarly if Fc(a) and G:(a) are Fourier cosine transforms of f(x) and g(x), then
_’; Fo() Gela)da = j; f(x) 9(x) de (12)
In the special case where f(z) = g(z), (11) and (12) become respectively
f F@rd = ey (19)
fF@rde = 7 (fa@nds (14)

The above relations are known as Parseval’s identities for integrals. Similar rela-
tions hold for general Fourier transforms. Thus if F(a) and G(a) are Fourier transforms
of f(x) and g(x) respectively, we can prove that
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[ PG = [ f@o@ada (15)
where the bar signifies the complex conjugate obtained by replacing ¢ by —i. See

Problem 8.24.

THE CONVOLUTION THEOREM
If F(a) and G(qa) are the Fourier transforms of f(z) and g(x) respectively, then

f_ﬂ F(a)G(a)e " da = f_: fu) g(x —u)du (16)
If we define the convolution, denoted by f * g, of the functions f and g to be
fxg = Ef_: f(u) g(x—u)du (17)
then (16) can be written
Fif*gy = F{iFlg (18)

or in words, the Fourier transform of the convolution of two functions is equal to the
product of their Fourier transforms. This is called the convolution theorem for Fourier
transforms.

Solved Problems

THE FOURIER INTEGRAL AND FOURIER TRANSFORMS
1 <

81. (a) Find the Fourier transform of f(zx) = ol <a .
0 [z|>a

(b) Graph f(x) and its Fourier transform for a =3.

(e) The Fourier transform of f(x) is

elau la

1
Ver @ |-q

F(a)

.._1_ “ iau d. = _1__ N 1) eiau d; =
\/2_”f_w fu)e u N _a()e u

- 1 <etaa - e—:aa> - \/Esm ad e %0
\/21 (74 T 4

For a = 0, we obtain F(a) = V2/7a.
(b) The graphs of f(x) and F(a) for @ =3 are shown in Figs. 8-1 and 8-2 respectively.
f() F(a)
8 —

2

(=)
b e o
8]

z/3 2%/83 =

Fig. 8-1 Fig. 8-2
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®0 on x
82. (a) Use the result of Problem 8.1 to evaluate f 51 o8 COS T .

e a
sinu
U

du.

(b) Deduce the value of j;

(a) From Fourier’s integral theorem, if

1 ® = 1 ° —iax
Fla) = —1= fw)eoudu  then  fl@) = — f Fla) e~ o= da
VerJ_, Verd_
Then from Problem 8.1,
1 w . 1 jz] <a
-———f \ Igﬂwe—iaxd,, = /2 |x]=a 3
\/_2; T a
- 0 |z] > a
The left side of (1) is equal to

lf sinaa cosaz , if sinag sinax @)
TV, 14 b d 14

—

The integrand in the second integral of (2) is odd and so the integral is zero., Then from
(1) and (2), we have

w . T lz] < e
j‘ sinaa cosa® ,  _ 2 lz|=a (€3]
[e4
I 0 lz| > a

() If x=0 and a =1 in the result of (a), we have

* si “sina T
e = . or f Tfae = Z
a 0 a 2

—

since the integrand is even.

83. If f(x) is an even function show that:

(@) F(a) = \/%J;x f(u) cos au du, d) f(x) = @ J;Q F(a) cos ax da.

We have

Fla) = —\/12:” f_: f) dondy = _1\/5_; f_: f(w) cos au du +ﬁ f_: fu) sinaudu (1)

(a) If f(u) is even, f(u) cosAu is even and f(u) sinAu is odd. Then the second integral on the
right of (1) is zero and the result can be written

2 «® 2 «®
Fa) = —— adu = - aud
(a) \/;j; f(u) cos au du J:j; f(u) cos au du

(b) From (a), F(—a) = F(a) so that F(a) is an even function. Then by using a proof exactly
analogous to that in (@), the required result follows.

A similar result holds for odd functions and can be obtained by replacing the cosine by
the sine.

1—a =a=1
0 a>1

® Ve/r(1— 0=as=s

Let ﬁf f(x) cosax dz = F(a) and choose F(a) = { T~ a=1 . Then by
T 0 a>1

Problem 8.3,

@LQF(M cosarda = @j;l ‘\lg(l—a) 08 a2 da

2(1 — cos x)
rx?

84. Solve the integral equation f f(z) cosaxdx = {
0

f(x)

9 (!
—f (1—a)cosarda =
T
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sm U T
du = 5.
2

8.5. Use Problem 8.4 to show that f

As obtained in Problem 8.4,
=a=1

© l—a 0=
2 1 —cosx _
_f =2 cosaxdxy = { 0 > 1

Taking the limit as « = 0+, we find
®1—cosx

p; de =

[SIE]

«© 3 2 «®

But this integral can be written as f mﬁ(xﬁd:x which becomes f 512 “du on letting
0 (1}

x = 2u, so that the required result follows.

0
COS aXk T o
da = se°*

Btdihiiad =
2+ 1 g™ ==0.

8.6. Show that j;

Let f(x) = e~* in the Fourier integral theorem

2 «® «®
( = = da f(u) cos \ud
f(x) wj; COoS ot j; u) cos Au du

© ©
Then Ef cos«:xdaf e"4cosaudu = e~ %
T 0 0
But from the result 16 on page 6 we have f e % cosau du = a21+ i Then
0
2 coS ax _ coS aX _ T __
fa2+1 = e~* or j;_—a2+ld = 2e1

PARSEVAL’S IDENTITY

8.7. Verify Parseval's identity for Fourier integrals for the Fourier transforms of
Problem 8.1,

We must show that
f tene = 7 F@rd

-

where  f(x) = {(1) {Ziiz and F(a) = \/gﬂnj‘ﬂ.

This is equivalent to
e _ “ 2 sin2qa
f 1)2dz = f T

—a

“ sm2 aq smzaa
or — = 2 = ra

~—
“ 8in2 eq a
: k-4
ie., f —2da =
0 @ 2

By letting aa = % and using Problem 8.5, it is seen that this is correct. The method can also
«® 3 2
be used to find f suzzu du directly.
0
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CONVOLUTION THEOREM

8.8. Solve the integral equation y(z) = g(x) + ‘f_ y(u) r(x —u)du where g(x) and r(x)
are given.
Suppose that the Fourier transforms of ¥(x), g(x) and r(x) exist, and denote them by Y(a), G(a)

and R(a) respectively. Then taking the Fourier transform of both sides of the given integral
equation, we have by the convolution theorem

_ G(a)
Y = Gl 27 Y(a) R(a Y =
(a) @ + V2rY(@) Ble)  or 1— V2r R(a)
Gla) Gl@)  ,-iarg
Then y(x) F {1 _ /271' R(a)} \/27 f_w 1—V2r R(a)

assuming this integral exists,

8.9. Solve for y(x) the integral equation

° ylu)du _ 1
j‘_x(x—u)2+a2 = Fyp 0<e<?

We have
1 _ 1 ©  glou f cosan
A=+l = \/2—,f_ v w5
cosba'v 1 |27 1 |»
= = = == e b = = Ze—b
\lif w1 ¢ b\/:2" = py\ze ™

where we have used the transformation u = bv and the result of Problem 8.6. Then taking the
Fourier transform of both sides of the integral equation, we find

\/E;T{zl}f{x2+a2} = T{m}

ie. Ver Y(a) o= J:e ox = % \/ée-ba or Y@ = _\/IET; % e~ (b—ada
_ 1 © a7 _ a(b —a)
Thus y(z) = 72_; f e~z Y(a)da = Er—j; e~ - cog qx da = m

PROOF OF THE FOURIER INTEGRAL THEOREM

8.10. Present a heuristic demonstration of Fourier’s integral theorem by use of a limiting
form of Fourier series.

Let fx) = a? §<an cos 7% L +b sm’%x> (1)

L L
where a, = %f f(u) cos™[*du and b, = —}J— f f(u) sin ;= du.
L .

Then by substitution of these coefficients into (1) we find
f@) = 3¢ f faydu + + 2 f f(u) cos X (u— x) du (2

«©
If we assume that f |f(w)] du converges, the first term on the right of (2) approaches zero as

L - «, while the remaining part appears to approach

hm I f f(u) cos X (u— x) du 3

Leo L

This last step is not rigorous and makes the demonstratlon heuristic,
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8.11.

Calling Aa = z/L, (8) can be written .
flx) = lim I A« F(nae) (4)
Aa=0 pn=1
where we have written F(a) = }f f(u) cos a(u — x) du (5)
But the limit (4) is equal to
f(x) f Fla)da = }f da f f(u) cos a(u — x) du
0 -

which is Fourier’s integral formula.
This demonstration serves only to provide a possible result. To be rigorous, we start with the

integral 1 ® ®
= f da f f(u) cos a(u — x) dx
7 J, —w

and examine the convergence. This method is considered in Problems 8.11-8.14.

. Lsinav , _ = . 0 sin av _m
Prove that: (a) lim p dv = o5 (b) lim J:L—v—— dyv = 5

A= 0 0 A= 0
. L sin av . “Lginy “giny T
(@) Let av=y. Then Ilim =" dv = lim —2 dy = f —<dy = 5 as can be
amwoJ, v a~wJ, 0 y 2
shown by using Problem 8.27.
0 _: al .
(b) Let av = —y. Then lim SN gy = lim MY gy =Z,
a=—s® L v o - 0 Y 2

8.12. Riemann’s theorem states that if F(z) is piecewise continuous in (a,d), then

b
lim F(zx)sinaxdz = 0

with a similar result for the cosine (see Problem 8.28). Use this to prove that

(@ lim § etn) MUy = T +0)
®) lim { fle+v )Sm‘“’dv = Zflz-0)

where f(x) and f'(x) are assumed piecewise continuous in (0, L) and (—L, 0) respectively.

(a) Using Problem 8.11(a), it is seen that a proof of the given result amounts to proving that

lim {f(x+'v) — flx+0)} —— sin av dv = 0
O = O 0
This follows at once from Riemann’s theorem, because F(v) = fz +v) ; fla +0) is piece-

wise continuous in (0, L) since lit})\+ F(v) exists and f(x) is piecewise continuous.
V=

(b) A proof of this is analogous to that in part (a) if we make use of Problem 8.11(b).

8.13. If f(x) satisfies the additional condition that f |f(x)| dx converges, prove that

@ lim e +0) a0 = Zi@+0, @ im [ j@+0) TPy = I fa—o).

We have

jm o+ v) SR g fL o +v) S0 g 4 fw f(z + v) S0 5 (1)
0 0 v L v

o0 . L . o« .
sin av _ Sin av sSin av
j; fa+0) Foay = j; fla+0) T ay + f’ f(x+0)T"dv (@)
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Subtracting,
f {fx+v) — fx+0)} ——
f e+ o = f"”“’)} S gy + f flo+ ) 222 gy — fL fla+0) 2

Denoting the integrals in (8) by I,I,,I, and I3 respectively, we have I =1I,+ I+ I3 so that

sin a‘U (3)

I = |5 + I + (4)
Now L = f f(x+v)s"“’” dv = lf If(@ + v)| dv
L L L
Also | = |f(x+0)]‘f Eﬁ—“”dv}
L

Since f |f(x)] dx and f Sl%Edv both converge, we can choose L so large that |Iy| = ¢/3,
0 0

[I] = /3. Also, we can choose a so large that |I;| = ¢/3. Then from (4) we have |[I| < e for « and
L sufficiently large, so that the required result follows.

This result follows by reasoning exactly analogous to that in part (a).

8.14. Prove Fourier’s integral formula where f(x) satisfies the conditions stated on page 201.

L © _
We must prove that lim 1 f f fu) cos el — u) duda = f(z +0) ; fz=0)
—- T

Since

f ) f(u) cos a(x — u) du

= f |f(u)] du which converges, it follows by the Weier-
strass test for integrals [see Problem 1.123, page 33] that f f(u) cos a(x — u) du converges abso-

—

lutely and uniformly for all . We can show from this t;lat the order of integration can be
reversed to obtain

ij;:o da J;:_wf(u) cosa(x —u)ydu = %rjm f(u) du IL_ cos afx — u) du

a=0

_ 1 smL(u x)
= j;=_w pym—— du
_ lf sva

= = f( +v) ——

0 . © .
= lf fla +v) 2L Lgdv + 1f flo+v) SLLY g,
rJ_, v 7J, v

flz+0) + flx —0)
2

where we have let u = x + v.

Letting L — «, we see by Problem 8.13 that the given integral converges to
as required.

Supplementary Problems
THE FOURIER INTEGRAL AND FOURIER TRANSFORMS
1/2¢ |2} =
0 |x| >e’
(b) Determine the limit of this transform as ¢— 0+ and discuss the result.

8.15. (@) Find the Fourier transform of f(zx) = {

) 1—22 Jz <1
8.16. (@) Find the Fourier transform of f(x) = 0 e >1°
x

®) Evaluate | (__-‘> cos £ d.
0 2 2

1 0s=s2<1
817, If f(x) = {0 - find the (@) Fourier sine transform, (b) Fourier cosine transform of
x =

f(x). In each case obtain the graph of f(x) and its transform.
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8.18. (a) Find the Fourier sine transform of e¢~*, x = 0.

(b) Show that f ZSINML ;0 _ Toom m >0 by using the result in (a).
0

2+ 1 ud 2
(¢) Explain from the viewpoint of Fourier’s integral theorem why the result in (5) does not hold
for m =0.

8.19. Solve for Y(x) the integral equation 0=t<i

f Y(x) sinztdx = 2 1=t<2
o tz2
and verify the solution by direct substitution.
8.20  Establish equation (4), page 201, from equation (3), page 201.

PARSEVAL’S IDENTITY
2 .
8.21. Evaluate (a) f @ 2+1)2, (b) f (:;f:;ﬂ by use of Parseval’s identity.

[Hint. Use the Fourier sine and cosine transforms of e—%, z > 0.]
w /q _ 2 -
8.22. Use Problem 8.17 to show that (a) f ,G—;’«Qﬂ”> dz = 3, (b) f tdn = 3
0 0

x — - 2
823, Show that f (eosg - sinal,, _ =
0 x 15

8.24. (a) If F(a) and G(a) are the Fourier transforms of f(x) and g(x) respectively, prove that
(" Fot@a = [ @i

where the bar signifies the complex conjugate.
(b) From (a) obtain the results (11)-(14), page 202,

CONVOLUTION THEOREM (1 |2/ <1

8.25. Verify the convolution theorem for the functions f(z) = g(z) = 0 |o>1

8.26. Prove the result (15), page 203.
(Hint. If F(a) = —= f " fweendu and Gla) = —— f  gw)eievdu, then
VerJ_, VerJ_,

Fa)G(a) = —;—rfxf eia(utv) f(u) g(v) du dv

Now make the transformation u+ v = 2.]

PROOF OF FOURIER INTEGRAL THEOREM

8.27. By interchanging the order of integration in f f e~ ¥ sin y dx dy, prove that
y=0%x=0

“siny 7
284y =
J, 5t =3

and thus complete the proof in Problem 8.11.
8.28. Prove Riemann’s theorem [see Problem 8.12].

Answers to Supplementary Problems
_l_sinae _1_ 2 a coSa — sina 37
815. (a) \/____ e’ (b) \/2_7 8.16. (a) 2\/:<———a3 >, (b) 16

817. (a) \f ( °°“>, (b) @% 818. (a) V2/r [a/(1 + o?)]

819. Y(x) = 2+ 2cosx — 4 cos2x)/rx 8.21. (a) #/4, (b) =/4



Chapter 9

THE GAMMA FUNCTION
The gamma function denoted by I'(n) is defined by

I(n) = fwx"“e"‘ dz (6]
which is convergent for z > 0. '
A recursion or recurrence formula for the gamma function is
I(n+1) = nr(n) 2)

where T(1) =1 (see Problem 9.1). From (2), T(n) can be determined for all #» >0 when
the values for 1 =7 <2 (or any other interval of unit length) are known (see table below).
In particular if » is a positive integer, then

fn+l1l) =n! =n=123,... (3
For this reason I'(r) is sometimes called the factorial function.
1
Examples. I(2) =1!=1, T(6) = 5! = 120, % = ;1—!'= 12.

It can be shown (Problem 9.4) that
r(}) = V= )

The recurrence relation (2) is a difference equation which has (1) as a solution. By
taking (1) as the definition of I'(n) for » >0, we can generalize the gamma function to
n <0 by use of (2) in the form

I'(n+1)

nw) = H (5)

See Problem 9.7, for example. The process is called analytic continuation.

TABLE OF VALUES AND GRAPH OF THE GAMMA FUNCTION

n T(n)

100 1.0000 AU o
1.10 0.9514 Wﬂ/m.‘s_ AAAAAAAAA ]
120 09182 L iV
130 0.8975 Vool ,
1.40 0.8873 — 1 ‘
Lo osom S O e
170 0.9086 m{ -2

1.80  0.9314 | -

190 0.9618 | Il

200  1.0000 1 ,,\ NN

210
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ASYMPTOTIC FORMULA FOR TI(n)
If n is large, the computational difficulties inherent in a calculation of T(n) are
apparent. A useful result in such case is supplied by the relation
T(n+1) = \2mnare et 0<g<1 (6)
For most practical purposes the last factor, which is very close to 1 for large =, can be
omitted. If n is an integer, we can write
n! ~ 2mnre " ta)
where ~ means “is approximately equal to for large »”. This is sometimes called Stirling’s
factorial approximation or asymptotic formula for n!

MISCELLANEOUS RESULTS INVOLVING THE GAMMA FUNCTION

1. T(x)r(l—z) = Sh;'xw 0<z<1

In particular if =14, T(3) =V~ asin (4).

2. 221 (z) T(x +3) = V= T(2%)
This is called the duplication formula for the gamma function.
1 2 m—1
3. T(x)T <x +~7ﬁ> T <x + ﬁ> +eeT <x +— ) = ml/2=mz (24)m-D/2p(my)
The result 2 is a special case of this with m = 2.
= Vemmarer 1+ 4l 189
4. 'x+1) = 2rx x* e {1 + o7 +288x2 51.840%° + }

This is called Stirling’s asymptotic series for the gamma function. The series in
braces is an asymptotic series (see pages 212 and 219).

5. r) = f e*Inxgds = —y
0
where y i3 Euler’s constant and is defined as
. 1 1
13,1_120 <1+2+3+ M——lnM> = .BT7215...
(p +1) 11 1
6. ~re T o e T
T(p + 1) lL+gtgt oty

THE BETA FUNCTION
The beta function, denoted by B(m,n) is defined by

Bmw) = f eni(1-op-ds ()

which is convergent for m >0, n > 0.
The beta function is connected with the gamma function according to the relation
T(m) T(n)

B(m’ n) I‘(m + ,n) (9)

See Problem 9.11.

Many integrals can be evaluated in terms of beta or gamma functions. Two useful
results are
I(m) T(n)

2T(m + n) (20)

/2
f sin®"~ !0 cos®™~19d§ = 4B(m,n) =
0
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valid for m >0 and » >0 [see Problems 9.11 and 9.14] and

0 -
xP~! T

R 'm‘dx = T(p)T(l-p) = sin pr 0<p<1 (11)
See Problem 9.18.

DIRICHLET INTEGRALS
) q
If V denotes the closed region in the first octant bounded by the surface <§> + <%> +

<§>r = 1 and the coordinate planes, then if all the constants are positive,

ansy T(2 8 hd
fff pa—l yB—l 2~ ldx dydz - @ bB¢ r(D) r(q) r(') (12)
\4

Per r(1+3+5+7)

Integrals of this type are called Dirichlet integrals and are often useful in evaluating
multiple integrals (see Problems 9.24 and 9.25).

OTHER SPECIAL FUNCTIONS

Many special functions are of importance in science and engineering. Some of these
are given in the following list. Others will be considered in later chapters.

2 (7 _w 2 (7 e
1. Error function. erf(x) = —f evdu = 1-— —f e v du
@ = =), =),
2. Exponential Integral. Eiz) = f e;u du
. . _ “ginu _ = _ ("sinu
3. Sine Integral. Si(z) = J:) ” du = 3 J; ” du
4. Cosine Integral. Ci(x) = f co;udu
5. Fresnel Sine Integral. S(x) = \/_gfxsin wdu = 1 — \/2 fxsin uz du
TJO TJO

6. Fresnel Cosine Integral. C(x) = \Efzcoszﬁ du
™ [}

1 - \/gfwcoszﬁdu
kol x

ASYMPTOTIC SERIES OR EXPANSIONS
Consider the series

= @ | a On
S(x) @ + =+ 5+ + ot (13)
and suppose that Su(x) = a + 2 . a_: 4 e g (14)
x x z"

are the partial sums of the series.
If Ra(x) = f(x) — Sa(x), where f(x) is given, is such that for every n
lim 7[By@) = 0 (15)

then S(x) is called an asymptotic series or expansion of f(x) and we denote this by writing

f(x) ~ S(x).
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In practice the series (13) diverges. However, by taking the sum of successive terms
of the series, stopping just before the terms begin to increase, we may obtain a useful
approximation for f(z). The approximation becomes better the larger the value of z.

Various operations with asymptotic series are permissible. For example, asymptotic
series may be multiplied or integrated term by term to yield another asymptotic series.

Solved Problems

THE GAMMA FUNCTION

9.1. Prove: (a) T(m+1)=nT(n), n>0; (b) r(n+1)==n!, »=1,23,....
M

(@) T(n+1) = f xre~rde = lim xhe *dx
0 Moy

M M
- f (—e~%)(nan—1) dw}
0 0

M
Mlim {—M"e‘“ + nf x"‘le—xdx} = nT(n) if >0
- 0O 0

Jim {(w”)(—e")

© M
(b)) T1) = f e~ *dx = lim f e~ fdy = lim (1—eM) =1
0 Me oy M=+

Put n=1,2,8,... in T(n+1) = nT(n). Then
I'2) = 1T(1) = 1, T(8) = 2I(2) = 21 = 2!, T(4) = 31(8) = 3+:2! = 3!

In general, I'(n+ 1) = n! if = is a positive integer.

9.2. Evaluate each of the following.

T(6) _ 5! _ 5e4:3.2 _
@ 31 = zo21 = 2.z - 30
®) g _ v} _ 33t _ 3
rd) - r@ - 1@ T ¢
 DETES) _ 21 (1.5)(0.5) I0.5) _ 16
T(5.5) (4.5)(3.5)(2.5)(1.5)(0.5) T(0.5) _ 315
@ X0 _ SRR _ 4
5T(3) ~ 5I3) ~ 3

93. Evaluate each integral.

(a) J‘ww"e"dﬂc =T4) = 38! = ¢
0

©
(b) f 28 e~2cdy, Let 22 =y. Then the integral becomes

0
® 6
y\ %y _ 1 (° I(7) 6! 45
= e—vy = 6 e—vd = = : = ==
fo <2> 2 ) Y v 27 27 8
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9.4.

9.5.

9.6.

9.7.

9.8.

GAMMA, BETA AND OTHER SPECIAL FUNCTIONS [CHAP. 9

Prove that T(}) = V/=.

We have T(}) = f x-12¢~2dy = 2J‘ e—v* du on letting x = u2. It follows that
0 0

{r@)} = {2£we‘“zdu}{2fwe‘”zdv} = 4fow£we‘(“z+"z) du dv
0

Changing to polar coordinates (p,¢) where u = pcos¢, v = psing, the last integral becomes

/2 w© . T/2 °
4J‘ f e P pdpdyp = 4J‘ — de7?
o=0 =0 é=0

o=
and so I'() = \/1_r

o

p=0

Evaluate each integral.
(a) f Vyev¥dy. Letting y3 =, the integral becomes
0

fwme—x-gw—”"dw = %fww‘”?e-fdw = }r@) = \LS.;
0 0

(%) f 374 gy = f (@3 g = f e~ @I g, Let (41n3)z2==x and the integral
] 0 ]
becomes

@ x1/2 1 ol T(1/2) Vr
e"l‘d< > = p-12e¢-xdy = =
0 vV41ln3 2y4In8vo 2V41In3 4VIn 3

1
(c) f dx . Let —Inz =u. Then #=e¢-% When # =1, u=0; when # =0, u = ©». The
o V—Inz
integral becomes

fwﬂdu = f u~l2e~udu = 1(1/2) = Vr
- Yo

]

Evaluate f z™ e % dx where m,n,a are positive constants.
0

Letting aa® = y, the integral becomes

@0 1/nYm 1/n ©
y _ y _ 1 o _ 1 m+1
fo {(5) } € “d{<;> } = Wfo ymibintlemvdy = na(mmml‘( - >

Evaluate (@) r(—1/2), (b) r(—5/2).

We use the generalization to negative values defined by TI'(n) = Ln:—_l).
(@) Letting n = —, n-1/2) = 02 = 5/
. r—1/2) _ —2Vz _4V7 .
b) Lett = — -~ = = =—
(b) ing n 38/2, T(—3/2) —3/2 —3/2 3 » using (a).
_ _TI(=38/2) _ 8
Then I'(—5/2) = 52 - V™

! -1y n!
Prove that j; z™(Inx)"dx = ﬁ where n i3 a positive integer and m > —1.

]
Letting « = e¢~¥, the integral becomes (—1)”J‘ yre—m+Dvdy If (m+ 1)y =u, this last
integral becomes 0

(T w . du =Dr e (=e _ (et
‘l)fo mrr e mt1 (m+1)n+1f0 weTrdn = SRR D) = o
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9.9. Prove that f e~ cos BAdA = %\E o~ B
0

9.10.

THE
9.11.

Let I=1Ia,p)= f e~ cos ad\. Then
0

g_;. = j; (—re~ M) sin g) dA
—an? hd ©
— i _ B —an? - _B
= g, sin BX . 2a), e~ N cospadn = 2aI
19 _ _ B 9 - B
Thus 198 ~ o or 38 Inl = 2 1)
Integration with respect to g yields g2
Inl = —4_11 + Cy

or I = Iap) = CeBria @

0 o0 I\
But I(a,0) = J‘ e gy = —!—f x~12e¢-2dy = @) =1 ]z on letting « = a)2, so that
0 2Val, 2Va 2 @

from (2), C = V7/2Va. Thus as required,
1 ’ T 2
—_ = 2 ,—B%/4a
I 2 a®

A particle is attracted toward a fixed point O with a force inversely proportional to
its instantaneous distance from O. If the particle is released from rest. find the time
for it to reach O.

At time t = 0 let the particle be located on the # axis at « =a>0 and let O be the origin.
Then by Newton’s law & k

maE = Ty (1)

where m is the mass of the particle and k > 0 is a constant of proportionality.

da d? _dv _dv dzr_  dv

Let priakl the velocity of the particle. Then Eodt de dat- and (1) becomes
dv _ _k mv2
moos = - or 5 = klnx+ ¢ (2)

upon integrating, Since v =0 at  =a, we ind ¢ =kIna. Then
mv? _ a _dx _ _ Jak a
- = klnw or v at = ln; (8)

where the negative sign is chosen since z is decreasing as t increases, We thus find that the time
T taken for the particle to go from x =a to « =0 is given by

r = ,fz'i ¢_dw %)
2kj(‘> vina/x

Letting Ina/x =u or « = ae~%, this becomes

Y w12 o = »m = m
J; u—12¢-sdu a1’2k1‘(%) oAl ok

T = a

=3

BETA FUNCTION o
Prove that (a) B(m,n) = B(r,m), (b) B(m,n) = 2f sin®™~19 cos®~ 14 df.
0

(a) Using the transformation # = 1—y, we have

1 1 1
Bmm) = [ an-ia-an-ide = [ (@-ymoigmidy = f pri@-ynoidy = B
0 0 0
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(b) Using the transformation « = sin24, we have

1 T/2
B(m,») = f am—1(1—g)n~lda f (sin2 ¢)m—1 (cos2 4)"—1 2 sin ¢ cos 6 dé
0

0

w/2
2 f sin2m—19 cos2n—1¢ do
0

T(m) (n)

T(m + 1) m,n >0,

9.12. Prove that B(m,n) =
Letting z = 22, we have I'(m) = f am—le—zdz = 2J xm=1¢—2" dg,
0 0

Similarly, I'(n) = 2J‘ yn—1 e~¥ dy. Then
0

4<f g2m—1p—2 d”><f y2n—1e_y8 dy>
0 )

o o
4f f @tm—1y2n—1 =@ +s") dy dy
o “o

T(m) I'(n)

Transforming to polar coordinates, « = p cos¢, ¥y = p sin ¢,

/2 ©
I'(m) I'(n) 4 f f p2m+n)=1¢—0% cog2m—14 gin2n—1 g4 dpde
6=0" p=0

© /2
4 <f p2(m+m =1 e 0 dp> <f . cos?m—1¢ sin2n—1 ¢d¢>
- o=

p=0

/2
2T(m + n) f cos2m—1g gin2n—lgdgy = TI(m+ =»)B(n,m)
0

= T(m+ n)B(m,n)
using the results of Problem 9.11. Hence the required result follows,

The above argument can be made rigorous by using a limiting procedure.

9.13. Evaluate each of the following integrals.

1
(@) f w1 —2z)ds = B(,4) = i?(gﬂ)ﬂ = 4:;_?’ - %0
. .

2 x2de . _ .
(b) ————. Letting « = 2v, the integral becomes
o V22—«
1 1
v2 4/213)1(1/2) 642
42f d =42f 3(1—v)-V2dy = 4 1) = =
vz =" Ve 0 ¥2(1—v) v V2B, 3) U5 15

a
() f vWa2—y2dy. Letting %2 = a2z or y = a\Vz, the integral becomes
0

@ (! _ a8 _ aST(6/2)T(3/2) _ wa®
2 fo 232l —a)V2ds = S B(/2,8/2) = TLODLSE - 2

T'(m) T(n)

w/2
.14. f in2m-—1 2n—1 =
9 Show that . sin 0 cos 6 dé ST(m + )

m,n > 0.

This follows at once from Problems 9.11 and 9.12.
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/2 w/2 T
9.15. Evaluate (a) f sin®¢ dg, (b) f 8in® g cos®d df, (c) f cos? 9 do
0 0
(a) Let 2m—1=6,2r—1 =0, ie. m =17/2, n =1/2, in Problem 9.14.
r(7/2) r(1/2 b

Then the required integral has the value —(—/22:,(4(—)/) = ?;—

; =4 2m—1= ired i rE/2)1E) 8
(b) Letting 2m—1 =4, 2n—1 =05, the required integral has the value 2 0(11/2) 316

T/2
(¢) The given integral = 2f cost ¢ ds.
0
Thus letting 2m—1=0, 2n—1 =4 in Problem 9.14, the value is %‘;‘—5@ = %.

/2 w/2 8B p—
9.16. Prove f sin*g d§ = f cos? 6 df = (a) 1 g 2 3 (r—1) = if p is an even posi-
° ° . . .. .p 2
tive integer, (b) 2:4-6--(p—1)

. . cpe er.
135 -7 if p is an odd positive integer
From Problem 9.14 with 2m—1=p, 2n—1 =0, we have

fﬂlz sinfede = I+ 1] r@)
0

21{4(p + 2)]
(a) If p = 2r, the integral equals

rr+ird) _ r— e — $---34r@-rd)

_ @r—1)2r—8)---1x _ 185---@r—1=x
2r(r+1) 2r(r—1)---1 T 2r(2r—2)---2 2 T 2+4¢6:--2r 2
(b) If p=2r+1, the integral equals

re+yrg) _  rr=D Ve a4l
2r(r+3%) 2r+ Per— 3 Vr T 1+83¢5---(2r+1)

w/2
In both cases f sinPg de =
0

w/2
f cosP e de, as seen by letting ¢ = 7/2—¢.
0

w/2 w/2 2w
9.17. Evaluate (a) f cos®9 dg, (D) f sin® 4 cos?6 dd, (c) f sin® 6 dg.
0 0 (]

(a) From Problem 9.16 the integral equals ;ig% = % [compare Problem 9.15(a)].
(b) The integral equals

w/2 /2 w/2
f sin3¢(1 —sin29)ds = f sindeds — f sinSeds = i 2__ _2-4 2
0 0 0 *

o
-
.
o
.
RN
i1
&l
RN

The method of Problem 9.15(b) can also be used.

/2
. . . 13°657Txr 367
¢) The given integral 1 f 8 = = 7] = 27
(c) g gral equals 4 . sin8 ¢ de 4<2-4'6-82> ol

9.18. Gi z
.18, iven 1+xdx =

T

snps’ show that T(»)T(1-p) =

ke
sinpn where 0 <p<1.
Letting

x . .
T gy or @= lz—’ the glvep integral becomes

1
f yl1(l-y)~?dy = B(p,1—p) = r(p)rd—p
0

and the result follows,



218 GAMMA, BETA AND OTHER SPECIAL FUNCTIONS [CHAP. 9

© dy

9.19. Evaluate —,
1+
o v £—8/4 - -,_\/_5
4

Let y*=«. Then the integral becomes 1 —_—dr = = =

by Problem
9.18 with p = 1. 4), 1+= 4 sin (z/4)

The result can also be obtained by letting 2 = tane.

16
9.20. Show that f VB —Fdx =
93

Letting «3 = 8y or a = 2y!/3, the integral becomes

1
f 2513+ V81— )+ §y—2/3 dy
0

8 (! 8 g 4
§f0 ysa-ysay = 3839

sr@r@) _ 8 = _ 16z
3 r@ - oT®TR = e T 9v3

9.21. Prove the duplication formula 22-'T(p)T(p +34) = V=T (2p).

/2 T/2
Let I = f sinfrade, J = f sin2» 2z dx.
0 0

T(p+ }HVr

Then I = 3B(p+3,3) = m

Letting 22 = u, we find

1 T w/2
J = -2-f sin?Pudu = f sin2?udu = I
0 0

But J

/2 w/2
f (2 sinz cosx)2?dx = 22¢ f sin2r x cos?? 2 dx
0 0

220-1({1(p + §)}?
r2p +1)

22-1B(p+ 4, p+ %)

Then since I =J,
rp+ Ve _ 2P H{rp+ PP
2pT(p) 2pr(2p)

and the required result follows.

“cosx ,  _ w
9.22. Prove that J; = dr = 3T(D) o8 (9/2) ’ 0<p<l.

We have = = F-l—f ur—le—rudy, Then
0

xn
J‘ c?:pxdw - I‘(p)f f ur=1¢—2u cos & du dx
0

© up

I‘(p) , Tra® (1

where we have reversed the order of integration and used the integral 16 on page 6.

Letting u2 = v in the last integral, we have by Problem 9.18

N _ »v(ﬂ“l)/z _ T _ T
J; 1+u2du - 2f EETH dv = 2sin(p+ 1)7/2 ~ 2 cospx/2 @)

Substitution of (2) in (1) yields the required result.
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STIRLING’S FORMULA
9.23. Show that for large n, n!=1/2=nn"e~" approximately.

We have ® w
Mn+1) = f ane~rdy = f eMNETT gy @)
0

0

The function nlna — & has a relative maximum for # =n, as is easily shown by elementary
calculus., This leads us to the substitution # =n+y. Then (f) becomes

I‘(n+1) — e_”fw ertlntnt+y) ~y dy = e_”fw etlnn +nindt+y/n)—y dy 2)

-n -n
o
— n”e—”f etIn(+y/n)—y dy
-n

Up to now the analysis is rigorous. The following procedures in which we proceed formally
can be made rigorous by suitable limiting procedures, but the proofs become involved and we shall

omit them.
In (2) use the result 2
In(l+2) = o -2 + 2 _ ... )
n( z v
with x = y/n. Then on letting y = Vn v, we find
Tr+1) = nne—nfw e—vi2n + y¥ 3t~ ... dy = mn e_”ﬂf o022+ v%/3Va— ... v (4)
—n —Va

When = is large a close approximation is
o0
Pr+1) = mnnen ﬂf e 2dy = V2rnnte—n 1]

It is of interest that from (4) we can also obtain the miscellaneous result 4 on page 211 [see
Problem 9.38).

DIRICHLET INTEGRALS

9.24. Evaluate I = f f f w1 yf=1 71 4y dy dz

v
where V is the region in the first octant
bounded by the sphere #2+y%2+22=1 and
the coordinate planes.

Let 22=u, y2=19, 22 =w. Then

du dv dw
I= fff u(@—1)/2 p(B—1)/2 g(y—1)72 2% GV QW
A 2Vu 2V 2Vw

% f f f w2 =1 9(B/D =1 VD1 dyy dv duw (1)
R

where R is the region in the uvw space bounded
by the plane u+v+w =1 and the uv, vw and
uw planes as in Fig, 9-2. Thus Fig.9-2

1 1 1—u 1—u—v
]l = —f f f wula/2)~1 3(g/2)—1 w/2)~1 gy dv dw (2)
8 u=0"p=9 w=0

1 1 1—u%
= -—f f wla/2)—1 4(8/2)—1 (1 - — 1))112 du dv
4Y u=0"Yp=0

1 1 1—u
= w(a/2)—1 f p(B8/2)—1 1—u— vY2dv - du
4y u=0
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Letting v = (1 —wu)t, we have

1-u .
f vB2-1 (1l —y—o)/2dv = (1—u)B+tv)/2 f $B/D~1 (1 — tyv/2 dt
e t=0
= (—we+ne NEATG2+1)

so that (2) becomes TiB+7v)2 +1]

_ 1 T@ERTW2+Y (N e
L= Z?'r_[@‘ryv—zﬁ]“fu R T A )
1 T(E/2)T/2+1) T@2TB+ 2+ 1] 1(/2)1(8/2) T(1/2)
T rE+ye+1 Tletprniz+1 8T[a+B+/2 F 1]

where we have used (y/2)I'(y/2) = I'(y/2+1).

The integral evaluated here is a special case of the Dirichlet integral (12), page 212. The
general case can be evaluated similarly.

9.25. Find the mass of the region bounded by x2+ y%2+ 22 =a? if the density is o = x%y%22
The required mass = 8 fff x2y222 dx dy dz, where V is the region in the first octant bounded
v

by the sphere 224 y2+ 22 = a2 and the coordinate planes.

In the Dirichlet integral (12), page 212, let b=c¢=a, p=¢q=r=2 and a=g=y=3.
Then the required result is
8 - ad-a3-ad T(3/2) T(8/2) T'(3/2) _ dza®

2+2+2 T(1+3/2+3/2+3/2) 945

SPECIAL FUNCTIONS AND ASYMPTOTIC EXPANSIONS
9.26. (a) Prove that if >0, p >0, then

I, = f ew, du = Sa(z) + Ra(z)
where
— 1 4 p+1 n +1)--(p+
Sux) = e {.x_ - 2 p(xm) e (1P Q)Bm(:v n)}
Ri@ = (~)ip+l) o+ f O du
. Pe : .
(b) Prove that 321010 {J; —z_u"_du - S,,(x)} ™ = 3112 z'|Ra(x)] = O

(c) Explain the significance of the result in (b).
(a) Integrating by parts, we have

o0 o0
_ e—u _ e~% et e—%
1, = j; e -

-z
Similarly I,,, = % — @+, so that

e

. e—% e~z e— %
Po= x® P{wpﬂ—(p-i-l)l,,,”} = e T 21’“ + pp+ 1l 4,

By continuing in this manner the required result follows.

[IA

6 B = po+1) o pbm [ du

P(P+1)"‘(P+n)f ZorniT G
x

pip+1)---(p+n)
w9+”+l

IIA
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since f e~uvdu = f e~ vdu = 1. Thus
0
: lim P@E1-- (Pt n)

lim xR, (x)] = =0
T =0 | 'n( )I T xp+l

(¢) Because of the results in (b), we can say that

© e~ .1 P pip+1)
f o e ’{;;‘;m*“ porr e @

i.e. the series on the right is the asymptotic expansion of the function on the left.

e /1 1 ,1-3 1-3-5
2 T 2 1 »
We h f = — —v* g = = —1/2 g~u (.
e have erf (x) ,_71; e v FJ; u e u

1 f”
= 1-——= u—1/2¢=udy
Vo /o,

Now from equation (1) of Problem 9.26 we have on letting p = 1/2 and replacing = by =2,

® 1 1 143 1:3+5
—1/2 g— ~ e 20 2
fz u e~ vdu e <x 228 + 2725 257 + >

X

which gives the required result.

Supplementary Problems

GAMMA FUNCTION

7 2
9.28. Evaluate (a) ﬁ%ﬁ ) %—) () T(1/2) I(3/2) I'(5/2).

9.29. Evaluate (a) f zte—zdx, (b) I x8e~3zdx, (c) f 22 e~ 27" dg.
0 0 o

9.30. Find (a) f e~ dx, (b) f z/a—ce“/;dx, (c)I yBe—2" dy.
0 0 0

931. Show that f e\_/s_‘dt = \,”; 8> 0,
t

0

1 1 n—1
9.32, Prove that I'(n) = f <ln;> dz, n >0,
0

1
9.33. Evaluate (a) f (nz)tdz, (b) f ' @ In o) de, (©) f ' Vin (1/7) dz.
0 0 0

9.34. Evaluate (a) r(—7/2), (b) r(—1/3).

9.35. Provethat lim I'(z) = » wherem =0,1,2,3,...
T = —m

(=1)m2m vz

9.36. Prove that if m is a positive integer, I'(—m + 3) = 1785 )
©3+5-(2m —
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9.87.

9.38.

GAMMA, BETA AND OTHER SPECIAL FUNCTIONS [CHAP. 9

Prove that r’(1) = I e~%Inxz dx is a negative number (it is equal to —y, where y = 0.577215...
0
is called Euler’s constant).

Obtain the miscellaneous result 4 on page 211 from the result (4) of Problem 9.23.

[Hint: Expand ¢”/V™) 4 ... in a power series and replace the lower limit of the integral by
—w]

BETA FUNCTION

9.39.

9.40.

9.41.

9.42.

9.43.

9.44.

9.45.

9.46.

9.47.

9.48.

Evaluate (a¢) B(3,5), (b) B(8/2,2), (c) B(1/3,2/3).

1 1 2
Find (a) I x2(1—=x)3dx, (D) I V(A —2)zxdz, (c) I (4 — x2)3/2 d.,
° 0 0

Evaluate (a) f u3/2 (4 — u)¥2du, (b) f \/_—'E
8z —

dy  _ {r@/4);®

vai—yt - 4a\/ 27 )

a
Prove that f
0
w/2 27
Evaluate (a) f sint ¢ coste ds, (b) f cos® ¢ do.
0 0
T w/2
Evaluate (a) f sin®9 de, (b) f cos® ¢ sin2 ¢ do.
0 0

w/2
Prove that f Vtanede = =/V2.
0

® zdx S ® y2dy S
Prove that (a) f = —, (b f = —.

o 1+ 28 3‘/5 0 14+ 94 2‘/§
Prove that | ——dx = 2z h b>0
rove tha _ e + b x = 373 a¥/9p1/3 where a, .

0 22
Prove that f 83: 1 sdx = 2a .
. ( ) 9\/§

[Hint: Differentiate with respect to b in Problem 9.47.]

DIRICHLET INTEGRALS

9.49.

9.50.

9.51.

9.52.

9.53.

Find the mass of the region in the xy plane bounded by x+y =1, + =0, y = 0 if the density is

o= Vazy.

2 g2
Find the mass of the region bounded by the ellipsoid + y2 + =5 = 1 if the density varies as the
. . az b
square of the distance from its center.

Find the volume of the region bounded by x2/8 + y2/3 + 22/8 = 1,
Find the centroid of the region in the first octant bounded by =x2/3 + 42/3 4 22/8 = 1,
Show that the volume of the region bounded by «m + ym + 2zm = am, where m > 0, is given by

8 {r/m)s
3m? I(3/m)
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9.54. Show that the centroid of the region in the first octant bounded by «m + ym + 2m = am, where

m > 0, is given by o 3 T(2/m) T(8/m)

¢ =19 = 3 1(1/m) T{d/m) °

SPECIAL FUNCTIONS AND ASYMPTOTIC EXPANSIONS
2 x3 x5 x? >

9.55. Show that erf(x)=ﬁ<x—3,1!+5.2!_7.3!+"

. . . . e 1! 2! 3!
9.56. Obtain the asymptotic expansion FEi(x) = = 1 - + P FIEN

957. Show that (a) Si(—x) = —Si(x), (b) Si(») = =z/2.

9.58. Obtain the asymptotic expansions

z  si 1, 5! 14!
(@) Si(@) = E“ﬂ;—x@‘%““i—;‘"')“%ﬁ<l‘%+‘:¥“">
. _cosxgf1 3! B! \ sinx/ 2! 4!
(b) Cz(x) = T(; o + z5 > z <1 xz + o >
9.59. Show that j; si:px de = 3T s:n 2 0 < p <1, and derive a similar result forj;” cospa: dax.
© . o 1 .
960. Show that sin x2dx = cosaxlder = 4l
Answers to Supplementary Problems
9.28. (a) 30, (b) 16/105, (c) §«9/2 9.41. (a) 122, (b) =
80 Ver 943. (a) 32/256, (b) 5z/8
929, (a) 24, (b) 250 (© 16 (®)
9.44. (a) 16/15, (b) 8/105
90, @ jrp, ) VT, (o HUE
5V16 9.49. /24
933. (o) 24, (b) —3/128, (¢) 4I(}) )
950, 9k s 421 ¢%) k= constant of ionali
03 (@ (16\/;)/105’ &) 30/ 30 (a c?) constant of proportionality
9.39. (a) 1/106, (b) 4/15, () 24/V3 9.51.  42/36

9'40’ (a) 1/60, (b) 1/2, (c) 31 9.52. 2= ﬂ - 5 = 21/128



Chapter 10

BESSEL’S DIFFERENTIAL EQUATION
Bessel functions arise as solutions of the differential equation
2y’ +ay +@—-n)y =0 n=z=0 1)
which is called Bessel’s differential equation. The general solution of (1) is given by
¥ = c1Ja(®) + 2 Yau(x) (2

The solution J.(x), which has a finite limit as x approaches zero, is called a Bessel function
of the first kind and order n. The solution Y, (x) which has no finite limit [i.e. is unbounded]
as x approaches zero, is called a Bessel function of the second kind and order n or Neumann
Ffunction.

If the independent variable « in (1) is changed to Az where A is a constant, the resulting
equation is
2y’ +ay + (At -nP)y = 0 (3)

with general solution ¥y = e1dn(Ax) + c2 Ya(Ax) (4)

BESSEL FUNCTIONS OF THE FIRST KIND
We define the Bessel function of the first kind of order n as

_ " x2 xt
Ta(@) = 2"1‘(n+1){1 T 2@n+2) T 2 A@nt2)@nt4) } @
_ © (_l)r(xlz)n+2r
or M@ = X mtr D) (6)

where T'(n + 1) is the gamma function [Chapter 9]. If = is a positive integer, I'(n+1)=mnl!,
(1) =1. For n=0, (6) becomes
2 xt a8
Jo(x) = 1—§+‘2?4—2—m+"' (7)
The series (6) converges for all . Graphs of Jo(x)
and J;(x) are shown in Fig. 10-1.

If » is half an odd integer, Ju(x) can be ex-
pressed in terms of sines and cosines. See Problems Jy(x)
10.4 and 10.7. \ N\e s 7 2N

A.A function J-n(x), # >0, can be defined by re-
placing » by —n in (5) or (6). If n is an integer
then we can show that [see Problem 10.3] —1

J-n(@) = (=1)*Ju(x) (8) Fig. 10-1

)
Jo(x)

-
1

224
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If » is not an integer, J.(x) and J—.(x) are linearly independent, and for this case the
general solution of (1) is
y = AJn(z) + BJ-a(x) n+0,1,2,3,... 9)

BESSEL FUNCTIONS OF THE SECOND KIND
We shall define the Bessel function of the second kind of order » as

Ja(x) cosnr — J—u(®)

e n+0,123,...
z
im J2(®) cosPr = T=5(@) ;g 123, ..
p—n an#
For the case where 7 =10,1,2,8,... we obtain the following series expansion for Y. ().
n—1
Yal@) = 2(In(e/2) + a(@) — % 3 (1= —1)! /2y
1 (x/2)%*n
— = 2 (=1 {@(k) + o+ 5] Lrm R (11)
where y = .5772156... is Euler’s constant and
- 1 1. .1 =
®p) = l+5+35+ +5 @0 =0 (12)
GENERATING FUNCTION FOR J.(x)
The function U =S L)t (13)

n=—w

is called the generating function for Bessel functions of the first kind of integral order.
It is very useful in obtaining properties of these functions for integer values of » which
can then often be proved for all values of n.

RECURRENCE FORMULAS
The following results are valid for all values of n.

L Jea@) = 2@ - Jea(@)
2. J;(x) = %[J,.-;(x)—J,.H(x)]
8. aJu@) = ndu(®) — 2Jusi()

4. 2Ji@) = 2Ju-1(x) — nJa(2)

5. Llada@)] = a-i(a)
6. L@ = —aun(@)

If » is an integer these can be proved by using the generating function. Note that results
3 and 4 are equivalent respectively to 5 and 6.

The functions Y.(x) satisfy exactly the same results as those above, where Y,(x) re-
places Ja.(x).
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FUNCTIONS RELATED TO BESSEL FUNCTIONS
1. Hankel Functions of First and Second Kinds are defined respectively by

HP(x) = Ja(x) +iYa(x), HP(2) = Jal2) — 1Ya(2)

2. Modified Bessel Functions. The modified Bessel function of the first kind of order n
is defined
15 defined as In(z) = i-nJa(ic) = e~"m/2J,(iz) (14)
If »n is an integer, I-n = Li(x) (15)
but if » is not an integer, I.(x) and I-.(x) are linearly independent.

The modified Bessel function of the second kind of order n is defined as

1[1——‘"(”) ‘I"(”)] n0,1,2,8
Ka(a) 2 sin n=x P Ty (16)
a(X =
lim 3[1———_”(x.) - I”(x)] n=0,1,2,8,...
pen 2 s p=w

These functions satisfy the differential equation

xy”’ +ay — (@+ndy = 0 (17)

and the general solution of this equation is
Yy = Clln(x) + CZKn(x) (18)
orif n+0,1,2,8, ... y = AL (z) + BI-.(x) (19)

3. Ber, Bei, Ker, Kei Functions. The functions Ber,(x) and Bei,(2) are the real and
imaginary parts of J.(i%2x) where 32 = ¢5™/4 = (1/2/2)(1 —9), i.e.
Ja(i%22) = Bera(x) + ¢ Beia (%) (20)
The functions Ker, () and Kei.(x) are the real and imaginary parts of e *"/2K,(¢"2x)
where i'/2 = em™/* = (1/2/2)(1 +1), i.e.
e "2k, (1V2x) = Kern (%) + 7 Keis (x) (21)
The functions are useful in connection with the equation
2y’ + oy — ({2 +ndy = 0 (22)
which arises in electrical engineering and other fields. The general solution of this

equation is . .
¥y = e (1%%2) + c2 K (81%2) (28)

EQUATIONS TRANSFORMED INTO BESSEL’S EQUATION
The equation

2%y’ + (2k + 1)xy’ + (P2 + B2y = 0 (24)
where k, «, 7, B are constants, has the general solution
Yy = xk [Cle/r(axr/'r) + C2 YK/r(axr/’r)] (25)

where «=Vk*—pg% If «=0 the equation is solvable as an Euler or Cauchy equation
[see page 76).
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ASYMPTOTIC FORMULAS FOR BESSEL FUNCTIONS
For large values of x we have the following asymptotic formulas

Ia(x) ~ \/gcos (x—i—-—%), Ya(z) ~ \/%sin <x—%—%ﬂ—> (26)

ZEROS OF BESSEL FUNCTIONS

We can show that if » is any real number, J.(x) = 0 has an infinite number of roots
which are all real. The difference between successive roots approaches = as the roots
increase in value. This can be seen from (26). We can also show that the roots of J.(z) =0
lie between those of Ju—1(x) =0 and Ja+1(x) = 0. Similar remarks can be made for Y. (x).

ORTHOGONALITY OF BESSEL FUNCTIONS
If A and p are two different constants, we can show [see Problem 10.21] that

j; e du(\2) Tu(uz) de = ”""(*)J"‘(‘;L::;’"(”)J’“” (27)

while [see Problem 10.22]

1 9 1 72 n2 2
f 2Ji0a) dz = 5| J0) + (1 - %)W (28)
0
From (27) we can see that if A and p are any two different roots of the equation
RJ.(x) + SxJa(x) = 0 (29)
where R and S are constants, then
1
f (M) In(px)de = 0 (30)
0

which states that the functions \/x J.(Ax) and /z J.(ux) are orthogonal in (0,1). Note that
as special cases of (29) we see that A and . can be any two different roots of J.(x) =0 or
Ja(x) = 0. We can also say that the functions J.(\x), Ja(ux) are orthogonal with respect to
the density function x.

SERIES OF BESSEL FUNCTIONS

Asg in the case of Fourier series, we can show that if f(x) satisfies the Dirichlet condi-
tions [page 183] then at every point of continuity of f(x) in the interval 0 <2z <1 there will
exist a Bessel series expansion having the form

s

fx) = AJa(mz) + AeJu(hed) + -0 = Ay Ja (M) (31)

Il
~

r

where Ay, A2, A3, . .. are the positive roots of (29) with R/S= 0, S+ 0 and

212 1
A, = > f o d (M) f() da 32
P S IS T e S0 @) (32)
At any point of discontinuity the series on the right in (31) converges to §[f(x + 0) + f(x — 0)]
which can be used in place of the left side of (31).
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In case S =0 so that Ay, )z, ... are the roots of J.(x) =0,

2 1
4 = =2 | 0Ju(0) f(z) do 33
b = rag Jo B0 1@ (33)
If R=0 and n =0, then the series (31) starts out with the constant term
1
4 = 2 f %f (@) dz (34)
0

Solved Problems

BESSEL’S DIFFERENTIAL EQUATION
10.1. Use the method of Frobenius to find series solutions of Bessel’s differential equation
2%y’ + 2y + (2P —nP)y = 0.

Assuming a solution of the form y = 3 ¢,@k+# where k goes from — to « and ¢, =0 for
k < 0, we have

(@—n2)y = I exk+tB+2 — I n2eakts = S ei_gxktB — I n2eaktB
oy’ = 3 (k+B)ewkts
oy’ = Z(k+p)k+ B~ Deak+s

Then by addition,
S+p)k+B—1e + (k+ B, + c_g — N2 Jak+B = 0
and since the coefficients of x*+8 must be zero, we find
((e+ B2~ n%ep + 62 = 0 (1)

Letting k=0 in (I) we obtain, since ¢_, = 0, the indicial equation (82— n2)¢; = 0; or assuming
¢y % 0, B2=mn2 Then there are two cases, given by @ =-n and B =n. We shall consider
first the case 8 = n and obtain the second case by replacing n by —n,

Casel, g=n.

In this case (1) becomes

k@n+ke, + ¢y = 0 (2)
Putting k =1,2,8,4,... successively in (2), we have
—e —e ¢
¢ =0, c2=——°— eg =0, ¢ = 2 ?

2@n +2)’ i2n+4d)  2:4@2n+2)2ntd)

Thus the required series is

2 4
= n +2 +4 veo =— n — L4 x — e
Y cox® + coxntl + eantd + Co® [1 2@n T 2) + 2 4Zn T D@n ¥ d) :l (%)

Case 2, B =-—n
Or replacing » by —n in Case 1, we find

— -n — i Ca -
¥ = e [1 2@ —2m) T 2742 —2n)(4 = 2n) ] @
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Now if n = 0, both of these series are identical. If » =1,2,... the second series fails to exist.
However, if n=0,1,2,... the two series can be shown to be linearly independent and so for this
case the general solution is

y = Cxnil — ia + = - e
2(2n + 2) 2:4(2n+2)(2n t+ 4)

-n xz x4 — RN
+ D=z [1 T3E—2n T 2 42204 - 2n) } )

The cases where n =0,1,2,8,... are treated later [see Problems 10.15 and 10.16].

BESSEL FUNCTIONS OF THE FIRST KIND

10.2.

10.3.

104.

Using the definition (5) of J.(x) given on page 224, show that if n+0,1,2,... then
the general solution of Bessel’s equation is y = AJ.(2) + BJ -a(%).

Note that the definition of J,(x) on page 224 agrees with the series of Case 1 in Problem 10.1,
apart from a constant factor depending only on n. It follows that (5) can be written y = AJ,(x) +
BJ_,(x) for the cases n+0,1,2,....

(a) Prove that J-.(x) = (—1)*J.(z) for n=1,2,3,...

(b) Use (a) to explain why AJ.(x) + BJ-.(x) is not the general solution of Bessel’s
equation for integer values of n.

(a) Replacing n by —n in (5) or the equivalent (6) on page 224, we have
< (—1)7(x/2)—n+e2r

J-a®) = 2 TrmtrF D)
n—1 (—1)'(3?/2)_""'2' + x (_l)r(x/z)—n+2r
T &SI T+ r+ 1) rIiT(—n+r+1)
Now since I'(—n + r + 1) is infinite for » =0,1,...,2—1, the first sum on the right is zero.
Letting r = n+k in the second sum, it becomes
Ll (_1)n+k(x/2)n+2k _ _ el (_l)k(x/2)n+2k _
2 R+ - U2 = U@

ko 'n+ Kk + 1)k!

(b) From (a) it follows that for integer values of n, J_, (%) and J,(x) are linearly dependent and
so AJ,(x) + BJ_,(x) cannot be a general solution of Bessel’s equation. If n is not an integer,
then we can show that J_,(z) and J,(x) are linearly independent so that AJ,(x) + BJ_,(x)
is a general solution [see Problem 10.10].

Prove (a) Jiz2(x) = \}% sinz, (b) J-12(x) = dﬁcosx.

_ o (_l)r(x/2)l/2+2r _ (x/2)l/2 _ (x/2)5/2 (x/2)9/2
(@) hin@ = & e e T rary  itrer) Toziram T
_ (w22 (/252 (x/2)72 - ...
1/2)V= 11(3/2)(1/2)V= 21 (6/2)(8/2)(1/2)V=
_ (x/2)1/2 PN AU (=/2)12 sinz 2 sine
/2= 3! 5! ToavE = E
()] Joyp@ = S CDr@/2)mleber | (@/2)"12  (x/2)3 (/2)72

<o r!iT(r+1/2) V1) 111(3/2) © 21r(6/2) ~

@), 2 e L [2
= 21 " 41 I VP R
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105. Prove (a)%{x"Jn(x)}=x"Jn—x(x), (b)-d%{x‘"Jn(x)}=—x‘"Jn+x(x) for all m.

i _ _d— d (_l)rxzn +2r
(@) & EheY = o 2 e et )
_ d (_l)rx2n+2r—1

r=0 27 +2r= 1yl D(n +7r)
kel (_l)rx(n—l) + 2r
=2 2m=D + 2y I T[(n— 1) + 7+ 1]

r=0

()

i _ _d— d (_l)rxzr
(b) dx &=t} = dx o 2nrt2rriP(n+r+1)

d (__]_)rxn+2r—l

2 T — DI T(n+r+ 1)
o (=1)k+1gn+2k+1

= T PR T+ kT D)

= g~ B

= _x-n"n+1(x)

10.6. Prove (a) J.(x) = HIn-1(2) = Jn41(x)], (B) Ja-1() + Jus1(x) = 296—an(:1:) for all n.
From Problem 10.5(a), %7/, (%) + nzn—1J,(x) = 2"J,_,(x)
or wJ () + wl(x) = al,_y(x) 1)
From Problem 10.5(b), z=%J, (%) — ne—n~W,(x) = —z—"J, . (%)
or 2Jp@) — ndp(@) = —xdyyy(@) @)

(a) Adding (f) and (2) and dividing by 2z gives
J'r:(x) = ‘;‘[‘In—l(x) - n+l(x)]

(b) Subtracting (2) from (1) and dividing by « gives
2
Jom1@ + Jos1@ = T I@)

10.7. Show that (a) Jor(z) = w’f—x@’ﬁ;—x‘M}

(b) T-2n(z) = —,/f_x@w>

(a) From Problems 10.6(b) and 10.4 we have on letting = = 1/2,

1 2 i 2 inx — « cos
J3p(®) = TIp@ — Joyp@) = \};;<sme—cosx) = ‘\’;‘:—(&x——c—x)

(b) From Problems 10.6(b) and 10.4 we have on letting =n = -4,

2 [xsinxz + cosx
J_gpp(@) = — ;a?(—_—x_)

108. Evaluate the integrals (a) [ #o-i(@)da, () f Lot1(@) g,
From Problem 10.5,

(a) ad;{xﬂ,l,,(x)} = anJ,_y(x). Then f and,— () de = xnd, (x) + c.

J,
() %{x"‘h(x)} = —x7 %, (x). Then f%n(x)dx = —g=nJ, (%) + c.
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10.9. Evaluate (a) fx‘Jl(x) dz, (b) fsta(x) dzx.

() Method 1. Integration by parts gives

f z4J; () dx

f (@2) (22, () da]

= xxt)y(2)] — f [22J; (2)][2 d=]

24, (x) — 2f x3J,(x) dx

= xAdy(x) — 2u8J,(x) + ¢

Method 2. We have, using J,(x) = —Jo(x) [Problem 10.27(b)],

f o), (@) de = — f wJi(xyde = —{atlo(z) — f 4237 (%) d}

f By de = f ady@)de] = 2zl (z)] — f (2], ()] [2 dz]

f 2J (x)de = ~— f x2Jo(x)de = —{aJo(x) — f 22 Jy(x) da}
= —x2Jy(z) + 22J,(x)
Then f Al @) de = —atly(@) + 463 (2) — 2{—x2o(x) + 22, (2)})] + o
= (822 — wt)J,y(2) + (4% — 162)J, (2)
(®) f 23y(x) dzx = f 5[z —2J4(x) da]

= aS—a2y(@)] — f [~z 2], (2)]5arA dz

= —ux3Jy(x) + 5f 22J, () dx

f x2J (%) d

f x3[x—1Jy(x)] dx

= z3[—x-lJ(x)] — f [—2—1J, (x)]822 dx

= —x2J,(x) + 3fo,(x)dx

—f xJg(x) d

fx.ll(x) dx

—[2do(x) - fJo(x) dx)
= —zdy(x) + fJo(x) dx
Then fxf’Ja(x) de = —x3Jy(x) + 5{—x2J,(x) + 3[—xJy(x) + f Jo(x) dx]}
= —a3Jy(x) — 5a2J,(x) — 15xJy(x) + 15f Jo(x) d
The integral f Jo(x) dx cannot be obtained in closed form. In general f xPJ,(x) dx can

be obtained in closed form if p+q =0 and p+q is odd, where p and ¢ are integers. If,
however, p + q is even the result can be obtained in terms of f Jo(x) da.
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’ , 2 si
10.10. (a) Prove that Ja(x)J-n(2) — JZn(2)Ia(x) = s:rr; -

(b) Discuss the significance of the result of (a) from the viewpoint of the linear
dependence of J.(x) and J-n(2).
(@) Since J,(z), and J_,(x), abbreviated J,, J_, respectively, satisfy Bessel’s equation, we have
22J) + 2] + (@2—ndJ, = 0, W, +2Jl,+ @-—n)J_, = 0
Multiply the first equation by J_,, the second by J, and subtract. Then
w2 I T = Il T + w[Jd = I T = 0
which can be written

2 = L)+ Wi =Tl = 0

d
or pom {x[Jpd -, —J o Ju} = 0
Integrating, we find Jid g — Jipdn = ¢lx )
To determine ¢ use the series expansions for J, and J_, to obtain
__z ’ antl = " ...
v T mTern 0 T T e v Jon T TR ’
, _ g-—n—1
LI S re)
and then substitute in (1). We find
1 1 2 _ 2sinur

© % Tmri—-w Tw+Dr(—n) = Trmrl-—=n) T

using the result 1, page 211. This gives the required result.

(b) The expression J,J_, — J',J, in (a) is the Wronskian of J,and J_,. If n is an integer, we
see from (a) that the Wronskian is zero so that J,, and J_, are linearly independent as is also
clear from Problem 10.3(a). On the other hand if = is not an integer, they are linearly inde-
pendent since in such case the Wronskian differs from zero.

GENERATING FUNCTION AND MISCELLANEOUS RESULTS
10.11. Prove that e/~ — i Jn(z)tn.

n=—w

We have

o (2t/2)| | & (—w/2t)k S & (=D)k(x/2)r+ker—k

@D~/ = t/2 g—x/2t = == AWLLLA7 =

e ert/E e /% {,—go r! kgo k! fgokgo rik!
Let »r—k =n so that n varies from —« to ®, Then the sum becomes

2 Q& (k(x/nt2ken ® S (—1)k(x/2)n+2k _ ©
2 2 TR T L2\ S Rmilr [ 2 Sl

10.12. Prove (a) cos(x sind) = Jo(x) + 2J2(x) o826 + 2J4(x) cos 46 + - - -
(b) sin(x sing) = 2J:(x) sing + 2J5(x) sin34 + 2Js(x) sin59 + - - -
Let ¢t =e¢' in Problem 10.11, Then

00 had
e¥exte®—e-10) —  Lirging — S Ju(x)eine = 3 Jo(x)[cos n6 + 1 sin ne)
== -

{Jo(x) + [J_1(x) + J((x)]) cos ¢ + [J_p(x) + Jo(x)] cos26 + ---}
+ i{[J1(x) — J_ (x)] sine + [Jo(x) —J_s(x)] sin26¢ + ---}
= {Jo() + 2Jy(x) cos26 + +--} + i{2J,(x) sin g + 2J,(x) sin3¢ + ---}

where we have used Problem 10.3(a). Equating real and imaginary parts gives the required results.
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10.18. Prove J.(x) = }rj; cos(nd—xsing)dd n=0,1,2,....

10.14.

Multiply the first and second results of Problem 10.12 by cosn¢ and sinng respectively and
integrate from 0 to = using

T 0 m+*n T d 0 m¥n
03 me cosndde = , f sinmeé sinngds =
j;cs g g /2 m=mn 0 /2 m=n¥0

Then if n is even or zero, we have
1 (" 1"
Ju(x) = -—f cos (x sin §) cos né ds, 0 = ;f sin (z sin ¢) sin n9 d¢
k4
0 0
or on adding,

T m
Jalx) = -};f [cos (x sin ¢) cos ng + sin (x sin ¢) sinng) do = %f cos (ng — x sin ) de
) 0

Similarly if n is odd,

™ m
Ja(x) = 1 sin (x sin ¢) sin n¢ ds, 0 = 1 cos (x sin @) cos n6 de
" TV TV

1 T
and by adding, J. () = p f cos (ng — x sin 9) d¢
0

Thus we have the required result whether n is even or odd, i.e. n =0,1,2, ...,

Prove the result of Problem 10.6(b) for integer values of » by using the generating.
function.
Differentiating both sides of the generating function with respect to ¢, we have, omitting the

limits —« to « for n
_ x 1
e(x/2)(t—1/1) 2 <1 + t_2>

S nd,(x)tn—1

or g <1 + t—l‘;’> S Ju@tr = I nd,(x)tn!
ie 25<1+l>1 @t = 3 nd, (x)n1
L. 2 t2 n - n
This can be written as

S 5@ + SEhu@tn-? = 3, (@)n-1
or E%J"(x)t" + E%J“g(x)t" = Sm+1)J,,, ()
ie. 2 [%Jn(x) + %Jn+2(x)} tn = It (@)n

Since coefficients of t* must be equal, we have
x
3/0@) + 5 Jais@® = (et D)Jp()

from which the required result is obtained on replacing n by n —1,

BESSEL FUNCTIONS OF THE SECOND KIND

10.15.

(a) Show that if » is not an integer, the general solution of Bessel's equation is

Ja(x) cosnr — J_a(x)
sin nx ]

y = EJu(z) + F[
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(b) Explain how you can use part (a) to obtain the general solution of Bessel’s equa-
tion in case n is an integer.

(@) Since J_, and J, are linearly independent, the general solution of Bessel’'s equation can be
written

y = ody@ + cJ_,(®)
and the required result follows on replacing the arbitrary constants e¢,,¢; by E,F where
F —F
¢, = E + S8 R cg = =
sin nr sin nr

Note that we define the Bessel function of the second kind if n is not an integer by

J(x) cosnr — J_, (%)
sin nrx

Yo(@) =

() The expression
Jp (%) cosnr — J_,(x)

sin nr

becomes an “indeterminate” of the form 0/0 for the case when n is an integer. This is because
for an integer n we have cosnr = (—1)* and J_,(x) = (—1)"J,(x) [see Problem 10.3]. This
“indeterminate form” can be evaluated by using L’Hospital’s rule, i.e.

[Jp(x) cos pr — J_,,(x)]

sin pr

lim
p=-n

This motivates the definition (10) on page 225.

10.16. Use Problem 10.15 to obtain the general solution of Bessel’s equation for n = 0.

In this case we must evaluate

lim li.lp(x) cos pr — J_,,(x)] )

p=0 sin pr

Using L'Hospital’s rule [differentiating the numerator and denominator with respect to p] we find
for the limit in (1)

lim
p=—+0

k4

[(aJ,,/ap) cospr — (dJ_,/op)]  1[dJ, aJ_,
w COS pr :I T = E ap :|p=0

where the notation indicates that we are to take the partial derivatives of J,(x) and J_,(x) with
respect to p and then put p = 0. Since 8J_,/0(—p) = —aJ_,/9p, the required limit is also equal to

2 4J,
7 3p lp=0
To obtain 8J,/dp we differentiate the series
_ * (_l)r(x/2)p+2r
Jp@) = rgo ri(p+r+1)
with respect to p and obtain
ad e (—1)r 8 /2)p+2r
o= 3SR e @
P = r! p |'p+r+1)
. (x/2)p+2r
Now if we let Totr¥D - G, then
InG = (p+2r)In(x/2) — InT(p+r+1)
so that differentiation with respect to p gives
1dG _ _Mp+r+1
Gap — G2 - 3T
Then for p =0, we have
G _ (x/2)2r I(r+ 1)
ap =0 = T(r+1) [1“ (=/2) = WI—T}] )
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Using (2) and (3), we have

28/, 2§ (CD(/2)% I'(r+1)
T p p=0 ~ 7, rirr+1) [ln (2/2) = I'(r+ 1):|
2 6
= %{ln(x/2) + y}o(@) + %[%— %(1+§) + G (1+4+Y) - J

where the last series is obtained on using the result 6 on page 224. This last series is the series
for Yy(x). We can in a similar manner obtain the series (11), page 225, for Y,(x) where n is an
integer. The general solution if n is an integer is then given by y = ¢,J,(x) + ¢, Y, (x).

FUNCTIONS RELATED TO BESSEL FUNCTIONS

10.17. Prove that the recurrence formula for the modified Bessel function of the first kind
I.(») is given by

L@ = Lea(@) - 22 1L(@)
From Problem 10.6(b) we have
Tons@ = Z0@) ~ Jui@ )
Replace z by iz to obtain 9in . .
Jualin) = —ZLJ, () = Juoy(in) (@)

Now by definition I, (x) = {~nJ,(iz) or J,(ix) = "I, (x) so that (2) becomes
wtL L (@) = —%ﬁinl,,(x) — i1 ()

Dividing by in*1 then gives the required result.

10.18. If » is not an integer, show that

J-n(x) — e "], (x)
i 8innx

e Ju () — J-a(2)
i sinnr

(@) HP(2) = , (b)) H®(z) =

(a) By definition of Hfl”(x) and Y,(x) [see pages 226 and 225 respectively] we have

Jp(x) cosnr — J_,(x)
sin nr

HV@) = Ju@) + i¥,(x) = J.() + i[

J,(x) sinnr + iJ,(x) cosnr — iJ_,(x)
sin nr

. Ju(x) (cosnr — i sinnz) — J_, (x)
-t [ sin nr :I

_ [dalm)einm —J_ ()] J_p(x) — e ", ()

B ‘L[ sin nr :| - isinnr
(b) Since H®P(x) = J,(x) —i¥,(x), we find on replacing i by —i in the result of part (a),

Ho = T e~
-t sin nr isinnnr
x* a8
10.19. Show that (a) Bero(z) = 1 — =g * gy
x? 28 210

(b) Beio(x) = 2f T 24362 + 22426282102
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We have aany (¥2x)? | (2@ (i320)8 | (328
Jo(@3/22) = 1 = 55— + “oops T gepzez T 22426282
i3  i6x4 946 11248
= ~ 92 2242 224262 ' 922426282
_ 1x2 x4 128 x®
= 14 %5~ op  npe v e
= xt g (2o
- <1 T o2 T gargEe > e (? 224762

and the required result follows on noting that Jo(i3/2x) = Bery (x) + i Beig(z) and equating real
and imaginary parts. Note that sometimes the subscript zero is omitted in Ber,(x) and Bei, ().

EQUATIONS TRANSFORMED INTO BESSEL’S EQUATION
10.20. Find the general solution of the equation zy” +y’ +ay = 0.

The equation can be written as x2y” + xy’ + axy = 0 and is a special case of equation (24),
page 226, where k=0, « = Va, r = 1/2, 8 = 0. Then the solution as given by (25), page 226, is

¥y = o Jo@Vax) + ¢;Yo(2Vax)

ORTHOGONALITY OF BESSEL FUNCTIONS
pdn (W) In(w) — AT () In

1
1021. Prove that f 2Jn(AZ) In(ua) d = ) i 2
1]

,\2 — #2
From (8) and (4), page 224, we see that y, =J,(A\x) and y,; = J,(ux) are solutions of the
equations Y ,
a2y + ooy + (2 —ndy;, = 0, ayy + wy, + (WPal-ndy, = 0

Multiplying the first equation by y,, the second by y,; and subtracting, we find

22yyy —ywe ] + =y — s = (@~ Dy,
which on division by z can be written as

d ’
e[y — vael + i — vzl = (@~ ey
d ! ! = 2 2

or B — vl = WP —any,

Then by integrating and omitting the constant of integration,
(2 —22) f ey wede = lyyi — Yyl
or using ¥, = J,(\x), ¥ = J,(sx) and dividing by x2—2a2+#0,
B[N (u) I (A2) — pdpn (AZ) I, ()]

f 2, (A\x) I, (ux)y de =

”2 — A2
! A (@) Jn () = 2w (A) I ()
Thus J; 2, (\x) J, (ux) dx = oy
which is equivalent to the required result.
1 2 _ 1 2 n2 2
10.22, Prove that xJ(Ax)de = 5 Ian(A) + (1 2 Ja(A) | .
o

Let x— A in the result of Problem 10.21. Then using L’Hospital’s rule, we find
1 AMa(@W In () — T Tne) — ad ()T
f fo,()\x)dx lim n(l‘) n() n( ) n(l‘) ® n( ) n(l‘)
0 [T 2u
AR = T Ja) = AT () Ty ()
2\
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But since A2J, (A) + Ma(\) + (A\2—n2)J,(A) = 0, we find on solving for Ji/(A) and substituting,

[J:?(x) + <1 - ;‘—z> J?,(x)]

10.23. Prove that if A and . are any two different roots of the equation RJ.(x) + SzJ.(x) = 0
where R and S are constants, then

1
f 2n @) Tu(pr)dz = 0
0
ie. V& Ja.(Az) and V& J.(ux) are orthogonal in (0, 1).

Since A and u are roots of RJ, (x) + SxJ,:(x) = 0, we have
RI,(\) + SAa(A) = 0, RJ, () + Spdo(w = 0 6]
Then if R+ 0, S <0 we find from (1),

wIaM Tn(w) = Ap@ I, = 0
and so from Problem 10.21 we have the required result

D

1
f 220w dx =
0

1
f xJ, (A} J,(Ax)dz = 0
0

Incase R=0,S+#0 or R+*0,S =0, the result is also easily proved.

SERIES OF BESSEL FUNCTIONS
10.24. If f(x) = i ApJn(dp), 0 <2 <1, where), p=12,3,..., are the positive roots
p=1
of Ja(x) =0, show that
2

4 = G fo 2T (Ast) f(2) A

Multiply the series for f(x) by zJ,(A\.x) and integrate term by term from 0 to 1. Then

1 o 1
f 2, () flx)de = 3 Apf 2J, (\x) I, (A,x) dz
p=1 o

[}

1
Akf 2 Ji(\x) da
0

= 34,7 200
where we have used Problems 10.22 and 10.23 together with the fact that J,(\,) = 0. It follows
that o .
A, = J:'2()\k)j; xJ, (\) flx) dx

To obtain the required result from this, we note that from the recurrence formula 3, page 225,
which is equivalent to the formula 6 on that page, we have

Mdaid = ndu(0) — MNedpi (M)

or since J,(\,) =0, Ja) = =Jaei ()

10.25. Expand f(x) =1 in a series of the form

2 ApJO(Apx)
p=1
for 0 <z <1, if A, p=1,2,3, ..., are the positive roots of Jo(x) = 0.
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From Problem 10.24 we have

2 1 2 Xp
A, = ———f xJy(A,x)dx = —f vJo(v) dv
N S 20 Je 0
2 A 2
——vd, (V) = ——
220, o AJ1(0)

where we have made the substitution v = Apx in the integral and used the result of Problem
10.8(a) with n =1.

Thus we have the required series
< 2
= 1 = — = Js(A
f(x) ,,21 Aed 1 (Ap) 0 (A7)

. . Jo () Jo(Ao) _ 1
which can be written WA + AW + - = 3

Supplementary Problems

BESSEL'S DIFFERENTIAL EQUATION

10.26. Show that if z is replaced by Ax where A is a constant, then Bessel’s equation 2y + xy’ +
(x2 —n2)y = 0 is transformed into 22y’ + xy’ + (\222 —n2)y = 0.

BESSEL FUNCTIONS OF THE FIRST KIND

x3 x5 x7

221 + 22476 2242678 + --- and verify that the interval of conver-

10.27. (a) Show that J,(x) =—§
gence is —ow < g < o,
(b) Show that Jg(x) = —J,(x).

(¢) Show that %[x.ll(x)] = xJy(x).
10.28. Evaluate (a) Js/o(%) and (b) J_5,5(x) in terms of sines and cosines.

10.29. Find Jg(x) in terms of Jy(x) and J,(%).

10.30. Prove that (a) J, (x) = L[Jp—g(@) — 2J,(x) + Jp42(2)],
(b) J‘I,l"(x) = %[Jn—s(x) - 3Jn—l(x) + 3Jn+l(x) - Jn+3(x)]

and generalize these results.
L
10.31. Evaluate (a) fx-".lg(x) dx, (b) f x3Jy(x) dz, (¢) fxﬂo(x)dx.
0

J
2(:) dx.
x

10.32. Evaluate (a) f J,(Vz)dz, (b) f

10.33. Evaluate f Jo(x) sin x dex.

2 sin nr

E for n=14.

10.34. Verify directly the result J.(x)J_,(x) — J () J, (%) =
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GENERATING FUNCTION AND MISCELLANEOUS RESULTS

10.35. Use the generating function to prove that J,(x) = 3[Ju-1(x) + Jpi 1 (x)] for the case where n
is an integer.

10.36. Use the generating function to work Problem 10.30 for the case where » is an integer.
10.37. Show that (a) 1 = Jy(x) 4 2Ja(x) + 2J4(x) + - --
b)) Ji(x) — J3(x) + Js(x) — J7(x) + .-+ = sina.

10.38. Show that i‘—.r,(x) = Jo(x) — 2J4(%) + 3Jg(x) — -+ - .

2 m/2
10.39. Show that Jy(x) = ;f cos (x sin ¢) de.
0

T/2
10.40. Show that (a) f Ji(x cose)ds = 1—cosz
0

x
T2 J
(b) f Jo(x sin ) cos ¢ sind ds = l:t).
0
z 0
10.41. Show that f B®de = 2 3 Jnr (@)
0 =
® 1
10.42. Show that f e—arJ,(bx)dr = ————— and thus find
0 ° Va2 + b2

(a’) ‘C {JO (bt)}’ (b) ‘C {Jl (bt)}y (c) ‘C {Jn(bt)}’ n= 0’ 1; 2y e
10.43. Show that f Jo(x)dxe = 1.
0

10.44. Prove that |J,(x)] =1 for all integers n. Is the result true if » is not an integer?

BESSEL FUNCTIONS OF THE SECOND KIND

10.45. Show that (a) Y, ,,(x) = gxﬁY,,(x) — Y, (x), () Y.(x)= Y o1 (®) — Yy (2)).

10.46. Explain why the recurrence formulas for J,(x) on page 225 hold if J,(x) is replaced by Y, (x).
10.47. Prove that Y(; (x) = Y, (x).

10.48. Evaluate (a) Y, ,0(%), (b) Y _;,5(%).

10.49. Prove that J, (%) Y. (x) — Jo(x) Y () = 2/nx.

Y
10.50. Evaluate (o) fxsyz(x) dx, (b) st(x) dz, () f :7:(:”) dx.

10.51. Prove the result (11), page 225.

FUNCTIONS RELATED TO BESSEL FUNCTIONS

22 | xt x8
10.52. Show that [Iy(x) = 1+ §+§2—4—2+m+ e

1053. Show that (a) In@) = HI,— (@) + I,o ()}, () =l (x) = =l,_y(x) — nl,(x).

1054, Show that el/2t+1/> = 3 [ (x)t» is the generating function for I (x).
—0

2 w2
10.55. Show that Iy (x) = ;f cosh (x sin 6) de.
0

2[Iy(=) + Is(x) + + -]
Io(x) + 2[Iy(x) + I (x) + - -]

10.56. Show that (a) sinhzx
(b) coshzx
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1057. Show that (a) I5)5(%) = \/ f—x <008h x— E%”") y (B) I_g5(x) = ‘\’ -% <sinh x ___cosxh ac) .
g

10.58. (@) Show that K, (x) = K,_,(») + %Kn(x). (b) Explain why the functions K, (x) satisfy recur-
rence formulas which are the same as those for I,(x) with I, (x) replaced by K,(x).

10.59. Give asymptotic formulas for (¢) HV (), (b) H® (x).

10.60. Show that = N _ (x/2)%+4n (3n + 2k)r
Show that  (a) Ber, () = 3y pay) 0% 4

i & (w/2kn . [3n+ 2k
(6) Beiy (v) = kgok!l‘(n+k+1) sm< 4 >”‘

10.61. Show that
(x/2)4 (2/2)8

Kery (x) = —{In (2/2) + v} Ber, (%) +%Bei0(x)+1— —2'—2(1+§) + D 1+3+3+pP-—--

EQUATIONS TRANSFORMED INTO BESSEL'S EQUATION
10.62. Prove that (25), page 226, is a solution of (24).

10.63. Solve dxy”’ 4+ 4y’ +y = 0.
10.64. Solve (a) xy”" +2y' +xy = 0, (b) y"’" + 22y =0.
10.65. Solve 1y’ + e2ry = 0. [Hint. Let e* = u.)

10.66. (a) Show by direct substitution that y = J0(2\/;) is a solution of «y”’ + '+ y = 0 and (b) write
the general solution.

10.67. (a) Show by direct substitution that y = vz J1/3(32%/2) is a solution of ¥ + 2y = 0 and (b) write
the general solution.

10.68. (a) Show that Bessel’s equation w2y’ + xy’ + (¥2—n2)y = 0 can be transformed into

d2u n2 — 1/4 _

where y = u/Vz. (b) Discuss the case where n = *1/2,

(b) Discuss the case where x is large and explain the connection with the asymptotic formulas
on page 227,

ORTHOGONAL SERIES OF BESSEL FUNCTIONS
10.69. Complete Problem 10.23, page 237, for the cases (@) R+0,S=0, (b)) R=0, S+0.

9 _ x2 2 2 nx
10.70. Show that f 2200)de = TU20@) + T2, 00)] — B0, 08) Ty () + o

10.71. Prove the results (31) and (32), page 227.

- Jo(A,x
10.72. Show that 1ozt _ § 00D oy
8 p=1 0571 (Ap)
where ), are the positive roots of Jo(A) = 0.
X Jl ()\px)
10.73. Show that x = 2p§l VAW -1<z<1
where A, are the positive roots of J;(3) = 0.
x 2(8 —A2)J, (A7)
10.74. Show that B = S — 21 gse<l1

p=1 I

where A, are the positive roots of J;(A) = 0.
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10.75.

10.76.

10.28.

10.29.

10.31.

10.32.

10.33.

10.42.

1048,

10.50.

10.59.

10.63.

10.64.

10.65.

If flx) = 2 A, Jy(\) where Jy(A) =0, p=1,2,3,..., show that

f alf@)2de = ,,§1 A220,)

¢

Compare with Parseval’s identity for Fourier series.

Use Problems 10.78 and 10.75 to show that

L]
i
'e>§:|*"
Il
|

where ), are the positive roots of Jo(A) =

Answers to Supplementary Problems

(@) ’ (8 — «2) sma: — 8 cos a::l ®) ,,,9,; [39: sin 2 +i?;—a:2) cos a::'

(8 = )Jlm -2

(@) #373@) +c  (b) 2J4(1) —3J,(1) (¢) «Jy(w) + wdp(x) — f Jo (@) dec

(@) 8VaJi(Va) — 8V Jo(Va) + ¢

J J
®) ——359 ‘ém) +3 f Jo(z) da

xJy(x) sine — xJy(@) cosz + ¢

1 () Vs2+ b2~ (Vs2 + b2 — g)n

@ Ve F b2 bVs2 + b2 @ bny/s2 + b2

(a) ——d;—%cosm (b) ;_%sina:

(@) x3Y3(x) + ¢

(B) ~Yp@) —2Vi@/at+o (@ —15Vi) — 1oz Vel@) — 5 Val@) + f Yo (@) dz

(@) 1’;2—00'&(1—117—%7:17) (b) "%e—i(z—iu—énu)

¥ = AJy(Vz) + BY, (V)

A sinz 4+ B cosx

@y =" 0y = Valdliu(a?) + BI_y;(§a?)]

y = AJy(e*) + BYy(e%)

241



Chapter 11

LEGENDRE’S DIFFERENTIAL EQUATION
Legendre functions arise as solutions of the differential equation
(1—-2?)y” —2zy" +n(n+1l)y = 0 (2)

which is called Legendre’s differential equation. The general solution of (1) in the case where

n=0,1,28, ... is given b
given by Y = eiPa(®) + 2Qu(®)

where P.(z) are polynomials called Legendre polynomials and Q.(x) are called Legendre
functions of the second kind which are unbounded at x = =*1.

LEGENDRE POLYNOMIALS
The Legendre polynomials are defined by

= @rn—-1)@rn-38)---1f{ nn-1)  , nwer-1)n-2)n-8) .,
Pu(x) = oy : {x T2 t 2vaEn-DEn—3) ° } @)

Note that P.(x) is a polynomial of degree n. The first few Legendre polynomials are as
follows:

1. Po(x) =1 4. P3(x) = 3(5x— 3x)
2. Pi(x) =z 5. Ps(x) = 3(85x*—380a2+3)
3. Py(x) = }Bx*>—1) 6. Ps(x) = $(63x°— T0x% + 15x)
In all cases Pn(1) =1, Pa(—1) = (—1)~
The Legendre polynomials can also be expressed by Rodrigue’s formula given by

_1 d
27n! dan

Il

P,(x) (x2—1) 3

GENERATING FUNCTION FOR LEGENDRE POLYNOMIALS .

1 ©
The function _— = P (x)t» 4
Vet | &0 “@

is called the generating function for Legendre polynomials and is useful in obtaining their
properties.

RECURRENCE FORMULAS
2n+1 n
1. Pn+l(x) = n—_l_—len(x) — mP,,_l(x)

2. Piu(x) — Pii(x) = (2n+1)P.()

242
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LEGENDRE FUNCTIONS OF THE SECOND KIND

If |«| <1, the Legendre functions of the second kind are given by the following ac-
cording as n is even or odd respectively:

—1)~22[(n/2) 112 -1 2 -1 _3 9 4
Que) = (-1) ng(n )] {x _ %xa L (e=1n %(!n+ (nt4) o _ }
%)
_1 (n+1)/22n—l _1 /2 !2 .
@ = 2 1.3.5.[(.1?7; e {1 N n(an'r e 4 2l 2)(7214{ A g } (©)

For n > 1, these coefficients are taken so that the recurrence formulas for P.(x) above apply
also to Q. ().

ORTHOGONALITY OF LEGENDRE POLYNOMIALS
The following results are fundamental:

f_l Pu(@)Pu()dz = 0  if m#=n 7)

f_ 11 Plo)ds = 52— (8)

The first shows that any two different Legendre polynomials are orthogonal in the interval
~-1<z<.

SERIES OF LEGENDRE POLYNOMIALS

If f(x) satisfies the Dirichlet conditions [Page 183), then at every point of continuity of
f(z) in the interval —1 <z < 1 there will exist a Legendre series expansion having the form

f#) = AoPo(x) + AiPi(x) + AsPa(z) + -+ = ’goAkPk(x) 9)
where Ay 2k2+ lj: f(x) Py (x) dx (20)

At any point of discontinuity the series on the right in (9) converges to [f(x + 0) + f(x — 0)]
which can be used to replace the left side of (9).

ASSOCIATED LEGENDRE FUNCTIONS
The differential equation

m2
A—-a?)y” — 22y + [n(n +1) - =2

xz:' y = 0 (11)
is called Legendre’s associated differential equation. If m = 0 this reduces to Legendre’s
equation (Z). Solutions to (11) are called associated Legendre functions. We consider the
case where m and n are non-negative integers. In this case the general solution of (11) is

given by ¥y = Py (x) + c.Q7 () (22)

where P7'(x) and Q7' (x) are called associated Legendre functions of the first and second
kinds respectively. They are given in terms of the ordinary Legendre functions by

m

Prw) = (-apeLop (23)
@@ = - Low (14)

Note that if m > n, Py (x) = 0.



244 LEGENDRE FUNCTIONS AND OTHER ORTHOGONAL FUNCTIONS [CHAP. 11

As in the case of Legendre polynomials, the Legendre functions P (x) are orthogonal in
—1<x<], ie. L
f Pr@)Pr@)dz = 0 n+k (15)

-1

! m _ 2 ('n + m) !
We also have j:l [P (x))Pde = o Fin—m)! (z6)
Using these, we can expand a function f(x) in a series of the form

fz) = ’go AP (2) 17

OTHER SPECIAL FUNCTIONS
The following special functions are some of the important ones arising in science and
engineering.

1. Hermite polynomials. These polynomials, denoted by Ha(x), are solutions of Hermite’s
differential equation

Yy’ —2xy +2ny = 0 (28)
The polynomials are given by a corresponding Rodrigue’s formula
Hiw) = (-1 Do) (29)
Their generating function is given by
et = 3 Hola (20)
and they satisfy the recursion formulas
Hui1(x) = 2xHa(x) — 2nHq -1 (2) (21)
H.(x) = 2nH.-1(x) (22)
The important results
f : e Hu(z)How)de = 0 m=n (23)
j: e~= Hi(x)dx = 2™!\/= (24)
enable us to expand a function into a Hermite series of the form
fla) = 3 AHa) (25)
where A = 1 \/_f e~ f(x) Hi(x) dw (26)

2. Laguerre polynomials. These polynomials, denoted by L.(x), are solutions of Laguerre’s

differential equation
2y’ + Q-2 +ny = 0 (27)

The polynomials are given by the Rodrigue’s formula

Liz) = e (e (28)
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Their generating function is given by

e—:tt/(l*—t) ) Ln(x) n
1-t¢ ,,_Zo n! t (29)
and they satisfy the recursion formulas
Lnii(x) = (2n+1—x)La(x) — nPLn—1() (30)
wLn-1(x) = nLn-1(x) — Lu() (31)
The important results
e~ Lin(x) Lo(x) dx = 0 m*n (32)
[}
f e*Li(x)dx = (n!)? (33)
[}
enable us to expand a function into a Laguerre series of the form
flwy = 2 AcLk(x) (84)
k=0
where A = 1 2fw e~ *f(x) Li(x) dx (35)
(k1 Js
STURM-LIOUVILLE SYSTEMS
A boundary-value problem having the form
d
dz [p(x)%] + [gx)+ar(x)ly = O Aa=Sc=b (36)

ay(a) + azy’(e) = 0, by(d) + by’ (d) = 0

where a;, as, by, be are given constants; p(x), ¢(x), r(x) are given functions which we shall
assume to be differentiable and A is an unspecified parameter independent of x, is called a
Sturm-Liouville boundary-value problem or Sturm-Liouville system.

A non-trivial solution of this system, i.e. one which is not identically zero, exists in
general only for a particular set of values of the parameter A. These values are called
the characteristic values, or more often eigenvalues, of the system. The corresponding
solutions are called characteristic functions or eigenfunctions of the system. In general
to each eigenvalue there is one eigenfunction, although exceptions can occur.

If p(x), g(x) are real, then the eigenvalues are real. Also the eigenfunctions form an
orthogonal set with respect to the density function r(x) which is generally taken as non-
negative, i.e. r(x) = 0. It follows that by suitable normalization the set of functions can be
made an orthonormal set with respect to »(x) in ¢ =z = b.
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Solved Problems
LEGENDRE’S DIFFERENTIAL EQUATION

11.1. Use the method of Frobenius to find series solutions of Legendre’s differential equa-
tion (1—2%y” —2xy’ +n(n+ L)y = 0.

Assuming a solution of the form y = 3 c,a*+8 where the summation index k goes from
—w to » and ¢, =0 for k <0, we have

an+ly = Jan+leuarts
S —2(k + B)eak+B

—2xy’

1—a?y” = Z(k+p)k+p—VDeak+8=2 — J(k+ B)(k+ B — L)o,zk+8
= Z2(k+B+2)(k+B+ Deyspaktt — Zk+ p)(k+ B — e ah+p
Then by addition,
2(k+p+2)k+p+1exsy — (k+B)Nk+L =1, — 2(k+ Bl + n(n+Nelak+s = 0
and since the coefficient of x2k+8 must be zero, we find
k+B+2)k+B+1)errp + [nt+1) — (k+8)Nk+B+1)]e, = 0 1)

Letting k = —2 we obtain, since ¢_, =0, the indicial equation B(8—1)co =0 or, assuming
cg#*0,8=00rl.

Case 1, 8 =0.
In this case (1) becomes
(k+2)k+ 1o + [n(n+1) —k(k+1)]e, = 0 (2)
Putting k= —1,0,1,2,3,... in succession, we find that ¢; is arbitrary while

_nn+1) _1e2—nmn+1) . = [2°8 — n(n+1)]

Cy = 2.1 ’ Cy = 3¢9 €1 4 443 Cos

and so we obtain
v = co[l _nntl) o, n(n—2)(12—'|-l)(n+3)x4 _ ]

2!
®)

+ cl[a: _ (n—l;('n+2)x3 + (n—1)(n—3;('n+2)(n+4) o5 — ]

Since this leads to a solution with two arbitrary constants, we need not consider Case 2, 8 = 1.

For an even integer n = 0, the first of the above series terminates and gives a polynomial
solution, For an odd integer n > 0, the second series terminates and gives a polynomial solution.
Thus for any integer n = 0 the equation has polynomial solutions. If 2 =0,1,2,8, for example,
we obtain from (8) the polynomial

o C1%, Co(l — 32), ¢, (-?ﬁ-_2—5w—3>

which are, apart from a multiplicative constant, Legendre polynomials.

LEGENDRE POLYNOMIALS
11.2. Derive formula (2), page 242, for the Legendre polynomials.

From equation (2) of Problem 11.1 we see that if k== then c¢,4, =0 and thus ¢;.4,=0,
€n+6 =0,.... Then letting k=n—2,n—4,... we find from the equation (2) of Problem 11.1,

_ nn—1) c e _ _(n—2)(‘n—3)c _ ‘n(n—l)('n—2)(n—3)c
2@n—1) ™ "t T 42n—3) "2 T 2:4(2n—1)(2n—3) ™

Cp—2 =
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This leads to the polynomial solutions

_ _a@m=1) ., , se—Dm-2)n=38 __, ]
¥y = on [”" 2en=1)" T 2-d@en—D@n—3) °
The Legendre polynomials P,(x) are defined by choosing

 @n—1)@n—3)---3+1
L n!

This choice is made in order that P,(1) =1.

11.3. Derive Rodrigue’s formula P.(x) = ﬁ %(xz— 1)~

By Problem 11.2 the Legendre polynomials are given by

. @n—-1)@2n—3)---3-1] ~ wm—1) re—-Ym—-2)n—-8 . _, ...
Pplz) = n! {” 2en—1"" T 2.-d@n-DEn—3) ° }

Now integrating this n times from 0 to «, we obtain

(2n—1>(2(121n;'3>-~3-1 {:,:21: — namn-2 4+ 20D o }

which can be written

@n—1)@n—38)---3-1
Cn)@En—1)(2n—2)-- -2+

1
l(a:2—1)" or m(ﬁ—l)"
1 dr

Find dgn & D"

which proves that P.(x) =

GENERATING FUNCTION

114. Provethat —— L = > Pa(x)t~

V1—2xt+2 =0

Using the binomial theorem

1+v)P = 14 pv + ”(”ZTI)zﬂ + ”(”‘?,(”_2)1;3 SR
we have
1 = [l - t@x—1t)-12
V1—2xt+ #2

1 _ 18 000 — 12 + 1°8°B a0, 3 4 ...
1+2t(2a: t)+2.4t(2x t) +mt(2x tys +

and the coefficient of ¢» in this expansion is

1:8:6---@n—1) o 1, _ 1°8°5---(2n—3) (n—1) s
2+4+6---2n (22) 2446 (2n—2) 11 (2z)n
1:3+5---2n— 6 (n—2)(n—38) aed
+ 2+4+6:2n— 4 21 (2x)

which can be written as

1:3:5-@~1) [ | we—1) _, we-De-2m-3 .,
l {” 2en—1° T 2vdgn—T)iEn—-3 * }

i.e. P,(x). The required result thus follows.
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RECURRENCE FORMULAS FOR LEGENDRE POLYNOMIALS

2n +1
n+1

115. Prove that Pr+i(x) = 2P (x) — n—f—z‘_—l Pu_1(z).

From the generating function of Problem 11.4 we have

l 0
———— = 3 Pyla)tr (1)
V1—2at+ 2 =
Differentiating with respect to ¢,
x— 1

—_ — 3 -1
(1= 2at + 2372 2 Pt

Multiplying by 1 — 2t + t2,

— 2=t = S (1- 20t + P, (@)tn! (2)
V1—2xt+¢2 n=0
Now the left side of (2) can be written in terms of (Z) and we have
S (@— )P (x)tr = 2 (1—2xt+ 2P, (x)tn—1
n=0 n=0
ie. S «P,(x)tn — S P@)tntl = 3 aP (e)tn-1 — I 2naP, ()t + T nP,(x)tr+1
n=0 n=0 n=0 n=0 n=0

Equating the coefficients of ¢? on each side, we find
xP,(x) — Pp_y(@) = (n+DPpyy(x) — 2naPy(x) + (n— 1P,y ()

which yields the required result.

11.6. Given that Po(x) =1, Pi(x) =, find (a) P:(x) and (b) Ps(x).

Using the recurrence formula of Problem 11.5, we have on letting n =1,

- 3 _1 = 3.1 _ 1o,
Py(x) = EmPl () 2Po(a:) = g% 7 = 2(39/: 1)
Similarly letting n = 2,
- 5 2 = 5 (82—-1\ _2 _ 1.,
Py(x) = 30:P2(93) - 3P1(93) = 393< 2 > 3% = 2(593 3x)

LEGENDRE FUNCTIONS OF THE SECOND KIND

11.7. Obtain the results (5) and (6), page 243, for the Legendre functions of the second
kind in the case where » is a non-negative integer.

The Legendre functions of the second kind are the series solutions of Legendre’s equation which
do not terminate. From Problem 11.1, equation (8), we see that if n is even the series which does
not terminate is

o — (n—l;('n+2) ot 4 (n—l)(n—35)('n+2)(n+4) 5 —

while if n is odd the series which does not terminate is

1 - nn+1) o2 + n(n—2)(n4-:— 1)(n 4+ 3) ot —

2!

These series solutions, apart from multiplicative constants, provide definitions for Legendre
functions of the second kind and are given by (5) and (6) on page 243.
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11.8. Obtain the Legendre functions of the second kind (a) Qo(x), (b) Q:(x) and (c¢) Q2(x).

() From equation (5), page 243, we have if n =0,

183+2-4 13+5+2.4+86

2
Qolz) = a:+§a:3+ 5 x5 + 81 7 + .-
= QR AR LA B -1
= m+3+?+7+ = 2ln<l—x>

where we have used the expansion In(1+u) = u — u2/2 + u3/8 — ui/4 + -,

(b) From equation (6), page 248, we have if n=1,
Q) = — {1 _ (12)(!2) 2 4 (1)(—1)!(2)(4) o (1)(—1)(—63!,)(2)(4)(6) o 4 }

B Ly = s flte)
m{x+3+5+ } 1 = 2ln<l—a: 1
(¢) The recurrence formulas for @,(x) are identical with those of P,(x). Then from Problem 11.5,

Qi@ = 210, — 2= Q, 4@

Putting % = 1, we have on using parts (a) and (b),

@x

ORTHOGONALITY OF LEGENDRE POLYNOMIALS
1
119. Prove that f Pu(z)Pu(z)ds = 0 if m =n.
-1
Since P,,(x), P,(x) satisfy Legendre’s equation,
(1—«2)P) — 2¢P,, + m(m+1)P,, = 0
(1—«?)P, — 24P, + n(n+1)P, =
Then multiplying the first equation by P,, the second equation by P,, and subtracting, we find
(1—%2)[13,,?,',: - Pmprl:l] - 2”[Pnpr;t = Pmpr’ll = [a(rn+1) — m(m+1)|P,P,

which can be written

(1= %) [P, P}y = PuPi] — 20[P,Pp— PPy = [n(a+1) — m(m+ 1]P,P,
or éi; {1 —a®)[P,P,, — P,P;]} = [n(n+1)—m(m+1)}P,P,
Thus by integrating we have
1 1
[n(n+ 1) — m(m + 1)] f Po(@)P,(@)dz = (1—ad)[P.Ph—P.P]|" = o
1 -1
1
Then since m #= n, f P, (x) Py(x)dz = 0
-1
o 2
11.10. Prove that f | Pi@ds = gy
From the generating function
_.1—__ = Pn (m)tn
V1—2tz + 22 =0

we have on squaring both sides,

1 _ 0 0 .
T2 T8 22 n@Fa@tnn
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Then by integrating from —1 to 1 we have

1 da _ © o fl .
flm = 3, 31) P@Pi@depmen

Using the result of Problem 11.9 on the right side and performing the integration on the left side,

1 © 1
- 2 n
« 1
or lt In (i—f_—:) = n§0 {f—l P2 (x) dm}t%

-1 a- 2
27 In (1 — 2tz + ¢2)

2 22m < f b
ie. = Py (x) dx pt2n
1.e "éozn'*'l n§0{ -1 n( ) }
Equating coefficients of ¢2* we have as required

1
2
2 —
f_lP"(“)d” = on+41

SERIES OF LEGENDRE POLYNOMIALS

ILIL If f(z) = S AWPi(z), —1 <z <1, show that
k=0

A = 2’“2+1f_lpk(x) f(x) da

Multiplying the given series by P,, (x) and integrating from —1 to 1, we have on using Problems
11.9 and 11.10,

1 [ 1
f Pa@i@de = 3 A Pu@ Pue)ds
. .

k=0
1
— 2 _ m
AMLI Po(@)yde = om 1
Then as required, A, = gln—;_—lfl P, () f(x) dx
—-1
. 1 O0<z<1 . . e
11.12. Expand the function f(x) = { in a series of the form APy ().
() 0 -1<xz<0 kgo 1P ()

By Problem 11.11,
2k+1 (! 2k 0 t
4, = f P, (@) f(x) dz +1 f Py (@)[0)dw + 21 f Py (@)[1] de
-1 -1 0

2 2 2

2k+1 (!
= 2 foPk(x)dx

Then 4, = 1 1Po(a/:)dx = —l-fl(l)dx =1
2 2J, 2

3 (! 3 (! 3

4, = 2 Pi(x)dx = E,’; cvde = 1

'S
N
1]
pojor

1 1 2
Py@)ds = %f Eolaw = o
0

“—3 oi—-ﬁ °§—-5 oi—-ﬁ

<

1 1 _
Py(x)dx = %f w&: = -1
o
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9f‘ 9 (' 352t — 3022 + 3
A, = = P(x)dx=—f———dx=0
¢ 2J), * 2J, 8
_ 1t _ 11f163x5—70x3+15x _ 1
A, = 2_£P5(x)dx_ ) o v = o
ete. Thus fle) = 4Py(x) + §Pi(w) — {GPs(x) + LPs(x) — ---

The general term for the coefficients in this series can be obtained by using the recurrence formula
2 on page 242 and the results of Problem 11.29. We find

1 1
4 = BE @i = {f Pa@ - Foa@ld = PO - P )

For » even A, = 0, while for » odd we can use Problem 11.29(c).

ASSOCIATED LEGENDRE FUNCTIONS
11.13. Obtain the associated Legendre functions (a) P;(x), (d) Pi(x), (c) Pg(x).

322~ 1
2

@ Pi@) = 1-arLpye) = (1-ayv2 ;’;( ) = 31— o212

2 = (1— g2z B , — ) B [62P —3x) _ — 3
(b) Py(x) 1—=% a8 Ps(@) (1 x)dxz 5 15x — 154

@ Piw = (-2 L P = 0

11.14. Verify that P3(z) is a solution of Legendre’s associated equation (11), page 243, for
m=2, n=3.

By Problem 11.13, P2(x) = 15x — 1523, Substituting this in the equation
4
(11— 22y — 22y’ + [3'4 - m]y = 0
we find after simplifying,
(1 —22)(—90x) — 2(15 — 4542) + [12 - if—xz] [162 — 1625] = 0

and so Pg(x) is a solution.

11.15. Verify the result (15), page 244, for the functions P; (x) and P ().
We have from Problem 11.13(a), Pj(x) = 3»(1 —a2)1/2, Also,

1 = — 29 = — a2yi/2 0 [ 5ad — 8% — /21522 — 3
Pl = (-2 lpe = a-eped(52- (1= ap2 152
1 1 2
Then - f Pl@)Pl)ds = f 3x(1—x2)l5x2—3dx = 0  (odd function)

11.16. Verify the result (16), page 244, for the function P; (®).

Since P; (x) = 3x(1 — a2)L72,
! 1 3 5771
f [P;(ao)]z de = 9f 221 —a2)dx = 9[‘% _%:l _ 36 12
-1

— -1 15 5

Now according to (16), page 244, the required result should be
2 @+1! _ 2.8 _ 12

2)F12-1n! 5 1! ~ B
so that the verification is achieved.
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HERMITE POLYNOMIALS

[CHAP. 11

11.17. Use the generating function for the Hermite polynomials to find (a¢) Ho(x), (b) Hi(x)
(¢) Hz(z), (d) Hs(x).

We have
o2tr—tt  — g Hy (@)t

2(x) H3(00)
2 T Hw + Hyo)t + 2t B8+ e

— $2)2 — $2)3
Now 2tz —t? 1+ Qta—12) + (2t$2' t2) + (2tx3' t2)

1+ o)t + (222 —1)e2 + <—4”3; 6”) £+ -

Comparing the two series, we have

Hyx) =1, H(x) = 2%, Hy(x) = 422—2, Hy(x) = 823 — 12«
11.18. Prove that Hi(x)

~1(#
Hu(@)

Differentiating ¢~ - g t» with respect to «,

’
ste—t2  _ o Hal®)
2te - .ngo n!
H,(x) 2 H,(@)
n+l —
o ngo n! o ,,go n! &
Equating coefficients of ¢t* on both sides,
2H, _(x) H](x)
(nn—:ll)! = ;:! or Hy(x) = 2nH,_;(x)
n
1L19. Prove that Ha(¥) = (—1)%e” 2= (e™%).
We have 2ot e~ (t=®* ﬂ H"(:zc ) 4n
a=0 MN!
on 2
Then Frm 2=l = Hyfx)
t=0
2_ 0" ot = 2
3(—a)" [em =] — - l)ndx"(e )
® 0 m#*n
11.20. Prove that e Hu(x)Hy(x)dx =
—e 22ulyr m=n
We have ity ﬁ Ho@)tr %= ﬁ '"(x)sm
n=0 n! ’ m=0

o0 o0 m:
Multiplying these, g2tz 1+ 2sa—s? S 3 Hnl@ Bulamjentn
=0 n=0 min!
Multiplying by e~% and integrating from —e« to «

@0 o0 0
f e-l@ts+)—2st] gy = smin

a2
—w m=0 n=0 mln! f e ® Hm(x) H"(x) d

-
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Now the left side is equal to
@ @ 0 Mmem
eZstf e—@+s+0? o = eZstf e—¥du = etVr = Vr 20 2 ;'tm
m= .

—w

-0
By equating coefficients the required result follows.

The result w
[ etH @@ = 0 mrn

-

can also be proved by using a method similar to that of Problem 11.9.

LAGUERRE POLYNOMIALS

11.21. Determine the Laguerre polynomials (a) Lo(x), (b) La(x), (¢) La(z), (d) Ls(x).

dar

aan (x"e—%), Then

We have L,(x) = ¢

(@ Lyx) =1
() Lyx) = ez%(xe—w) =1-x

2
(¢) Ly(x) = e’”—d—-(acZe‘x) = 2 —dx + x2
dx?

6 — 18« + 92 — o3

@ L) = ev L (asems)

253

11.22. Prove that the Laguerre polynomials L.(x) are orthogonal in (0, ») with respect to

the weight function e—=.

From Laguerre’s differential equation we have for any two Laguerre polynomials L., (x) and

L (), ,
" «L, + 1—x)L, + mL, = 0
«L;, + 1—=2)L, + nL, = 0

Multiplying these equations by L, and L, respectively and subtracting, we find

#{LyLyy — LpLy) + (1~ x)[L,Ly, — L,Ll] = (®—m)Ly,L,
- n—m)L,,L
or Ed‘; [LnLrln - LmL;L] + 1 x * [LnLrln - LmL:L] = ( x) =
Multiplying by the integrating factor
JA-o/zdzs _ mz—z _ re—7
this can be written as
% {we=*(L Ly, — LuLL]} = (v—m)e—2L,L,
so that by integrating from 0 to <,
(n—m) f e=*L, (@) Ly#)dz = we~s[L,L! —L,L.)|" = o
0 0

Thus if m + n, -

f e=3Ln(@) L (@) dz = 0
0

which proves the required result.
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STURM-LIOUVILLE SYSTEMS

11.23. (a) Verify that the system y” + Ay =0, y(0) = 0, y(1) = 0 is a Sturm-Liouville system.
(b) Find the eigenvalues and eigenfunctions of the system. (c) Prove that the eigen-
functions are orthogonal in (0,1). (d) Find the corresponding set of normalized
eigenfunctions. (¢) Expand f(x) =1 in a series of these orthonormal functions.

(¢) The system is a special case of (26), page 245, with p(x) =1, g(x) =0, r(x) =1, ¢ =0, b =1,
a;=1,a =0, 8; =1, B, =0 and thus is a Sturm-Liouville system,

(b) The general solution of " +xy =0 is y = 4 cos VA # + B sinyAz. From the boundary
condition »(0) =0 we have 4 =0, ie. y = BsinyAx. From the boundary condition
#(1) =0 we have B sin VA = 0, so that since B cannot be zero [otherwise the solution will
be identically zero, i.e. trivial] we must have sin\/;\ =0. Then \/;\ = mz, A = m272 where
m=1,2,8,... are the required eigenvalues.

The eigenfunctions belonging to the eigenvalues X =m2r2 can be designated by
B, sinmzx, m=1,2,3,....

Note that we exclude the value m =0 or A =0 as eigenvalue since the corresponding
eigenfunction is zero.

(¢) The eigenfunctions are orthogonal since

1 1
f [By, sin mzz][B, sinnzx]lde = B,B, f sin mza sin nre do
0 0

1
BB, J; [cos (m — n)rz — cos (m + n)zw] dx

1
= 0, m¥¥n

sin(m —n)rx _ sin (m +n)7x
ByBn [ (m —n)z (m +n)zr ]

0

(d) The eigenfunctions will be orthonormal if

1
f [By, sinmzrz]2de = 1
0

1 B2 1 B2

ie. if B?,,f sin2 nrx de = -é"—f (1 —cos2nzrx) dx = Tm =1 or B, =V2 taking the
0 0

positive square root. Thus the set \/§ sinmzx, m =1,2,..., is an orthonormal set.

(¢) We must find constants ¢y, ¢5, ... such that

@ = 3 ontn@)
where f(x) = 1, ¢,(x) = V2 sinmzz. By the methods of Chapter 8,

1 . )
Cm = J;f(x)qﬁm(w)dx = \/éj; sinmrzdr = V2 (1 — cos ma)

mr
Then the required series [Fourier series] is
1 = m§1 E(W sin mrx
11.24. Show that the eigenvalues of a Sturm-Liouville system are real.
We have %[p(x)g—z] + [g@) + @y = 0 @
(@) + ay’(@) = 0,  B1y(d) + By’(d) = 0 ®

Thep assuming p(x), q(x), (x), ¢;, as, B, B2 are real while A and ¥ may be complex, we have on
taking the complex conjugate,

d%[p(x) Z—ﬂ + [gx) + 2@y = 0 T3

arf(@) + agi’(@) = 0,  B1F(d) + By (B) = 0 4)
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Multiplying equation (1) by #, (8) by ¥ and subtracting, we find after simplifying,
d L, < _
o, P@WT —3Y)] = (\—Nr(@yy de
Then integrating from a to b, we have
_ (Y b
(x—x)f r@)|yl2de = p)yy —gy)| = 0 )
a a

on using the conditions (2) and (4). Since r(x) = 0 and is not identically zero in (a, b), the integral
on the left of (5) is positive and so A—X =0 or A =2 so that A is real,

11.25. Show that the eigenfunctions belonging to two different eigenvalues are orthogonal
with respect to r(x) in (a, b).

If y; and y, are eigenfunctions belonging to the eigenvalues A\; and A\, respectively,

d
%[p(w)gyﬂ + [¢®) + Mr@)y; = 0 1)
ayy(@) + agyi(@) = 0, B1y1(d) + Boyi(d) = O (2)
d dy,
d—x[p(w)%—} + la(®) + Ar(x)]y; = O o)
aye(@) + agys(a) = 0, B1ya(d) + Bays(d) = 0 “4)

Then multiplying (1) by ys, () by y; and subtracting, we find as in Problem 11.24,
L b — v = (=A@

Integrating from a to b, we have on using (2) and (4),

- xz)fbr(w)ylyz de = p(E)yrYs — Ya¥1) : =0

a

and since Ay ¥ A, we have the required result

b
f r{@)yyodx = 0
a

Supplementary Problems

LEGENDRE POLYNOMIALS
11.26. Use Rodrigue’s formula (8), page 242, to verify the formulas for Py(x), P,(x), ..., Pg(x) on page 242,

11.27. Obtain the formulas for P,(x) and Pys(x) using the recursion formula.
1 1 1
11.28. Evaluate (a) f xPs(x) dx, (b) f [Py(x)]2dz, (c) f Py(x) Py(x) da.
0 -1 -1

11.29. Show that (a) P,(1) = 1 (¢) Py—y(0) = 0

. e 5o 2 __1
®) Po(=1) = (=1 d) Pp,(0) = (—1)"123. 45.6..(.?271) :

for n=1,2,8,... using (2), page 242,
11.30. Use the generating function to prove that P, . (x) — P,_;(x) = (@n+1)P, ().

11.31. Prove that (a) P, (x) — «P.(x) = (n+1)P,(x), (b) xP,(x) — P,_;(x) = nP,(x).

11.32. Show that 3 P,(coss) = ~esc?.
n=0 2 2

11.33. Show that (o) Py(cose) = 1(1+3cos26), (b) Ps(coss) = }(3 cose + 5 cos3e).
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LEGENDRE FUNCTIONS OF THE SECOND KIND

11.34.

11.35.
11.36.

Prove that the series (5) and (6) on page 243 which are non-terminating are convergent for
-1<z<1

Find Qs(x).
Write the general solution of (1 —a2)y" — 2xy’ + 2y = 0.

SERIES OF LEGENDRE POLYNOMIALS

11.37.

11.38.

11.39.

0

Expand xt—3x2+2 in a series of the form kgo APy ().

Expand f(x) =

{290 +1 0<z=1
nonzero terms.

in a series of the form 3 A, Py (x), writing the first four
0 -1=2<0 k=0
If f(x) = 3 AxP(x), obtain Parseval’s identity
k=0 ) o 42
f 2de = k
Cvepa = 3 g

and illustrate by using the function of Problem 11.37.

ASSOCIATED LEGENDRE FUNCTIONS

11.40.

11.41.
11.42.

11.43.

11.44.
11.45.

11.46.

Find (@) P3(), () Pi@), (o) Pi().

Find (o) QHx), (b) Q%(x).

Verify that the expressions for P;(a:) and Qj(x) are solutions of the corresponding differential
equation and thus write the general solution.

Verify formulas (15) and (16), page 244, for the case where (¢) m=1,n=1,1=2, (b)) m=1,
n=11=1

Obtain a generating function for P ().

Use the generating function to obtain results (15) and (16) on page 244,

Show how to expand f(x) in a series of the form kzo APy (x) and illustrate by using the cases

(@) f(x) =22, m =2 and (b) f(x) = x(1—=«), m = 1. Verify the corresponding Parseval identity
in each case.

HERMITE POLYNOMIALS

11.47.
11.48.

11.49.

11.50.

11.51.

11.52.

11.53.

Use Rodrigue’s formula (19), page 244, to obtain the Hermite polynomials Hy(x), H,(x), Hy(x), Ha(x).

Use the generating function to obtain the recurrence formula (21) on page 244 and obtain
Hy(x), Hy(x) given that Hyx) = 1, H(x) = 2«.

Show directly that (a) f T ema? Hy(x) Hy(x) dx = 0, (b) f ) e [Hy(@)|2dw = 8V/r.

Evaluate f x2¢—+" H () de.

(=1)»(2n)!

Show that H,,(0) = oy

(@) Show how to expand f(x) in a series of the form 3 A, Hy(x) and (b) illustrate by using
flx) = o8 — 322 + 2. k=0

If flx) = kzo AiH(x), obtain Parseval's identity
f e [f(x))2dx = \/';kgo 2kk! o2

-

and illustrate by using the function of Problem 11.52,
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11.54.

Find the general solution of Hermite’s differential equation if (a) =0, (b) n=1.

LAGUERRE POLYNOMIALS

11.55.
11.56,
11.57.

11.58.

11.59.

11.60.
11.61.
11.62.

Find L) and show that it satisfies Laguerre’s equation (27), page 244, for n = 4.
Use the generating function to obtain the recursion formula (80) on page 246.

Use formula (30) to determine Ly(x), Lg(x) and Ly(x) if we define L,(x)=0 when =n=-1
and 1 when n =0,

Show that nL,_,(x) = =nL,_(x) — L) ().

Prove the result (83) on page 245.

Expand f(x) = 3 — 3x%2 4+ 2« in a series of the form kgo ALy ().
Illustrate Parseval’s identity for Problem 11.60.

Find the general solution of Laguerre's equation if (@) n =0, (b) »=1.

STURM-LIOUVILLE SYSTEMS

11.63.

11.64.

11.28.

11.36.

11.37.

- 11.38.

11.40.

11.50.

11.62.

11.54.

11.55.
11.60,

11.62.

11.63.

11.64.

(@) Verify that the system "+ Ay =0, y'(0) =0, y(1) =0 is a Sturm-Liouville system.
(b) Find the eigenvalues and eigenfunctions of the system.

(¢) Prove that the eigenfunctions are orthogonal and determine the corresponding orthonormal
functions.

Show how to write (a) Legendre’s equation, (b) Hermite’s equation, (c) Bessel’s equation and
(d) Laguerre’s equation in Sturm-Liouville form and discuss the significance,

Answers to Supplementary Problems
(@) 0 (b) 2/5 (c) O

- x 11—«
y = Ax+B[1+2ln<1+x>]

ZPy@) + Pule) - LPo(o) + Py@)

7 5 7
Py(x) + ZPl(a:) + §P2(a:)_ - -l-éP3(x) + e
(@) 31 —=2) (b) —g (3 —24a2 +21xY) (c) 105x(1 — x2)3/2
%\/; if n=0, 2\/; if n =2, 0 otherwise
3 7 3 1
() —5 Ho(®) + { Hy(@) — THyla) + 5 Hylw)

X2
(@ ¥y = cl-l—czf ede (b)) y = c1x+c2xf ex;la:

Lyx) = 24 — 96x + 722% — 1625 + at
2Lg(x) — 8Ly(x) + 6Ly(x) — Ly(x)

@v=ctefTa O y=al-a+ali-of L

$[2m — 11222, cos(m—Lrx m=1,2,3,...
2

(o) c—l%[(l—xz)y’] +nn+1ly = 0 (¢) %[xy'] + (x —%> y =0

d . _ _ _ d
®) -l ¥+ 2=y = 0 (@) - [we™*y] + ne~y = 0



Chapter 12

SOME DEFINITIONS INVOLVING PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation is an equation containing an unknown function of two or
more variables and its partial derivatives with respect to these variables.
The order of a partial differential equation is that of the highest ordered derivative
present.
92u

dx oy
partial differential equation,

A solution of a partial differential equation is any function which satisfies the equation
identically.

The general solution is a solution which contains a number of arbitrary independent
functions equal to the order of the equation.

A particular solution is one which can be obtained from the general solution by particu-
lar choice of the arbitrary functions.

= 2% — y is a partial differential equation of order two, or a second order

Example 1,

Example 2. As seen by substitution, u = #2y — xy?+ F(x) + G(y) is a solution of the partial
differential equation of Example 1. Because it contains two arbitrary independent
functions F(x) and G(y), it is the general solution. If in particular F(x) = 2 sinz,
G(y) = 3y* — 5, we obtain the particular solution u = x2y — 42y + 2 sinz + 3yt — 5.

A singular solution is one which cannot be obtained from the general solution by par-
ticular choice of the arbitrary functions.

A boundary-value problem involving a partial differential equation seeks all solutions of
a partial differential equation which satisfy conditions called boundary conditions. Theo-
rems relating to the existence and uniqueness of such solutions are called existence and
uniqueness theorems.

LINEAR PARTIAL DIFFERENTIAL EQUATIONS

The general linear partial differential equation of order two in two independent varia-
bles has the form

%u u %u u u
Aw+BW+C@§+D%‘+E@+Fu = G (1)
where A, B, ...,G may depend on # and y but not on . A second order equation with

independent variables z and ¥ which does not have the form (1) is called nonlinear.

If G =0 the equation is called homogeneous, while if G 0 it is called non-homoge-
neous. Generalizations to higher order equations are easily made.

Because of the nature of the solutions of (1) the equation is often classified as elliptic,
hyperbolic or parabolic according as B?—4AC is less than, greater than or equal to zero
respectively.

258
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SOME IMPORTANT PARTIAL DIFFERENTIAL EQUATIONS

1. .Heat Conduction Equation g—? = x V2

Here u(x, y, 2, t) is the temperature in a solid at position (z,y, 2) at time t . The con-
stant «, called the diffusivity, is equal to K/or where the thermal conductivity K, the
specific heat o and the density (mass per unit volume) r are assumed const.';nt.A

. u *u
In case u does not depend on y and 2, the equation reduces to 5t = KanE called the

one-dimensional heat conduction equation.

8y
dx?

8y _

FL

2. Vibrating String Equation

This equation is applicable to the small
transverse vibrations of a taut, flexible string,
such as a violin string, initially located on the
x axis and set into motion [see Fig. 12-1]. The
function y(z, t) is the displacement of any point
2 of the string at time . The constant a?=T/p,
where T is the (constant) tension in the string W\
and p is the (constant) mass per unit length of
the string. It is assumed that no external forces
act on the string but that it vibrates only due Fig. 12-1
to its elasticity.

The equation can easily be generalized to higher dimensions as for example the vi-
brations of a membrane or drum head in two dimensions. In two dimensions, for exam-

ple, the equation is Fz . B N P
FI2 ax2 T ay?

3. Laplace’s Equation Vv = 0

This equation oceurs in many fields. In the theory of heat conduction, for example,
v is the steady-state temperature, i.e. the temperature after a long time has elapsed,
and is equivalent to putting ou/9t = 0 in the heat conduction equation above. In the
theory of gravitation or electricity v represents the gravitatioral or electric potential
respectively. For this reason the equation is often called the potential equation.

o e . . u _ 0%
4. Longitudinal Vibrations of a Beam w2 = oz

This equation describes the motion of a beam [Fig. 12-2] which can vibrate longi-
tudinally [i.e. in the x direction]. The variable u(z,?) is the longitudinal displacement
from the equilibrium position of the cross sec-
tion at . The constant ¢ = gE/r where g is
the acceleration due to gravity, E is the modu-
lus of elasticity [stress divided by strain] and
depends on the properties of the beam, r is the
density [mass per unit volume].

Note that this equation is the same as that
for a vibrating string. Fig. 12-2
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5.

ME
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o Py | L,
Transverse Vibrations of a Beam T + b Fr i 0

This equation describes the motion of a beam [initially located on the x axis, see
Fig. 12-3] which is vibrating transversely (i.e. perpendicular to the « direction). In this
case y(x,%) is the transverse displacement or
deflection at any time t of any point . The o
constant b%= Elg/u where E is the modulus
of elasticity, I is the moment of inertia of any
cross section about the « axis, g is the acceler-
ation due to gravity and . is the mass per unit
length. In case an external transverse force
F(z,t) is applied, the right hand side of the
equation is replaced by b%F(z,t)/EL. Fig. 12-3

THODS OF SOLVING BOUNDARY-VALUE PROBLEMS
There are many methods by which boundary-value problems involving linear partial dif-

ferential equations can be solved. The following are among the most important.

1.

General Solutions.

In this method we first find the general solution and then that particular solution
which satisfies the boundary conditions. The following theorems are of fundamental
importance.

Theorem 12-1 [Superposition principle]. If w1, us, ..., u. are solutions of a linear ho-
mogeneous partial differential equation, then ¢iu, + ¢tz + « - - + ¢,u, Where
¢, C, . . ., Cy are constants is also a solution.

Theorem 12-2. The general solution of a linear non-homogeneous partial differential equa-
tion is obtained by adding a particular solution of the non-homogeneous
equation to the general solution of the homogeneous equation.

We can sometimes find general solutions by using the methods of ordinary differen-
tial equations. See Problems 12.8 and 12.9.

If A,B,...,F in (1) are constants, then the general solution of the homogeneous
equation can be found by assuming that u = e***% where a and b are constants to be
determined. See Problems 12.10-12.13.

Separation of Variables.

In this method it is assumed that a solution can be expressed as a product of
unknown functions each of which depends on only one of the independent variables.
The success of the method hinges on being able to write the resulting equation so that
one side depends only on one variable while the other side depends on the remaining
variables so that each side must be a constant. By repetition of this the unknown
functions can then be determined. Superposition of these solutions can then be used to
find the actual solution. See Problems 12.15-12.17.

The method often makes use of Fourier series, Fourier integrals, Bessel series and
Legendre series. For illustrations see Problems 12.18-12.28.
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3. Laplace Transform Methods.

In this method the Laplace transform of the partial differential equation and
associated boundary conditions are first obtained with respect to one of the independent
variables. We then solve the resulting equation for the Laplace transform of the
required solution which is then found by taking the inverse Laplace transform. In
cases where Laplace inversion is of some difficulty the complex inversion formula of
Chapter 14 can be used. For illustrations see Problems 12.29 and 14.15-14.19.

4. Complex Variable Methods. [See Chapter 13.]

Solved Problems

CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS

12.1. Determine whether each of the following partial differential equations are linear or
nonlinear, state the order of each equation, and name the dependent and independent

variables.
ou _ 0% . .

(a) % = 4@ linear, order 2, dep. var. u, ind. var. , ¢

3 2R . .
(b) xz% = y3m linear, order 3, dep. var. R, ind. var. ,y

2w . .
(¢) Wa_rf = rst nonlinear, order 2, dep. var. W, ind. var. r,s, ¢

2 2 2

(d) ’¢ + P¢ + P . 0 linear, order 2, dep. var. ¢, ind. var. «,y, 2z

dx2  9y? 922
2 2
9z 9z
o () + (%) -

12.2. Classify each of the following equations as elliptic, hyperbolic or parabolic.

|
[

nonlinear, order 1, dep. var. z, ind. var. u,»

P¢ 2% = - - -
(@) ax2+ay2_0 u=¢, A=1 B=0, C=1

Then B2 — 4AC = —4 < 0 and the equation is elliptic.
o _ o
at ~ "2

Then B2 — 4AC = 0 and the equation is parabolic.

(b) y=t A=« B=0, C=0

52 2
(c)gt%=a237‘z y=t u=Y, A=¢a? B=0, C=-1

Then B2 — 4AC = 442 > 0 and the equation is hyperbolic.

2u 2u 2
@ 537 + 33005 T 408

Then B2 —4AC = —7 < 0 and the equation is elliptic.

+5% 9% gy = 2—3y A=1 B=3 C=4.
dx dy

2u %u 90U _ _ _ _
() xax2+yay2+3yax—0 A=, B=0, C=y

Then B2 — 4AC = —4xy.

In the region xy > 0 the equation is elliptic.

In the region xy < 0 the equation is hyperbolic.
If xy = 0, the equation is parabolic.
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SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS

12.3. Show that u(x,t) = e *sin2z is a solution to the boundary-value problem
W _ g&U L 0,8) = u(mt) = 0, u(z,0) = sin2z
at dx?

From u(x,t) = e~8 sin2x we have

w(0,8) = e 8s8in0 = 0, wu(rt) = e 8sin27z = 0, wu(x,0) = e 0sin2x = sin2s¢

and the boundary conditions are satisfied.

ou on u .
27 = —=Re¢—8t & —_— = —8t —— = —4e¢—8t
Also P 8¢ 8t sin 22, P 2¢— 8t cos 2u, P 4e sin 22
Then substituting into the differential equation, we have
—8e~8tsin2x = 2(—4e—8t gin 2x)

which is an identity.

124. (a) Show that » = F(y —3x), where F is an arbitrary differentiable function, is a
general solution of the equation

v w

% + 3-55 = 0
(b) Find the particular solution which satisfies the condition »(0,%) = 4 siny.
(¢) Let y—3x =u. Then v =F(u) and

P _ wdu v ey = _gfv
dx ~  dudw F'u)(=8) = —3F'(u)
w _ wwm _ o =
dv v _
Thus o + 38_1/ = 0

Since the equation is of order one, the solution v = F(u) = F(y — 8x) which involves only
one arbitrary function is a general solution.

b) v(x,y) =F(y—3x). Then %(0,y) = F(y) =4siny.
If F(y)=4siny, then wv(x,y) =F(y—38x) = 4sin(y—8x) is the required solution.

125. (a) Show that y(x,t) = F(2x + 5t) + G(2x — 5t) is a general solution of

Py *y
w = 255

(b) Find a particular solution satisfying the conditions

y(0,t) = y(mt) = 0, y(x,0) = sin2z, y(x,0) = 0
(@) Let 2x+5t=wu, 20 —5¢t =v. Then y = F(u)+ G().

oy _ oFdu 3G w

4

3% = swor T avar = F @G+ G@)-5) = 5F'(w) — 5G'(v) ¢}
3_252/ = Eat‘(sF'(“)' 5G'(v) = 5%’:{ 3—’; - 5%%%—’: = 25F"(u) + 25G"(v) (#)

%:%%+g%:wwwmmm=wm+ww ()
2y = 3 ppw+260) = pfl 0y p8E 0 ypv) +467(0) )
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2 2
From (2) and (4), 4‘;—}2’- = 25% and the equation is satisfied. Since the equation is of
order 2 and the solution involves two arbitrary functions, it is a general solution.

(b) We have from y(x,t) = F(2x + bt) + G(2x — 5%),

y(x,0) = FQ@x) + G2x) = sin2« 5)
Also Yi(x,t) = dy/at = BF'(2x+ 5t) — 5G'(2x — 5t)
so that Y (x,0) = BF'(2x) — 5G'Qx) = 0 (6)
Differentiating (5), 2F'(2x) + 2G'(2x) = 2 cos2x
From (6), F'(2x) = G'(2x)
Then F'Qe) = G'(22) = 4cos2x
from which F(2x) = 4sin2x + ¢, G(2x) = 1sin2z + o
ie. Yy, t) = Lsin@@x+5t) + 4sin(@x—5t) + ¢ + ¢

Using (0,t) =0 or Y(n,t) =0, ¢;+¢c; =0 so that
Y@, t) = Lsin@x+5f) + 4sin(@x—5f) = sin2x cos5t

which can be checked as the required solution.

SOME IMPORTANT PARTIAL DIFFERENTIAL EQUATIONS
12.6. If the temperature at any point (z, ¥, 2) of a solid at time ¢ is u(x, y, 2, t) and if «, ¢ and

r are respectively the thermal conductivity, specific heat and density of the solid,
assumed constant, show that
ou
at
Let V be an arbitrary volume lying within the solid, and let S denote its surface. The total
flux of heat across S, or the quantity of heat leaving S per unit time, is

J;f (—KVu)*n dS

Thus the quantity of heat entering S per unit time is
f (KVu)endS = ff Ve (KVu)dV 1)
v

s
by the divergence theorem. The heat contained in a volume V is given by

fff ocrudV
4
Then the time rate of increase of heat is

Sfff o = fffo
A4 A4

Equating the right hand sides of (Z) and (2),

fvff[wg—’:—v-(xw)}dv = 0

and since V is arbitrary, the integrand, assumed continuous, must be identically zero so that

= «xV2u where «k = K/or

or %’f V. (KVw)
or if K, 0, v are constants, %—1: - K VeVu = xV2u
oT

The quantity « is called the diffusivity. For sfeady-state heat flow (i.e. du/6t =0 or u is
independent of time) the equation reduces to Laplace’s equation V2u = 0.
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12.7. Derive the vibrating string equation on page 259.

Referring to Fig. 12-4 assume that As represents
an element of arc of the string. Since the tension is
assumed constant the net upward vertical force acting
on As is given by

T sin 6 — T sin e, (1)

Since sing = tan ¢ approximately for small angles,
this force is

Sy

ay
ox T

z+Ax ox

@

x

using the fact that the slope is tané = dy/dx. By Newton’s law this net force is equal to the

. . . 42
mass of the string (u As) times the acceleration of As which is given by 2V . where ¢=0 as

2
As =2 0. Thus we have approximately 9

r[,.. - ) = wed[SE+ ] ®
If the vibrations are small then As = Ax approximately so that (8) becomes on division by T Aw,
Wl  _w
dx |x+ax dx |x

Taking the limit as Ax - 0 [in which case e¢—> 0 also], we have

zi<a_a)=az_u r P 0

u 0% \ 9 at2 otz = ggz Where o2 = T/u

METHODS OF FINDING SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS

2,

. z _
12.8. (a) Solve the equation oy x2y.
(b) Find the particular solution for which z(z,0) = 22, 2(1,y) = cosy.
(¢) Write the equation as -éa;<%> = #2y. Then integrating with respect to x, we find

dzfoy = %xy + F(y) 1)
where F(y) is arbitrary.

Integrating (1) with respect to y,

z = Ja%y? + f F(y)dy + G(=x) )
where G(x) is arbitrary.

The result (2) can be written
z = z2x,y) = 32%2 + Hy) + G ®
which has two arbitrary (essential) functions and is therefore a general solution.
(b) Since 2z(x,0) = 22, we have from (3)
2 = H() + Gx) or Gl = &2 — H(0) 03]
Thus z = }ady? + H(y) + «2 — H(0) (5)
Since 2z(1,y) = cosy, we have from (5)
cosy = 3}y + H(y) + 1 — H(0)
or Hy) = cosy — 3y2 — 1 + H(0) )
Thus using (6) in (5) we find the required solution
z = 3oy? + cosy — Py + a2 — 1
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12.9.

12.10.

12.11.

12.12.

ou
Sol 2— = z
olve t 323 t x
‘Write the equation as ‘—% I:t% + 2u:| = 2, Integrating with respect to =,
ou
gu = 3
t&t + 2u 1%3 + F(t)
du 2, _ 128 , F(®)
or e TE" T 3 T

3 K3 K3 K3 3 3 . 2
This is a linear equation having integrating factor e-f (2/0dt — g2Int — ont® = 42 Then

i 2, = 1448
57 () Jtad + tF(t)
Integrating, 2u = Ft2a3 + f tF(t)dt + H(x) = }t2%% + G(t) + H(x)
the required general solution.
%u u Pu

W+3—axay+2a—yi = 0.

Assume u = e3*+b¥, Substituting in the given equation, we find
(a2 + 3ab + 2b2)esx+by = 0 or a2+ 3ab+ 202 = 0

Then (a¢+b)(a+2b)=0 and a=—-b, a =—2b. If a=—b, e bxtby = ¢by—2) i3 a solution
for any value of b. If a = —2b, ¢—2bx+by = gb(y—22) jg a solution for any value of b.

Find solutions of

Since the equation is linear and homogeneous, sums of these solutions are solutions. For
example, 3e2(¥—%) — 23(y—2) | 5em(v—2) ig a solution (among many others) and one is thus led to
F(y — x) where F is arbitrary, which can be verified as a solution. Similarly G(y —2x) where G
is arbitrary is a solution. The general solution found by addition is then given by

u = Fly—z) + Gy—2x)

2 2
o"u +M= 0.

Find a general solution of (a) 2 + 3— = 2u, (b) 4 ax2 oy T o

(0) Let u = eox+by, Then 20¢+3b=2, a= 2 ; 8b , and el@T3/ATHDY — px /D@ -3D)  gg 5
solution.

Thus u = e*F(2y — 3«) is a general solution,
(b) Let u = eax+by, Then 4a2—4ab+52=0 and b = 2a, 2¢. From this U = e2(x+2¥) and so
F(x + 2y) is a solution.

By analogy with repeated roots for ordinary differential equations we might be led to
believe x*G(x + 2y) or yG(x + 2y) to be another solution, and that this is in fact true is easy
to verify. Thus the general solution is

= F(e+2y) + «Gx+2y) or u = F(x+2y)+ yG(x+ 2y)

u
Solve + — = 10e*%¥,
ay*
2
The homogeneous equation g—u + g;; = 0 has general solution u = F(x +{y) + G(x —1y) by

Problem 12.42(c).

To find a particular solution of the given equation assume u = ae2:+¥ where « is an unknown
constant, This is the method of undetermined coefficients as in ordinary differential equations,
We find o« =2 so that the required general solution is

u = F@+iy) + Gz —1y) + 22ty
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2, 2,
12.13. Solve ‘;x’i 4‘9—“ = g,

The homogeneous equation has general solution
u = FQ@x+y) + G2x—y)

To find a particular solution, we would normally assume u = ae?**¥ as in P.roblem .12.12 but
this assumed solution is already included in F(2x + y). Hence we assume as in ordinary differential
equations that % = axe2*+¥ (or u = aye2*+¥), Substituting, we find « = 1.

Then the general solution is
u = F@Qu+y) + G2x—y) + fwerty

SEPARATION OF VARIABLES

12.14. Solve the boundary-value problem
u
- = 8 —3y
9 4 3y’ u(0,¥) e
by the method of separation of variables.
Let u = XY in the given equation. Then
XY = 4XY' or X'/4X = Y'Y

Since X depends only on x and Y depends only on y and since ¢ and y are independent variables,
each side must be a constant, say e¢.

Then X' —4¢X = 0, Y — cY = 0 whose solutions are X = Aete*, Y = Becy,
A solution is thus given by
wx,y) = XY = ABecUzt+y) = Kecx+y)’

From the boundary condition,
#(0,y) = Ke®¥ = Be™ 3

which is possible if and only if K=8 and ¢ = —3.

Then u(x,y) = 8e—3(4x+y) = 8¢—122—3y ig the required solution.

12.15. Solve Problem 12.14 if %(0,y) = 8¢~% + 4e~%,
As before a solution is Kec(4z+v),

Then K1e°1(4~“+y> and Kze'-‘z(‘*“ﬂ) are solutions and by the pnnclple of superposition so also is
their sum, i.e. a solution is
u(x,y) = Klec1(4x+y) + K2962(4x+y)

From the boundary condition,
u(0,y) = Kjecwv + Koty = 8e~3v + 4e—%
which is possible if and only if K, =8, K, =4, ¢; = —3, ¢, = —5.
Then w(x,y) = 8e—3(4x+y) 4 4e—5(4r+y) = Bg—122—3¥ | 4¢—20x—5y jg the required solutjon.

12.16. Solve '1—@; Lt =5, 0<@ <8, t>0, given that u(0,t) = u(3,) = 0,

w®,0) = 58indrx — 3sin8rx + 2sin10xw, |u(x,t)] < M
where the last condition states that « is bounded for 0 <z <3, t > 0.

Let u =XT. Then
XT" = 2X"T and X"/X = T'/2T

Each side must be a constant which we call —\2. [If we use +)2, the resulting solution obtained
does not satisfy the boundedness condition for real values of A\.] Then
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X" 4+ 22X = 0, T+ 23T = 0

with solutions X = A cosxx + Bjsinix, T = ce 2%
A solution of the partial differential equation is thus given by

ww,t) = XT = o2t (A cosrw + By sinig) = e—2\°t (A cos Az + B sin Ax)

Since u(0,t) =0, e~ (4)=0 or A =0. Then
u(x,t) = Be— 22’ gin A
Since u(3,t) =0, Be—2% gin8a=0. If B=0, the solution is identically zero, so we must
have sin3A =0 or 3\ =mrs, A = mg/3 where m=0,*1,%2,.... Thus
w(w, t) = Be—2m’r't/9 gin m;r Ld

is a solution.

Also, by the principle of superposition,

mymr¥ Mmomx mamrx

@)

2 o —_ 2.2 . _ 2 .
w(®@,t) = Bye~2mimt/9 gin + Bge~2mymt/9 gin + Bge—2m3mt/9 sin

is a solution.
By the last boundary condition,

MyTe Mo

. . mamrd
u(x,0) = Bjsin 3 + B, sin 3 + Bj sin 3

= b5sindrx — 3sin8rx + 2 sin 107x
This is possible if and only if B, = 5, m; = 12, B, = —8, m, = 24, By = 2, m3 = 30.
Substituting these in (1), the required solution is
u(e, t) = 5e—32m"t gin dza — 3e~1287°t gin 8ra + 2e—2007°t gin 1074 2)

This boundary-value problem has the following heat fiow: interpretation. A bar whose surface
is insulated [Fig. 12-5] has a length of 3 units and a diffusivity of 2 units. If its ends are kept at
temperature zero units and its initial temperature w(x,0) = 5 sin4zx — 8 sin 8zx + 2 sin 107,
find the temperature at position x at time ¢, i.e. find u(x,t). We shall assume that c.g.s. units are
used and that temperature is in degrees centigrade (°C). However, other units could of course be
used.

wiff, f = 0 Hull =0

Fig.12-5

SOLUTIONS USING FOURIER SERIES
12.17. Find the temperature of the bar in Problem 12.16 if the initial temperature is 25°C.

This problem is identical with Problem 12.16 except that to satisfy the initial condition
u(x,0) = 25 it is necessary to superimpose an infinite number of solutions, i.e. we must replace
equation (I) of the last problem by

u(x,t) = 3 Bpe—mrt/9 sin 1T
m=1 3
which for ¢ =0 yields 25 = 21 B,, sin mg L4 0<x<3
m=

This amounts to the same thing as expanding 25 in a Fourier gine series. By the methods of
Chapter 7 we then find

L 3
0 0
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The result can be written
o0

mwx

501 — cosmm) 22/ 5 MTE
3

m=1 mm

100 e—7t/9 gin T2 4 le“’"zt sinza + -+
T 3 3

u(x, t)

which can be verified as the required solution,

This problem illustrates the importance of Fourier series (and orthogonal series in general) in
solving boundary-value problems.

12.18. Solve the boundary-value problem
u _ g% = 0) = 25 B < M
5 = 23580 w(0,8) = 10, u(3,t) = 40, wu(x,0) = 25, |u(x,t)| <
This is the same as Problem 12.17 except that the ends of the bar are at temperatures 10°C
and 40°C instead of 0°C. As far as the solution goes this makes quite a difference since we can
no longer conclude that A =0 and A = mz/8 as in that problem.

To solve the present problem assume that u(x,t) = v(x,t) + y(x) where y(x) is to be suitably
determined. In terms of v(x,t) the boundary-value problem becomes

v

2 9B L o), (0,8 + ¢(0)
&t - axg ‘l’ ’ ’ ‘l’

10, »(3,t) + ¢(3) = 40, v(x,0) + ¢(x) = 25, |v(x,t)| <M

This can be simplified by choosing
i) = 0, (0) = 10, ¢(8) = 40

from which we find y(x) = 10x + 10 so that the resulting boundary-value problem is

v _ o0 — — = 15 —

i 2&x2’ v(0,¢) =0, »(3,t) =0, vx0 = 15— 10«
As in Problem 12.17 we now find from the first three of these,

v(x,t) = 2 Bme—mz‘nztw sin mryx
m=1 3
The last condition yields 15~-102 = 3 B, sin %
m=1
3
from which B, = 2 f 15— 102) sin™Z g = 3L (cogmr — 1)
3 o 8 mr

Since u(x,t) = v(x, t) + ¢(x), we have finally

Ll
ulx,t) = 10z + 10 + 3 30 (cos mzr — 1)e—m*7*t/9 gin Moz
m=1 Mr 3
as the required solution.

The term 10x + 10 is the steady-state temperature, i.e. the temperature after a long time has
elapsed.

12.19. A string of length L is stretched between
points (0,0) and (L,0) on the x axis. At Y
time ¢t=0 it has a shape given by f(x),
0<z<L and it is released from rest.
Find the displacement of the string at any

later time. ylx, t) L
x
The equation of the vibrating string is ® T
Py 9%
2 = P 0<xz<L, t>0
wl}ere y(x, t) = displacement from x axis at time ¢
[Fig. 12-6]. Fig.12-6
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Since the ends of the string are fixed at « =0 and ¢ = L,
y(0,t) = y(L,t) = 0 t>0
Since the initial shape of the string is given by f(x),
y(=,0) = f(x) 0<z<L
Since the initial velocity of the string is zero,
y(%,0) = 0 0<x<L
To solve this boundary-value problem, let y = XT as usual.
Then XT" = o2X"T or T"/a2T = X"/X
Calling the separation constant —A2, we have
T" + 22T = 0, X"+ 22X =0
and T = A,sinxat + B; cosat, X = A,sinix + B, cosix
A solution is thus given by
y(w,t) = XT = (A, sinix + B, cos Ax)(4, sin Aat + B, cos Aat)
From y(0,t) =0, A, =0, Then
y(x,t) = B, sin Ax(A, sin Aat + B; cos Aat) = sinAx(A sin et + B cos Aat)
From y(L,t) =0, we have sin AL(A sinAat + B coshat) = 0
so that sin AL = 0, AL = m# or A = m=z/L since the second factor must not be equal to zero. Now
Yi(x, t) = sin Aw(ANa cos Aat — BAa sin Aat)

and y.(x,0) = (sin Ax)(Ara) = 0 from which A = 0. Thus

_ . Mrx mrat
y(x,t) = B sin 7, ST,

To satisfy the condition y(x,0) = f(x), it will be necessary to superimpose solutions. This
yields

_ & . Mmrx mrat
ylx, t) = mgl B, sin D A7
Then y(x,0) = fx) = mél B,, sin mZx

and from the theory of Fourier series,

L
B, = %f f(a) sin ™22 do
0

. _ & [2(t . mrx . mrx  mzat
The result is ylx, t) = m2=l <LJ; f(x) sin - dx) sin == cos =

which can be verified as the solution.

The terms in this series represent the natural or normal modes of vibration. The frequency of

the mth normal mode f,, is obtained from the term involving cos varIat and is given by
_ mzma - m _ m (T
20fw = —— or f, = oL, ~ 3L\ =z

L

Since all the frequencies are integer multiples of the lowest frequency f,, the vibrations of the
string will yield a musical tone as in the case of a violin or piano string.
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1220, A circular plate of unit radius, whose faces are
insulated, has half of its boundary kept at constant
temperature %, and the other half at constant tem-
perature %, [see Fig. 12-7]. Find the steady-state
temperature of the plate.

In polar coordinates (p, #) the partial differential equa-
tion for steady-state heat fiow is

Pu lou 1w

= 0 @
3p? i} 2 3p2
A Fig. 12-7
The boundary conditions are
uy 0<¢<r
1, = 2
u(l, ¢) {uz v << tn )
|u(p, )] < M, 1ie. u is bounded in the region (3)
Let u(p,¢) = P® where P is a function of o and & is a function of ¢. Then equation (1)
becomes
P’¢ + lP’d) + -1—P¢" =0
p I

Dividing by P&, multiplying by p? and rearranging terms,

by 14 P’ '
e et 2
P + P [ 3
Setting each side equal to A2,
®” + A2 = 0, p2P" + pP' — 2P = 0

which have solutions
® = Ajcos)¢ + Bjsinig, P = Ay + By/p*
[See Problem 3.70(a), page 94.]
Since u(p, ¢) must have period 2 in ¢, we must have A=m =0,1,2,8,....
Also, since » must be bounded at p =0, we must have B, = 0. Thus
u = P& = Ay p™A;cosmg + Bysinmg) = ™A cosmg + B sinmg)

By superposition, a solution is

A, © .
u(p, ¢) = N + mgl p™(A,, cos mg + B,, sin mg)
. 4, <
from which u(l,¢) = 5 + 21 (A, cosme¢ + B, sinmg)
m=

Then from the theory of Fourier series,

1 2r
4, = ;f u(1, ¢) cos mg de
0
1}"’ 1 % 0 if m>0
= = %, cOS Jo + = cos dp =
), WML ) tacosmeds ugt+uy if m=0

1 QT
B, = P f u(1, ¢) sin mg de
0

17 10" (g — %g)
= ;j; ulsmm¢d¢+; i uy sinmep dp = l—mﬂ—z(l—-cosm)
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m sin Mg

uy + Uy ©, (3 — ug)(1 — cos mw)
Then upg) = —5— + 2 pon p
+ u 2(uy — u,
= u 24 (1” 2){psin¢+§p3sin3¢+%p5sin5¢+---}

2
uy + uy (ug — uy) - 2o sin ¢
3 + - tan 1= 2

by Problem 12.52,

SOLUTIONS USING FOURIER INTEGRALS

12.21. A semi-infinite thin bar x = 0 whose surface is insulated has an initial temperature
equal to f(x). A temperature of zero is suddenly applied to the end =0 and
maintained. (a) Set up the boundary-value problem for the temperature u(z,?) at
any point x at time ¢. (b) Show that

u(x, t) = %r j‘: j‘: f(v)e=="t sin v sin Az dA dv

(a) The boundary-value problem is
du _ 3%

3% = %58 >0, t>0 (1)

u(x,0) = f(x), u(0,8) = 0, lu(z, 8)] < M 2)
where the last condition is used since the temperature must be bounded for physical reasons.
(b) A solution of (I) obtained by separation of variables is
u(x,t) = e~ %\t (A cos\x + B sin \x)
From the second of boundary conditions (2) we find A =0 so that
u(x,t) = Be—*Ntgin\x ®

Now since there is no restriction on A we can replace B in (3) by a funetion B(\) and still have
a solution, Furthermore we can integrate over A from 0 to » and still have a solution. This
is the analog of the superposition theorem for diserete values of A used in connection with
Fourier series. We thus arrive at the possible solution

u(x,t) = f B(Me—x\'t gin Ax dA “4)
0
From the first of boundary conditions (2) we find
flwy = f B()) sin Ax dA
0

which is an integral equation for the determination of B(A). From page 201 we see that since
f(x) must be an odd function we have

2 . 2 (~ .
B(\) = = f(x)sinxx de = = f(v) sin Av dv
T J; T j;

Using this in (4) we find
u(x, t) = %f f f(v)e~ N\t gin Av sin Az d\ dv
o Yo

12.22. Show that the result of Problem 12.21 can be written
— i I: i —w?
u(x,t) = v f e~ fRwV/it + x)dw — f

—z/2Vkt x/2Vkt

0

e~ f(2w\/xt — ) dw:l

Using sindvsindr = }[eos \(v —x) — cosA(v + x)] the result of Problem 12.21 can be
written
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u(x,t) = f f f(v)e"‘" t [cos A(v — x) — cos A(v + x)] d dv
= —f f() ‘:f e~ ¥\t cos A(v — %) dA — f e—=’t cos A(v + x) d)\] dv
0
From the integral f e—aN® cos A dn = % J%e—ﬁz/-ia
0

[see Problem 9.9, page 215] we find
1 J‘” 2 © 2
Lt = v)e— (v—2)*/4kt dy — f (v)e— (w+x)*/4kt dv:|
u(x, t) 2,—m[0f() \ f

Letting (v—x)/2\/x—t = w in the first integral and (v+x)/2\/;z = w in the second integral,
we find that

wx, ) = L[f =" f@wV/xt + ) dw — f e=u* fw/xt — ) dw:l

\/; —z/2Vkt :/2\/K_t

12.23. In case the initial temperature f(x) in Problem 12.21 is the constant uo, show that
Qte z/2Vkt
u(z,t) = ————j; e~ dw = uerf(x/2V/t)

where erf (x/2/xt) is the error function [see page 212].
If f(x) = uy, we obtain from Problem 12.22

u(x, t) X [f e~ v dw — f e~w’ dw:]

Vo LY —zevia 212Vt
z/2Vt Qu, (~z/2Vkt
= M e dw = — e~ dw = wugerf (x/2V/xt)
Vo ¥ —zi2vi VrJo

SOLUTIONS USING BESSEL FUNCTIONS

12.24. A circular plate of unit radius [as in Fig. 12-7, page 270] has its plane faces insulated.
If the initial temperature is F(p) and if the rim is kept at temperature zero, find the

temperature of the plate at any time.
Since the temperature is independent of ¢, the boundary value problem for determining

u(p, t) is
ou  _ 2u 1du
o = <sp— * ;a?) @
ul,t) = 0, w0 = F(), |ulp,t) <M

Let w = P(p)T(t) = PT in equation (). Then

PT' = « <P"T + %P’T)
o 77 P’ 1P
2 - L 18 e
or dividing by «PT, T P P Y
from which T+ 2T = 0, P'+ip 4P = o
p

These have general solutions [see Chapter 10]
T = ¢, P = A,Jo() + B, Y (20)

Since u = PT is bounded at p =0, B, =0. Then

ulp,t) = Ae—*\'t J (A
where 4 = A;¢,. *. 9 ¢ ore)
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From the first boundary condition,
u(l,t) = Ae=t J(0) = 0
from which Jo(A) =0 and A = Ap, A ... are the positive roots.

Thus a solution is .
ulp, t) = Ae~*Amt Jo(\,p) m=123,...

By superposition, a solution is ©
2
u(P’ t) = mgl Ame_x)""‘ JO()\mP)

From the second boundary condition,
wp,0) = Flp) = 3 AmJo(hmo)

Then by the methods of Chapter 10,

— 2 !
An = s fo pF(e) Jo (s} dp
L 2 1 2
and so u(p, t) = mgl {[Jf(x )J; oF(p) Jo(Amp) dp] e~ hmt JO()‘mP)} (2)

which can be established as the required solution.

Note that this solution also gives the temperature of an infinitely long solid cylinder whose
convex surface is kept at temperature zero and whose initial temperature is F(p).

12.25. A drum consists of a stretched circular membrane of unit radius whose rim rep-
resented by the circle of Fig. 12-7, page 270, is fixed. If the membrane is struck so

that its initial displacement is F(p, ) and is then released, find the displacement at
any time.

The boundary-value problem for the displacement z(p, ¢, t) from the equilibrium or rest position
(the xy plane) is
322 02z , 19z 1 9%z
92 _ 4ef9% 4 202, 1 02
i <ap2 T T a¢2>

2(1,¢, t) = 01 z(P’ 4’:0) = Or zt(P’ -} 0) = 0; z(P’¢y0) = F(P: 4’)
Let z = P(p) ®(¢) T(t) = P&T. Then

PeT" = a2 <P"¢T + %P'@T + pl_zpd)//T)
™ _ P’ 1P 1" _
Dividing by a2P¢T, 2T = P T ,P + 2@ =2
and so T + A\2a2T = 0 (1)
p” 1P 1 ¢
£ L2 L1 _ e
7+ Pt e A (2)

Multiplying equation (2) by p2, the variables can be separated to yield

AP SNV (N
so that ¢’ + pe = 0 (€3]
p?P" + pP’ + (\2p2—u2)P = 0 (4)
General solutions of (1), ($) and (4) are
T = A coshat + B, siniat (5)
® = Ajcosup + B, sinug (6)
P = A3, () + ByY,(r) )
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A solution z(p, ¢, t) is given by the product of these.

Since z must have period 2r in the variable ¢, we must have u =m where m =0,1,2,3,...
from equation (6).

Also, since 2z is bounded at p = 0 we must take B3 =0.
Furthermore, to satisfy z,(p,$,0) = 0 we must choose B;=0.

Then a solution is .
ulp, ¢,t) = Jn(Ap) cosrat (A cosmg + B sinmg)

Since 2(1,¢,t) =0, J,,(A) =0 so that x=2x,;, k=1,2,3,..., are the positive roots.

By superposition (summing over both m and k),

Z(P’ b, t) = mgo kgl Jm ()\mkp) €08 ()‘mkat)(Amk cosme + Bmk Sin m‘l’)
= m§0 {(:kglAmk Jm()‘mkp)] cos mg + I:kgl Bk Jm()‘mkp):l sin m¢} cos \pat  (8)

Putting ¢t = 0, we have

2(p,4,0) = Flp,¢) = 20 {C,, cosmg + D,, sinmg} 9
-
where Cm = kgl Amk Jm ()‘mkP)

w (10
Dm = kgl Bkam()‘mkP)

But (9) is simply a Fourier series and we can determine C,, and D,, by the usual methods.

We find
1 2r
;f F(p, ¢) cos mg d¢ m=1,2,83,...
Cn = *
1 4 _
e f Flp, ¢) dg m =10
2 o
1 27
D, = p F(p, ¢) sinmg d¢ m=0,123,...

0

From (10), using the results of Bessel series expansions, we have

2 1
A - & 7o ca
m [Jm+1()\,,,k)]2j; p S (Aup)Crm dp

2 lf21r . _
1r[Jm+1()\mk)]2j; A pF(p, ¢) Jip (A mip) cos me dp dg if m=1,238,...

ol S .
1 Flo. ) J q _
712, I, pF(p, ) Jo (Aoip) dp dg if m=0

2 1
= s I (A D,d
mk [Jm+ X ()‘mk)]2 j; 4 m( mkP) m &p

o]
|

_ 2 flf%’? . . B
Tt O J, I, PF(p, ¢) I (Auip) sin mg dp dg if m=0,12,...

Using these values of A, and B, in (8) yields the required solution.
Note that the various modes of vibration of the drum are obtained by specifying particular
values of m and k. The frequency of vibration is then given by
Amic
fe = 5-@

Because these are not integer multiples of the lowest frequency, we would expect noise rather
than a musical tone.
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SOLUTIONS USING LEGENDRE FUNCTIONS
12.26. Find solutions to Laplace’s equation in spherical coordinates which are independent

of ¢.

275

Laplace’s equation V2v = 0 in spherical coordinates if there is no ¢ dependence can be written

O ey L8 MG,2) =
Tar\" or sing a0 EY)

¢

Let v = R(r)6(¢) = Re in (I). Then after dividing by Re, the equation becomes separable

as follows
rd 'rg—e = l_d smaﬁ = —a2
Rdar\"dr/ ~ ~@sinede de
d
and we find T ( ‘;R> + 2R = 0
(0098 _ rrsinse =
F7] (smo da) A2ginge = 0
Equation (1) can be written 72R” + 2rR’' + MR = ¢

a Cauchy equation [see Problem 3.70(¢), page 94] having solution

R = A + —

n+l

where we have placed n = —} + V1 —22 so that A2 = —n(n+1).

Equation (8) with A2 = —n(n+1) can be written

d de _
P77 <smoda) + n(n+1)singe = 0
Now if we let coss = z, then
de _ de/ds _ _ 1 de ne%® - _gn2e®® — _1_.98
dx  dulde sineds O PP qe T TMOiG T (1 x)dx
d ey _ df|_ . _ .de| _ d 2 dx
so that do(mnodo) = da[ 1 x)dx:l = I:(l ) :Ida
= % [(1 - x2)——:] sin e
d
Then (6) becomes T |:(1—x2)—:] + nn+1)8 = 0
or (1—x2)ﬁ - 2% 4 s+l = 0

dx

which is Legendre’s differential equation having solution
6 = A,P,(x) + ByQ,(x)
[see Chapter 11]. Thus the solution of (6) is
6 = A,P,(cos8) + B,Q,(cos g)
Using (5) and (8) or (9), we then see that a solution of (1) is

B,
v = Re = [Alr" + ,.H}[A Po(@) + By@u@)]
where x = cos .

@

)

4

®)

(6

)

©)

9)

(10)
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12.27. Find the potential v (a) interior to and (b) exterior to a hollow sphere of unit
radius if half of its surface is charged to potential v, and the other half to potential

PARTIAL DIFFERENTIAL EQUATIONS

Zero.

Choose the sphere in the position shown in Fig.
12-8. Then v is independent of ¢ and we can use the
results of Problem 12.26. A solution is

B,
v(r,8) = (Alr + >(A2P (x) + B,Q,(x))

where x = cos#. Since v must be bounded at ¢ =0
and 7, i.e. * = *1, we must choose B, =0. Then

B
v(r,8) = <Ar + 'r"“> P, (x)
The boundary conditions are
vy if 0<0<% ie. 0<z<1
v(l,6) = -
0 if§<o<1r le. ~1<2<0
and v is bounded. Fig.12-8

(a) Interior Potential, 0 = » <1,

Since v is bounded at r = 0, choose B = 0. Then a solution is

ArnP (x) = ArnP,(cos6)

By superposition, v(r,0) = 20 A,r"P_ (cos9) = 2 A, r"P, (%)
n= n=0
When r =1, v(1,8) = 20 A, P, (x)
ne
Then as in Problem 8.16,
2n+1 (! 2n + 1 !
A, = Tf-l v(1,6) Py(x)dx = <"T vo § Po(x)da
from which 0
Ag = vy, A1 = B, Ay =0, Az = —{%v, Ay =0,
v, .
Thus Vir,e) = 70[1 + 87 P, (cosg) — r3P;(cosg) + 11 Ps(cos o) + -

(b) Exterior Potential, 1 < r < =,

Since v is bounded as r = », choose A = 0. Then a solution is

B
rn“P (x) = P P, (cos 6)
. & B,

By superposition, v(r,9) =

n=0
When r =1, v(1,8) = 3 B,P,(x)

n=0
Then B, = A, of part (¢) and so

v(r,8) = o™ [1 + 5= P (cos 9) — P3(cos0) + 161.5P5(cosa) + :I
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SOLUTIONS USING LAPLACE TRANSFORMS
12.28. Solve by Laplace transforms the boundary-value problem

ou _  u
% - Yam

w(0,t) = 0, u(3,t) =0, u(x,0) = 10sin2xx — 6 sind=x
Taking the Laplace transform of the given differential equation with respect to t, we have

"t ( gy = (Tomet (48
J; e s’<5—t->dt = J; e 3f<4ax2>dt

which can be written as

s J;w e~ studt — u(x,0) = 4%]:0 e~ sty dt
or sU — u(x,0) = 4% (1)
where U = U@,s) = L{u(x,t)} = Jm e~ studt
0
Using the given condition u(x,0) = 10 sin 2zx — 6 sin 47z, (1) becomes
4ﬂ — 8U = 6sindrx — 10 sin 27z 2)
dux?

Taking the Laplace transform of the conditions U(0,t) =0, U(3,t) = 0, we have

or U@,s) =0, U@B,3) =0 ®

Solving the ordinary differential equation (2) subject to conditions (8) by the usual elementary
methods, we find
10 sin 272 6 sin drx
s+ 1672 s+ 64n2

Thus taking the inverse Laplace transform we find

L1 {?—i—lgﬁ—ﬁ} sin 272 — £t {3‘:%?#} sin drx

10e—167°t gin 2rx — 6e—647"t gin 4rx

Uz, s)

u(@,t) = L£71{U(x,8)}

il

which is the required solution.

Note that theoretically we could have taken the Laplace transform of the given differential
equation with respect to x rather than ¢, However, this would lead to various difficulties as is
evident upon carrying out the procedure. In practice we take Laplace transforms with respect
to the various independent variables and then choose that variable which leads to the greatest
simplification. '

Supplementary Problems
CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS

12,29. Determine whether each of the following partial differential equations is linear or nonlinear, state
the order of each equation, and name the dependent and independent variables.

Pu L, U 2V _ 3 _ 9% 92 0z _ 1
@ a2 ¥ 2agoy T = 0 © ¢35 = s © o tes = =
»*T 2T | 92T 82y 82y
2 2y = —= — —F 44— = 2
@ A Ta = 5 T o @ S~ 45 = ®
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12.30. Classify each of the following equations as elliptic, hyperbolic or parabolic.
2p  Fg _ 2u _

et = 2 2 — =
(a) 32 o (d) «= ax2 + 2xy pyn ay + ¥ Y% 0
ou | Pu _ o %u 22U = 22U 4
(b)a axay"“ (e) (= l)ax2+2 ya a + (¥ ) sz Y
9%z 02z 2%z

() W—2axay+2a = x+ 3y

SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS
12.31. Show that z(x,y) = 4e~37 cos 8y is a solution to the boundary-value problem

2z , % _ = = 4e-32
3;2' + 8y2 = 0, z(x, 1r/2) = 0, z(x, 0) = 4e
12.32. (a) Show that v(x,y) = 2F(2x + y) is a general solution of xg——— 2x F =

(b) Find a particular solution satisfying wv(1,y) = y2.
12.33. Find a partial differential equation having general solution « = F(x —3y) + G(2x + ).

12.34. Find a partial differential equation having general solution
(@) z = e*f(2y — 3x), () z = f(2x+y) + glx—2y)

SOME IMPORTANT PARTIAL DIFFERENTIAL EQUATIONS

ou
oy

12.35. If a taut, horizontal string with fixed ends vibrates in a vertical plane under the influence of

gravity, show that its equation is ‘_9311 _ 9_21/_ 3
ez dx2

where g is the acceleration due to gravity.

12.36. A thin bar located on the x axis has its ends at * =0 and x = L. The initial temperature of the
baris f(x), 0 <x < L, and the ends =0, x = L are maintained at constant temperatures T, T,
respectively. Assuming the surrounding medium is at temperature u, and that Newton’s law of
cooling applies, show that the partial differential equation for the temperature of the bar at any

point at any time is given by ou

ot ax2
and write the corresponding boundary conditions.

— Blu— ug)

12.37. Write the boundary conditions in Problem 12.36 if the ends # =0 and ¥ = L are insulated.

12.38. The gravitational potential v at any point (x, ¥, z) outside of a mass m located at the point X,Y,2)
is defined as the mass m divided by the distance of the point (x,%,2) from (X,Y,Z). Show that

v satisfies Laplace’s equation V2v =0,
12.39. Work Problem 12.38 for a solid.

1240. Assuming that the tension of a vibrating string is variable, show that its equation is
9 (pow) =
ox\ ax/) Yo

METHODS OF FINDING SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS
92z .
R b i 1 i
52 oy + ay 0. (b) Find the particular solution for which
2z, 0) = =5 + «x, 22,y) = 3yt

1241, (a) Solve =z
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12.42. Find general solutions of each of the following.

Ru _ u 32z 2z 9% _
@ 52 = 32 @ 52~ Powoy 3oz = 0
u u 9%z 92z 2z
®) ox + 261/ Su () x2 dx oy oy?
N
( dx2 = oy?

12.43. Find general solutions of each of the following.

u u dtu du
— —_ = —_ — =4
(@) ox + 281/ x (e) dxt + 2ax3 dy
0%y _ &y 2 Pz _ g 0% ¥z _
(b) 3 9 + 12¢ (d) 922 3ax a7 E ¢ siny
dtu du oy _
12.44. Solve Fyor + 2 a2 0y° + Pl 16.

Po 2o _ 1e
a2 ror o2 ot?
F(r—ct) + G(r + ct)
r

12.45. Show that the general solution of

v

SEPARATION OF VARIABLES
12.46. Solve each of the following boundary-value problems by the method of separation of variables,

du ou
_— _— = = -
(@) 3—+2 = 0, u(x,0) = 4e

ou ou
= = 9= = ge—5z -3
(b) P 2ay+u, u(z, 0) 3e + 2¢— 3=
y &= 4% 0 =0 (mt) = 0, w(z,0) = 2sin3z — 4 sinb
(¢ ot - Y u(0, = 0, u(m, = 0, (x, = 2 8in 3x in 6
du _ d%u _ _ _ 3rx 9rx
(d) ot = o2’ u,(0,t) = 0, u(2,t) = 0, u(x,0) = 8¢os——4 6¢os-—4

12.47. Solve the boundary-value problem

2
B=aZl 00 =60 =0 ¥@0) =0 =0 = f@

if (a) f(x) = b sinrz, ®) f(x) = 8sin2rx — 2 sin bre.

SOLUTIONS USING FOURIER SERIES

1248. (a) Solve the boundary-value problem
ou _ 9% _ _ _
% - 2ax2’ u(0,t) = u(4,t) = 0, u(x,0) = 2bx

where 0 <2 <4, ¢t>0.

(b) Interpret physically the boundary-value problem in (a).

12.49. (a) Show that the solution of the boundary-value problem
o _ u
at ax2’

where 0 <z <=7, t>0 is given by

m o0 m
u(x,t) = %f f(x)de + S—mz_le""z‘ cos 'mxf f(x) cos mx dx
0 = 0

ux(o’ t) = ux(”: t) =0, u(xyo)

f(x)

(b) Interpret physically the boundary-value problem in (a).
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12.50.

12.51.

12.52.

12.53.

12.54.

12.55.

12.56.

12.57.

12.58.

PARTIAL DIFFERENTIAL EQUATIONS [CHAP. 12

Find the steady-state temperature in a bar whose ends are located at # =0 and « =10 if these
ends are kept at 150°C and 100°C respectively.

A circular plate of unit radius [see Fig. 12-7, page 270] whose faces are insulated has its boundary
kept at temperature 120 + 60 cos 2¢. Find the steady-state temperature of the plate.

2, si
and thus complete Problem 12.20.

A string 2 ft long is stretched between two fixed points =0 and « =2. If the displacement
of the string from the x axis at t =0 is given by f(x) = .032(2—2) and if the initial velocity
is zero, find the displacement at any later time,

A square plate of side ¢ has one side maintained at temperature f(x) and the others at zero, as
indicated in Fig. 12-9. Show that the steady-state temperature at any point of the plate is

given by a
- 2 . knrx . &rﬁ -~
ulx,y) = kgl [————a Sinh (er) j; f(x) sin - dx] sin — sinh .

Obtain the result for f(x) = u, a constant,

Work Problem 12.54 if the sides are maintained at temperatures f, (%), 9,(%), f2(%), 95(y) respectively,
[Hint. Use the principle of superposition and the result of Problem 12.54.]

Fig.12-9 Fig.12-10

An infinitely long plate of width ¢ indicated by the shaded region of Fig. 12-10 has its two
parallel sides maintained at temperature 0 and its other side at constant temperature ;. (a) Show
that the steady-state temperature is given by

4u,
u(e,y) = —°<e‘v sin™% + Lo-o sin%—x + Lo-s sinfm—x + >
T a 3 a 5 a
(b) Use Problem 12.52 to show that
2y _. [ sin (zx/a)
wx,y) = —— tan 1 <—sinhy

Solve Problem 12.35 if the string has its ends fixed at * =0 and x =1 and if its initial displace-
ment and velocity are given by f(x) and g(x) respectively.

A square plate [Fig. 12-10] having sides of unit length has
its edges fixed in the xy plane and is set into transverse
vibration, 0,1 i1, 5

(¢) Show that the transverse displacement z(x,y,t) of any
point (x,y) at time ¢ is given by

92z 92z | 8%
—_ = 2 —= —_—
e ¢ <8x2 + ay2>

where a2 is a constant.

- i
(b) Show that if the plate is given an initial shape f(x,y) 4.9
and released with velocity g(x,y), then the displacement

is given by Fig. 12-11



CHAP. 12] PARTIAL DIFFERENTIAL EQUATIONS 281

12.59.

12.60.

12.61.

12.62.

o0 0
22, 9t) = 2 3 [AmacoSApaat + By, sin Ay,at] sin mae sin ney
m=1 n=1
1t
where A, = 4 f f f(z, y) sin mza sin nry de dy
o Yo
4 1
B, = f f g(x,y) sin mrz sin nzy dz dy
A pp o Yo

and Ay, = 7Vm2 4+ n

Show that the natural frequencies for the plate of Problem 12.57 are given by [, = aym?2+ n2/2r,
Would you expect to get a musical tone from the vibration? Explain,

A beam has its ends hinged at * =0 and « =1 At time ¢ =0, a concentrated transverse load
of constant magnitude w is suddenly applied at the midpoint. Show that the resulting transverse
displacement of any point « of the beam at any time ¢ > 0 is

_ _wx o .o _ 2w |sin(z2/l)  sin(3=2/l) | sin (Sr2/])
v ) = ppr @ T T e T osw T om

if 0 <z < 1l/2, while the corresponding result for [/2 <z <l is obtained by symmetry.

Solve the boundary-value problem
du _ u
at dx2?
u(0,t) = uy;, ul,t) = uy, w(x,0 =0

— o2u 0<z<l t>0

where « and [ are constants, and interpret physically.

Show that the solution of the boundary-value problem

o _ o
Zo=kiy  0<a<lLt>0
uz(oy t) = hu(oy t)’ uz(lv t) = _hu(l, t): u(x’ 0) = f(x)

where k, b and [ are constants is

® A COS Az + R sinhxz
wx,t) = 3 e—kAit f f(2) [\, cos A2 + h sin 2] de
’ n=1 OL+R)L+ 20 Y, P 082 o
. . 2h)\ . . . .
where A, are solutions of the equation tan Al = o Give a physical interpretation.

SOLUTIONS USING FOURIER INTEGRALS

12.63.

12.64.

12.65.

An infinite thin bar (—~ < # < ©) whose surface is insulated has an initial temperature equal to
f(z). Show that the temperature at any point z at any time t is given by
0

u(xz, t) = \/i_ e~v* f(z + 2kt w)dw

If f(x) =u, in Problem 12.63, show that u(x,t) = u,erf (x/2\/ﬁ) and explain the connection
with Problem 12.23.

Solve the boundary-value problem

2u , u
) + ’(ryz- = 0 y>0
u(z,0) = f(x) lu(e, y)] <M
showing that u(xe,y) = 1 f f f(v)e—M cos A(v — z) d\ dv
TYr=0Yv=—0o

and give a physical interpretation.
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0 <0
12.66. Show that if f(z) = in Problem 12.65, then
Uy >0

u(z,y) = -11; tan”l—;

12.67. The region bounded by « > 0, ¥y > 0 has one edge = =0 kept at potential zero and the other
edge y = 0 kept at potential f(x). (a) Show that the potential at any point (x,y) is given by

1 (” 1 1
vz, y) = ;J; yf(v) [(v_x)2+ Py - (w+ea2+ y2:| dv

(b) If f(x) =1, show that v(z,y) = %tan—l%.

SOLUTIONS USING BESSEL FUNCTIONS
12.68. The temperature of a long solid circular cylinder of unit radius is initially zero. At ¢ =0 the

surface is given a constant temperature u, which is then maintained. Show that the temperature
of the cylinder is given by

0 JoO\nP)
_ _ T ekt
u(p, t) %o {1 2 ,21 And (M) ¢ }

where \,, n =1,2,3,..., are the positive roots of Jy(A) =0 and k is the diffusivity.

12.69. Show that if F(p) = ug(1 — p2), then the temperature of the cylinder of Problem 12.23 is given by

o Jo(p)da (M
ulp,t) = dku, 2_3_(_&_2_(___)_

e—kAZt
=1 AZ2(\,)

12.70. A cylinder 0 <p<a, 0 <z <!l has the end z2=10 at temperature f(p) while the other surfaces
are kept at temperature zero. Show that the steady-state temperature at any point is given by
2 & JolAnp) sinh A (1=
wpa) = 5 3 JE(\,@) sinh Al
where Jy(\2) =0, n=1,2,3,....

2 f of(p) Jo (Anp) dp
0

12.71. A circular membrane of unit radius lies in the xy plane with its center at the origin. Its edge
p =1 is fixed in the zy plane and it is set into vibration by displacing it an amount f(p) and then
releasing it. Show that the displacement is given by

@, Jo(Aup) cos A,at fl
,t) = —_— Jo(Ap0) G,
2(p, t) ngl 27 () \ of(p) Jo (Ao} dp
where ), are the roots of Jo(2) = 0.
12.72. (a) Solve the boundary-value problem
Su _ Pu 1w 12w
a2 T 9p2 ' pdp | p2dg?

where 0<p <1, 0< ¢ <27 t>0 if uis bounded, and
u(l,¢,) = 0, ulp,$,0) = pcos3g, up, $,0) = 0
(b) Give a physical interpretation to the solution.

d

12.73. Solve the boundary-value problem
=

) _
dx/) a2

given that y(x,0) = f(«), y«,0) =0, y(1,t) = 0 and y(x,t) is bounded for 0=z =1, t > 0.



CHAP. 12} PARTIAL DIFFERENTIAL EQUATIONS 283

12.74.

12.75,

12.76.

12.77.

12.78.

12.79.

A chain of constant mass per unit length and length [ is suspended
vertically from one end O as indicated in Fig. 12-12, If the chain
is displaced slightly at time ¢=0 so that its shape is given by
f(®), 0 <z <1, and then released, show that the displacement of
any point z at time ¢t is given by

Yz, t) = 3 A, <2>\,‘\’ - x) cos At
n=1 g

where ), are the roots of Jo(2AVI/g) = 0 and

y(x’ t) n

x
= -2 — 1902
A, = J%O\n)j; vJo(\) f(l — 1gv?) dv Fig. 12-12

Determine the frequencies of the normal modes and indicate whether you would expect music or
noise from the vibrations.

A solid circular cylinder 0<p<a, 0 <z<! has its bases kept at temperature zero and the
convex surface at constant temperature u,. Show that the steady-state temperature at any point
of the cylinder is
duy = Iy[(2n — 1)7p/l] sin [(2n — 1)7z/l]
we, 9,2 = - @n—D)Io[@n — Dral]]

n=1

where I, is the modified Bessel function of order zero.

A membrane in the form of a circular ring a=p =10 is set into vibration. Show that the
frequencies of the various modes of vibration are given by

Amn |7
fmn = —2 L
g 4

where = is the tension per unit length, ¢ is the mass per unit area, and A,, are roots of the

t
equation Jn(0) Y (AD) — Jp D) Yi(ha) = 0
Explain how you would determine the displacement of the membrane in Problem 12.77.

The surface p =1 of an infinite cylinder is kept at temperature f(z). Show that the steady-state
temperature everywhere in the cylinder is given by

1" T f®) cosMwv— 2)y(Np)
ulp,z) = ;J;=0J;=_w .0 dx dv

SOLUTIONS USING LEGENDRE FUNCTIONS

12.80.

12.81.
12.82.

12.83.
12.84.
12.85,

12.86.
12.87.

Find the potential v (a) interior and (b) exterior to a hollow sphere of unit radius with center at
the origin if the surface is charged to potential vy(1 + 3 cos ¢) where v, is constant.

Solve Problem 12.80 if the surface potential is v, sin2 6.

Find the steady-state temperature within the region bounded by two concentric spheres of radius
a and 2¢ if the temperatures of the outer and inner spheres are u, and 0 respectively.

Find the gravitational potential at any point outside a solid uniform sphere of radius a of mass m.
Is there a solution to Problem 12,82, if the point is inside the sphere? Explain.

Find the potential at any point due to a thin circular ring of radius ¢ and mass m lying in the
zy plane with center at the origin. [Hint. First find the potential at any point on the axis.]

Work Problem 12.85 for a solid circular disc.

Show that a solution of Laplace’s equation V20 =0 in spherical coordinates is given by
o0 o0 n

B
v = m2=,0 ’2,0 |:A,,r" + ;m:l [Cin cosmo + D, sin me)[EPY (cos ¢) + FQU(cos ¢)]

where P} and Q,"" are the associated Legendre functions.
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SOLUTIONS USING LAPLACE TRANSFORMS

12.88. Solve each of the following boundary-value problems by using Laplace transforms.

ou Ju
U _ g0 = o2
(@) m 3890, u(z, 0) 4e
ou ou
ow _ ou_ — —2 — Ge—4z
(b) 5t e 2u, u(x,0) 10e—* — 6e
du _ ou _ _ . .
(¢) Friilet #(0,8) = 0, u@4,t) = 0, u(x,0) = 6sin(z2/2) + 3 sinzex
2
@ 2 = w00 =0, w®h =0 us0 = 4cosrs—2cosdrx

12.89. Work (a) Problem 12.46(d), (b) Problem 12.47, by use of Laplace transforms.

[CHAP. 12

12.90. Show how you would attempt to solve Problem 12,17 by Laplace transforms. Explain what dif-
ficulties arise. [Problems of this type can best be solved by using the methods of Chapter 14.]

Answers to Supplementary Problems

12.29. (a) linear, dep. var. u, ind. var. z, y, order 2 (d) linear, dep. var. y, ind. var. «, t, order 2

(b) linear, dep. var. T, ind. var. %, y, z, order 4 (e¢) nonlinear, dep. var. z. ind. var. r, 8, order 1

(¢) nonlinear, dep. var. ¢, ind. var. x, y, order 3

12.30. (a) hyperbolic  (b) hyperbolic (¢) elliptic (d) parabolic
(e) elliptic if 224 y2 < 1, hyperbolic if 2+ y2 > 1, parabolic if z2+y2=1

12.32. (b)) x2(2x+y—2)2

2u %u 2u
12.33. 3-(%—2—' 58x8y - Ey—z =

2z 9%z _

dz dz 92z
12.34. — - = = Zr =
(@) 2 F + 3 3y 2z (b) 2 3 38::: 3y P

12.37. u,.(0,t) = 0, u,(L,t)y = 0

1241, (@) 2z = F(x) + G(y) (b) zz = 28+ 224 6y4 — 68

1242, (a) u Fz+y)+ Gx—y) d) 2z = FBzx+y)+ Gly—2)
) u e3*F(y — 2x) () z = Flx+y) + 2Gx+y)
(¢) u = F(zx+1y) + Glx —iy)

1243. (a) u = F(y—2x)+£22— (¢) « = F(y) + «G(y) + «2H(y) + I(y — 2x) + §=3
) y = Fx—t)+ Gx+1t)—td @ 2 = F(x+y)+G(2x+y)—%siny+%cosy

1244, u = Fl(x+1iy) + Gl —1iy) + eH(x + iy) + aJ(x —iy) + 4(x2 + y2)2

1246. (@) u = 4eBv—2x)/2
() u = 8e—3T—3V 4 2¢—3x—2y
(¢) u = 236t gin 3 — 4e— 100t gin 5y

3rx Ore
() u = 8e97t/16 c0s%— 6e—817°t/16 cos—z—
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1247, (@) ¥ = 2;‘” sin 72 sin 27t b)) ¥y = :13—” sin 27« sin 4t — % gin 572 sin 10-¢

200 { e—mrt/8 .
1248. (a) u(x,t) = _g 216 m mcosmyr sin m:x
m= a4

12.50. 150 — 5«
1251, u(p,¢) = 120 + 60p2 cos 2¢

96 < 1 2n— 1)z 2n — 1)zet
1253. ylx,t) = = 21 En =18 sin 5 cos 2

1272, u(p, ¢,t) = 2 A,Jg(A\0) cos8p cosr,t where )\, are the positive roots of Jz(») = 0 and
n=1

_2[(2 — 8)Jy(\) — 61 (A,) + 8
" A3TZ(An) )

JO ()\n\/—)

12.73. y(z,t) = i
n=1 ( ")

1
coS (FAnt) f f(@) Jo(\,Vx)de where Jo,(A\,) =0, n=1,2,...
[}

1280. (a) vo(1+ 37 cosé) ) — <1 +- 3 cos 0)

Py (cos 9):]

2v,
1281, (a) $vo[l — 72P5(cos 9)] (b) B |:1 - o

12.82. 2u, <1 - i“)
p

12.83. m/r where r > a is the distance from the center of the sphere

m 1 3 4 .
J;[Po(cosm—i 1o :| if r<a
1285, v =
m|a .
- [;Po(ms ) — P2 (cos ¢) + P4 (cos ¢) — } if »r>a
[Po (cos ¢) —— P1 (cos ¢) + = Tsz (cos ¢) — 1 L P4 (cos ¢)
1.3 8 -
12.86. » = '{ +2 “4+6a 6P6(COS¢) ‘] if »r<a
2m ad .
\T Po(cos ¢) — 2 vl ran(cos &) + 6 FP,,(cos @)y — oo if r>a
1288. (a) u = 4e— 26t
(b) #u = 10e—*—3t — Gg—4x—6t
(€) u = 6e—7t/4 gin (zx/2) + 3¢~ sin ra
(d) u = 4e—7t coszx — 2e~9t/¢ cog e



Chapter 13

FUNCTIONS

If to each of a set of complex numbers which a variable 2z may assume there corre-
sponds one or more values of a variable w, then w is called a function of the complex
variable z, written w = f(2). The fundamental operations with complex numbers have
already been considered in Chapter 1.

A function is single-valued if for each value of z there corresponds only one value of w;
otherwise it is multiple-valued or many-valued. In general we can write w = f(z) =
w(Z,y) + t(x,y), where u and v are real functions of z and .

Example 1. w =22 = (¢ +4y)2 = 22— y2+ 2ixy = u+iv so that u(x,y) = «2— 2, v(x,y) = 2wxy.
These are called the real and imaginary parts of w = z2 respectively.

Unless otherwise specified we shall assume that f(z) is single-valued. A function
which is multiple-valued can be considered as a collection of single-valued functions.

LIMITS AND CONTINUITY

Definitions of limits and continuity for functions of a complex variable are analogous
to those for a real variable. Thus f(z) is said to have the limit | as z approaches z if,
given any ¢> 0, there exists a 8> 0 such that |f(2) —1] <« whenever 0 < |z—z| <3s.

Similarly, f(z) is said to be continuous at z, if, given any ¢> 0, there exists a § >0
such that |f(2) - f(z)| <e¢ whenever |z—z| <. Alternatively, f(z) is continuous at zo if

lim (z) = ().

DERIVATIVES

If f(z) is single-valued in some region of the z plane the derivative of f(z), denoted by
f’(2), is defined as

Alziglof(z-i-AAzl_f(Z) (1)

provided the limit exists independent of the manner in which Az—0. If the limit #))]
exists for z = z,, then f(z) is called analytic at z,. If the limit exists for all z in a region R,
then f(z) is called analytic in R. In order to be analytic, f(2) must be single-valued and
continuous. The converse, however, is not necessarily true.

We define elementary functions of a complex variable by a natural extension of the
corresponding functions of a real variable. Where series expansions for real functions
f(x) exist, we can use as definition the series with z replaced by =z.

2 5 7
Example 2. We define ¢z = 1+z+;—,+%+ ce+, 8inz = z—§;+%—%+---, cosz =
2 4 6 : : ! ! !
1 ——;—!+ %_% + -+ . From these we can show that e* = ¢z +iv — e*(cos y + isiny),

as well as numerous other relations.

286
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Example 3. We define a® as e?In¢ even when a and b are complex numbers. Since eZkmi =1,
it follows that ei® = ¢i(d+2km) and we define Inz = In(pei®) = Inp + (g + 2k7).
Thus In z is a many-valued function. The various single-valued functions of which
this many-valued function is composed are called its branches.

Rules for differentiating functions of a complex variable are much the same as for

those of real variables. Thus ad;(z") = nz"l, Ed;(sin z) =cosz, etc.

CAUCHY-RIEMANN EQUATIONS

A necessary condition that w = f(2) = u(w,y) + (x,y) be analytic in a region R
is that 4 and v satisfy the Cauchy-Riemann equations

o _ o v

°x oy oy  ox (2)
(see Problem 13.7). If the partial derivatives in (2) are continuous in R, the equations are
sufficient conditions that f(z) be analytic in R.

If the second derivatives of # and v with respect to 2 and y exist and are continuous,
we find by differentiating (2) that
u  Pu _ v | v

wtap =0 @t =10 (3)

Thus the real and imaginary parts satisfy Laplace’s equation in two dimensions. Functions
satisfying Laplace’s equation are called harmonic functions.

INTEGRALS

If f(z) is defined, single-valued and continuous in a region R, we define the integral
of f(z) along some path C in R from point z; to point 2z, where z; = ; +4y1, 22 = @2 + Y2, as

(29, 92) (Ig, Yo) (zg,¥2)
ff(z)dz = j: , (u+iv)de+idy) = f ude —vdy + zf vde +udy
c 1,1 ¢

xp’.'/l) (11:’.'/1)

with this definition the integral of a function of a complex variable can be made to
depend on line integrals for real functions already considered in Chapter 6. An alterna-
tive definition based on the limit of a sum, as for functions of a real variable, can also
be formulated and turns out to be equivalent to the one above.

The rules for complex integration are similar to those for real integrals. An important
result is

j; f(2) dzl = j; f@)l|de] = M j; ds = ML (4)
where M is an upper bound of |f(z)| on C, i.e. |f(2)] =M, and L is the length of the path C.

CAUCHY’S THEOREM

Let C be a simple closed curve. If f(2) is analytic within the region bounded by C
as well as on C, then we have Cauchy’s theorem that

S @ = §i@a = o (5)

where the second integral emphasizes the fact that C is a simple closed curve.
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Expressed in another way, (5) is equivalent to the statement that j: f(z)dz has a

value independent of the path joining 2z, and z.. Such integrals can be evaluated as
F(z2) — F(z1) where F’(z) = f(z). These results are similar to corresponding results for
line integrals developed in Chapter 6.

Example 4. Since f(z) = 2z is analytic everywhere, we have for any simple closed curve C

§2zdz = 0
c

= (1+02 — @) = 20 +4

Also, 2:dz = 22 o

CAUCHY'’S INTEGRAL FORMULAS

If f(z) is analytic within and on a simple closed curve C and e is any point interior
to C, then

@ = 5§ 1% (6)

where C is traversed in the positive (counterclockwise) sense.
Also, the nth derivative of f(z) at z=a is given by

@ = g § L )

These are called Cauchy’s integral formulas. They are quite remarkable because
they show that if the function f(z) is known on the closed curve C then it is also known
within C, and the various derivatives at points within C can be calculated. Thus if a
function of a complex variable has a first derivative, it has all higher derivatives as well.
This of course is not necessarily true for functions of real variables.

TAYLOR’S SERIES

Let f(2) be analytic inside and on a circle having its center at z=a. Then for all
points z in the circle we have the Taylor series representation of f(z) given by
fl/(a) f/ll(a)

1

o (z—a)® + T(z—a)"’ + .- €))]

fz) = fla) + fla)z—a) +

See Problem 13.21.

SINGULAR POINTS

A singular point of a function f(z) is a value of z at which f(z) fails to be analytic.
If f(z) is analytic everywhere in some region except at an interior point z =a, we call
2 =a an isolated singularity of f(z).

Example 5. If f(z) = (z—__l—g)—z, then z = 3 is an isolated singularity of f(z).

POLES

If f(z) = (zdﬁzz)n, #(a) = 0, where ¢(2) is analytic everywhere in a region including
2z =a, and if n is a positive integer, then f(z) has an isolated singularity at z = ¢ which is
called a pole of order n. If m =1, the pole is often called a simple pole; if n =2 it is
called a double pole, etc.
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Example 6. f(z) = (_zTEW%-—m has two singularities: a pole of order 2 or double pole at
z =23, and a pole of order 1 or simple pole at z = —1.
Example 7. f(z) = 3z —1 = 8z — 1 has two simple poles at z = *=2¢,

244 (z+ 20)(z— 22)

A function can have other types of singularities besides poles. Fo.r example, f(z) = Vz

has a branch point at z =0 (see Problem 13.36). The function f(2) = ? has a singularity

at 2=0. However, due to the fact that 11m sinz is finite, we call such a singularity a

removable singularity.

LAURENT’S SERIES

If f(2) has a pole of order » at z=a but is analytic at every other point inside and
on a circle C with center at a, then (z—a)"f(?) is analytic at all points inside and on C
and has a Taylor series about z =a so that

_ A—pn AQ—n+1 .. a-i — _ 2 “ee
fz) = G—ar T G—ap1t " t7g + ao + as(z—a) + axz—a)® + 9)
Thig is called a Laurent series for f(z). The part ao + a1(z —a) + ax(z—a)® + - -+ is called

the analytic part, while the remainder consisting of inverse powers of z — a is called the

principal part. More generally, we refer to the series Y, ax(z— a)* as a Laurent series
k=—w

where the terms with k < 0 constitute the principal part. A function which is analytic
in a region bounded by two concentric circles having center at z=a can always be
expanded into such a Laurent series (see Problem 13.82).

It is possible to define various types of singularities of a function f(z) from its Laurent
series. For example, when the principal part of a Laurent series has a finite number of
terms and a-.+0 while ¢—n—1,a—n—2, ... are all zero, then z=a is a pole of order n.
If the principal part has infinitely many terms, z = a is called an essential singularity or
sometimes a pole of infinite order.

has an essential singularity at z = 0.

RESIDUES

The coefficients in (9) can be obtained in the customary manner by writing the coeffi-
cients for the Taylor series corresponding to (¢ —a)*f(2). In further developments, the
coefficient a-,, called the residue of f(z) at the pole z=a, is of considerable importance.
It can be found from the formula

1 dr-

7 a0 @) (10)
where n is the order of the pole. For simple poles the calculation of the residue is of
particular simplicity since it reduces to

a-1 = lim (z—a)f(2) (11)

Zer

@-1 = lzl-rg(n 1

RESIDUE THEOREM

If f(z) is analytic in a region R except for a pole of order n» at z=a and if C is any
simple closed curve in R containing z =a, then f(2) has the form (9). Integrating (9),
using the fact that
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dz 0 if n»1
z 12
.ﬁ(z—a)" {Zni ifn=1 2

(see Problem 13.13), it follows that
§ f)dz = 2nie—; (18)
c

i.e. the integral of f(z) around a closed path enclosing a single pole of f(2) is 2#¢ times
the residue at the pole.

More generally, we have the following important

Theorem 13.1. If f(z) is analytic within and on the boundary C of a region R except at a
finite number of poles a, b, ¢, . . . within ®, having residues a-1,b-,¢-1, .
respectively, then

if(z) dz = 27ri(a-1 +bag+e-1+--0) (14)

i.e. the integral of f(2) is 21 times the sum of the residues of f(2) at the
poles enclosed by C.

Cauchy’s theorem and integral formulas are special cases of this result which we call the
residue theorem.

EVALUATION OF DEFINITE INTEGRALS

The evaluation of various definite integrals can often be achieved by using the residue
theorem together with a suitable function f(z) and a suitable path or contour C, the choice
of which may require great ingenuity. The following types are most common in practice.

1. f F(x)dz, F(x)is an even function.
]

Consider ﬁ F(z)dz along a contour C consisting of the line along the z axis

from —R to +R and the semi-circle above the x axis having this line as diameter.
Then let R - «. See Problems 13.29, 13.30.

27

2. G(sin 8, cos 6) d9, G is a rational function of siné and cos 9.
[}

z—2"1 cos()-z+z_l
27’ -2

dz/iz. The given integral is equivalent to § F(z)dz where C is the unit circle
c
with center at the origin. See Problems 13.31, 13.32.

Let z=¢" Then sing = and dz =1ie**dd or df =

cosmxe
3, f F(z ){sm mx} de, F(z)is a rational function.

Here we consider i F(z) e dz where C is the same contour as that in Type 1.
See Problem 13.34.

4. Miscellaneous integrals involving particular contours. See Problems 13.35, 13.87.
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CONFORMAL MAPPING

The analytic function w = f(2) = u(z,y) + (z,y) defines a transformation w = u(, y),
v =v(z,y) which establishes a correspondence between points of the wv and wxy planes.

Suppose that under this transformation point (o, %0) of the xy plane is mapped into
point (%o, vo) of the uv plane [see Figs. 13-1 and 13-2] while curves C: and C: [intersecting
at (%o, 9o)] are mapped respectively into curves Ci and C; [intersecting at (4o, vo)]. Then if
the transformation is such that the angle at (2o, yo) between C; and C: is equal to the
angle at (uo, vo) between C{ and C; both in magnitude and sense, the transformation or
mapping is said to be conformal at (o, %). A mapping which preserves the magnitudes
of angles but not necessarily the sense is called {sogonal.

y v
Cs

(uO’ 1’0)
C c!
(x 0 yO) 2

Fig.13-1 Fig.13-2

The following theorem is fundamental.

Theorem 13.2. If f(z) is analytic and f’(2) < 0 in a region R, then the mapping w = f(2)
is conformal at all points of R.

For conformal mappings or transformations, small figures in the neighborhood of a
point 2o in the z plane map into similar small figures in the w plane and are magnified
[or reduced] by an amount given approximately by |f’(z0)|?, called the area magnification
factor or simply magnification factor. Short distances in the z plane in the neighborhood
of 2o are magnified [or reduced] in the w plane by an amount given approximately by
If’(z0)|, called the linear magnification factor. Large figures in the z plane usually map
into figures in the w plane which are far from similar.

RIEMANN’S MAPPING THEOREM

Let C [Fig. 13-3] be a simple closed curve in the z plane forming the boundary of a
region R. Let C’ [Fig. 13-4] be a circle of radius one and center at the origin [the unit circle]
forming the boundary of region ®’ in the w plane. The region R’ is sometimes called
the unit disk. Then Riemann’s mapping theorem states that there exists a function
w = f(2), analytic in R, which maps each point of R into a corresponding point of R’ and
each point of C into a corresponding point of C’, the correspondence being one to one.

z plitne w plane

R

Fig. 13-3 Fig.13-4
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This function f(z) contains three arbitrary real constants which can be determined
by making the center of C” correspond to some given point in R, while some point on C’
corresponds to a given point on C. It should be noted that while Riemann’s mapping
theorem demonstrates the existence of a mapping function, it does not actually produce
this function.

It is possible to extend Riemann’s mapping theorem to the case where a region bounded
by two simple closed curves, one inside the other, is mapped into a region bounded by
two concentric circles.

SOME GENERAL TRANSFORMATIONS
In the following «, 8 are given complex constants while a, 6, are real constants.

1. Translation. w=2z+8

By this transformation, figures in the z plane are displaced or translated in
the direction of vector 8.

2. Rotation. w = eidz

By this transformation, figures in the z plane are rotated through an angle 6.
If 60> 0 the rotation is counterclockwise, while if 9y < 0 the rotation is clockwise.

3. Stretching. w = oz

By this transformation, figures in the 2z plane are stretched (or contracted)
in the direction z if ¢ >1 (or 0 <a <1). We consider contraction as a special
case of stretching.

4. Inversion. w = 1/z

5. Linear Transformation. w = «z+ g
This is a combination of the transformations of translation, rotation and
stretching.
az + B
¥2 + 8 ’
This is a combination of the transformations of translation, rotation, stretching
and inversion.

6. Bilinear or Fractional Transformation. w = ad—By+#0

MAPPING OF A HALF PLANE ON TO A CIRCLE

Let 2o be any point P in the upper half of the z plane denoted by R in Fig. 13-5 below.
Then the transformation
w = e (z— z.°> (15)
Z2— 2
maps this upper half plane in a one to one manner on to the interior R’ of the unit circle
|lw| =1, Fig. 13-6 below, and conversely. Each point of the # axis is mapped on to the
boundary of the circle. The constant 6 can be determined by making one particular point
of the x axis correspond to a given point on the circle.

In the above figures we have used the convention that unprimed points such as
4,B,C, ete., in the z plane correspond to primed points A’, B/, C’, etc., in the w plane.
Also, in the case where points are at infinity we indicate this by an arrow such as at
A and F in Fig. 13-5 which correspond respectively to A’ and F” (the same point) in
Fig. 13-6. As point z moves on the boundary of ® [i.e. the real axis] from —« (point A)
to +e (point F'), w moves counterclockwise along the unit circle from A’ back to A’.
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# piatie

Fig. 153-5

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION

Consider a polygon [Fig. 13-7] in the w plane having vertices at wi, ws, ..., wa With
corresponding interior angles e« a,, ...a, respectively. Let the points wq, ws, . .., W, Map
respectively into points i, 2, . . ., %» on the real axis of the z plane [Fig. 13-8].

£

iy ®y &y
Fig.13-7 Fig.13-8

A transformation which maps the interior ® of the polygon of the w plane on to the
upper half R’ of the z plane and the boundary of the polygon on to the real axis is given by

dw/dz = A (R— )/ (2 —2)2/m 1 o - (2 — gp)/™ 1 (16)
or w = Af (2= 2)M/ ™2~ x2)®/ ™1 - (2 — Xp)'""1dz + B (17)

where A and B are complex constants.

The following facts should be noted:

1. Any three of the points z;, 2, ..., 2, can be chosen at will.

2. The constants A and B determine the size, orientation and position of the polygon.

3. It is convenient to choose one point, say x., at infinity in which case the last factor
of (16) and (17) involving . is not present.

4. Infinite open polygons can be considered as limiting cases of closed polygons.

SOLUTIONS OF LAPLACE’S EQUATION BY CONFORMAL MAPPING

The problem of determining a function which is harmonic, i.e. satisfies Laplace’s
equation, in some region R [Fig. 13-7] and which takes prescribed values on the boundary
C is often called a Dirichlet problem. It can often be solved by mapping R into the unit
circle or upper half plane. In such case C is mapped into a corresponding boundary ¢’
and boundary conditions on C are transformed into boundary conditions for C’. Since
Laplace’s equation in R is transformed into Laplace’s equation in R’ [see Problem 13.49],
the problem is thus reduced to solving Laplace’s equation in R’ with boundary conditions
on C’, which is generally simple to do. By then transforming back we obtain the required
solution.

For illustrations of the procedure see Problems 13.51-18.54.
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Solved Problems

FUNCTIONS, LIMITS, CONTINUITY

13.1.

13.2.

13.3.

Determine the locus represented by
(@ [2—2|=3, (b) [z—2/=|z+4|, (c) [z—3| + |z +3] = 10.

(@) Method 1. |2—2| = |z +iy—2| = |x—2+3y] = V(e—22+42 =8 or (x—22+y2 =09, a
circle with center at (2,0) and radius 3.

Method 2. |z—2| is the distance between the complex numbers z = z + %y and 2+ 04 If this
distance is always 3, the locus is a circle of radius 3 with center at 2 + 0¢ or 2,0).

(b) Method 1. |2+iy—2| = |x+iy+4] or Vz—22+y2 = V(x+42+42 Squaring, we find
x = —1, a straight line.
Method 2. The locus is such that the distances from any point on it to (2,0) and (—4,0) are
equal. Thus the locus is the perpendicular bisector of the line joining (2,0) and (—4,0), or
z=-1

(¢) Method 1. The locus is given by V(x—32+2+ V(z+3)2+42 = 10 or V(z—32+22 =
10 — V(x+3)2 + 42 Squaring and simplifying, 26 + 3x = 5V(x+ 3)2 + 2. Squaring and

2 2
simplifying again yields 3—5 + % = 1, an ellipse with semi-major and semi-minor axes of

lengths 5 and 4 respectively.

Method 2. The locus is such that the sum of the distances from any point on it to (8,0) and
(—3,0) is 10. Thus the locus is an ellipse whose foci are at (—3,0) and (3,0) and whose major
axis has length 10.

Determine the region in the z plane represented by each of the following.
(@) |#] < 1.
Interior of a circle of radius 1. See Fig. 13-9.
(b) 1<z+2i =2.
|z + 23] is the distance from z to —2i, so that |z+2i| =1 is a circle of radius 1 with center
at —2i, i.e. (0,—2); and [2+2] =2 is a circle of radius 2 with center at —2i. Then
1 <|z+2i| =2 represents the region exterior to |z+2i| =1 but interior to or on [z 4+ 2i] = 2.
See Fig. 13-10.

(6) /8 = argz = /2.
Note that argz = ¢, where z = pei®. The required region is the infinite region bounded
by the lines ¢ = z/3 and ¢ = /2, including these lines. See Fig, 13-11.

#

Fig. 13-9 Fig.13-10 Fig. 13-11

Express each function in the form w(®, Y) + tv(x,y), where v and v are real:
(@) 2% (b) 1/(1-2), (c) €%, (d) Inz.



CHAP. 13] COMPLEX VARIABLES AND CONFORMAL MAPPING 295

(@ w= 28 = (x+iy)® = 3+ 3x2(iy) + 3x(iy)2 + (iy)3 = % + BiwPy — 3xy? — iy®
= o8 — 3wy? + i(32%y — )
Then u(x,y) = x3 — 8xy2, v(z,y) = 3x2y — 5.

How=-l = 1 _ 1 l-—z+4iy _ 1—x+iy
O w = T ST et 1-wz—i l—z+w  (A—a2+y°
___1-= — ¥
Then u(x:y) - (1—x)2+ 1/2, ’U(Z,Z/) - (1"Z)2 + 1/2'
(¢) 3% = e3ati) = g3wgdiv = ¢3%(cos3y +isindy) and wu = e cosdy, v = €3 sin3y

(d Inz = In(petd) = Inp+ip = Inva2+y2+itan—1y/xz and
= }In@2+y?), v = tan~ly/w

Note that In z is a multiple-valued function (in this case it is infinitely many-valued) since
¢ can be increased by any multiple of 2x. The principal value of the logarithm is defined as
that value for which 0 = ¢ < 27 and is called the principal branch of Inz.

134. Prove (a) sin(x+iy) = sinx coshy + ¢ cosx sinhy
(b) cos(x+1iy) = cosx coshy —isinz sinhy

We use the relations ei* = cosz+ isinz, e~ = cosz —isinz from which

. efz — e—iz ez 4 g—iz
sSinz = T ’ cosz = —-2——
. . . el(x+iy) — g—ilz+iy) git—y — g—ix+y
Then sinz = gin(x+1iy) = % = %

= Eli-{e‘y(cos x + isinx) — e¥(cos x — ¢ sin %)}

— Y — p—
= (sinx) <b26y) + i{cos x) <e_2_eu> = sinx coshy + 7 cosx sinhy

ei(z+1y) 4 e—i(x+iy)
2

= ety 4 e~in+v} = L{e~¥(cosx + isinx) + e¥(cosx — 7 sin x)}

Similarly, cosz = cos(x+iy) =

Y -~y —ea
(cos x) <%> — i(sin ) <L2e_ﬂ> = cosx coshy — i sin« sinhy

DERIVATIVES. CAUCHY-RIEMANN EQUATIONS

13.5. Prove that;—zé, where Z is the conjugate of z, does not exist anywhere.

By definition, ;—z-f(z) = limoi(zﬁzl—_-M if this limit exists independent of the manner in
Az~

A
which Az = Az + iAy approaches zero. Then
d . _ . z+Az— 2% _ .. xtiyt+Ar+idy — x+ 1y
dz° = Alzu-rylo Az - Al;!-?o Ax + iAy
Ay =0
. % — 1Y+ Ax — iAy — (x — iy) . Ax —iAy
= 1 . = ar —tay
A;To Ax + tAy Alxu_',lo Ax + i Ay
Ay =0 Ay =0
. o el s . Awx
If Ay =0, the required limit is lim — = 1.
Ax—0 A%
If Az =0, th ired limit is lim —o¥ = —1
z = 0, the required limit is A;To Thy = .

These two possible approaches show that the limit depends on the manner in which Az~ 0, so -
that the derivative does not exist; i.e. Z is non-analytic anywhere.



296 COMPLEX VARIABLES AND CONFORMAL MAPPING [CHAP. 13

136. (o) If w = f(2) = ifg, find %—'I: (b) Determine where w is non-analytic.
1+ (z+42) _ 1+z
dw _ .. 1—(z+A2) 1—2z _ 2
(@) Method 1. dz ~ Allglo Az AlleO (1—z—Az)(1—2)

= (l_fw provided z % 1, independent of the manner in which Az — 0.

Method 2. The usual rules of differentiation apply provided z s 1. Thus by the quotient rule
for differentiation,

d d,.
d(1+2\ _ A=z 0+~ A+ =2 0y (1 +2-1) __ 2
dz\1—2) ~ 1—2)2 - (1-2)2 (1—2)2

(b) The function is analytic everywhere except at z = 1, where the derivative does not exist; i.e.
the function is non-analytic at z = 1.

13.7. Prove that a necessary condition for w = f(2) = wu(x,y) + iv(x,y) to be analytic in

s . . d ov ou d . .
a region is that the Cauchy-Riemann equations LGSO e —53— be satisfied in

X ox 9y’ 9
the region. vy
Sinece f(2) = f(x+1iy) = u(x,y) + iv(x,y), we have
flz+8z) = flx+az+i(y +Ay)] = u(x+ Az, y + Ay) + vz + Ax, y + Ay)

Then
i fz+42) — fz) i w(z + Ax, y + Ay) — ulx, y) + i{wlx + Ax, y + Ay) — v(z, ¥)}
A;TO Az - Ax"-?o Az + T Ay
Ay =0

If Ay = 0, the required limit is

lim 2t y) —u@y) vietaz, y) — v, y) | _ du + ;2
Az =0 Ax Ax ox ox
If Ax = 0, the required limit is
lim Yoy tay) —wxy) | vy tay) —v@y) | _ léuw | dv
Ay—0 iAy Ay idy 9y

If the derivative is to exist, these two special limits must be equal, i.e.,

ou .0V 1 du ov L0u v

il A - T I i ov

T tag idy | oy ‘o T oy
so that we must have S _ v and v _ —@—.
dx dy ox oy

Conversely, we can prove that if the first partial derivatives of » and » with respect to z and ¥
are continuous in a region, then the Cauchy-Riemann equations provide sufficient conditions for f(z)
to be analytic.

138. (a) If f(z) = u(x,y) + iv(zx,y) is analytic in a region R, prove that the one parameter
families of curves u(x,y) = C: and v(z,y) = C: are orthogonal families. (b) Illustrate
by using f(z) = 22,
(@) Consider any two particular members of these families u(x,y) = %y, (2, y) = vy which intersect
at the point (x, y,).
Uy

Since du = uzde + u,dy = 0, we have dy = -2,
dx Uy

s _ _ dy _ Yz
Also sinece dv = v dx + v,dy = 0, e _;;.
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Yy
When evaluated at (z(,y,), these N P
represent respectively the slopes of the
two curves at this point of intersection.

/
7
AN
AN

By the Cauchy-Riemann equations,
Uy = ¥, Uy = —v;, we have the product
of the slopes at the point (z,, %,) equal to ‘

(o)) = - —~

so that any two members of the respec- .
tive families are orthogonal, and thus
the two families are orthogonal. /

(0) If f(z) =22, then u = x2—y2 v =2xy.

-
.

9,
K
A8

AN

2

[
\/
ll!

»
X
(71
S0

oY
[
}

The graphs of several members of e . N
22 —y2 = Cy, 22y = C, are shown in ‘
Fig. 13-12, Fig.18-12

13.9. In aerodynamics and fluid mechanics, the functions ¢ and ¢ in f(2) = ¢ + iy, where
f(2) is analytic, are called the velocity potential and stream function respectively. If
¢ =244 —y*+ 2y, (a) find ¢y and (b) find f(z).

B . d _ Sy Sy _ 3¢
(a) By the Cauchy-Riemann equations, ey w0y Then
W _ W o g,
(1) By 2x + 4 (2) . 2y — 2

Method 1. Integrating (1), ¢ = 2xy + 4y + F(x).
= 2xy — 22 + G(y).
~2x 4+ ¢, G(y) = 4y + ¢ where ¢ is any real constant. Thus

Integrating (2),

These are identical if F(x)
v = 2xy + 4y — 2z + e.

<

Method 2.
Integrating (1), v = 2xy + 4y + F(x). Then substituting in (2), 2y +F'(x) =2y—2 or
F'(x) = —2 and F(x) = —2x+e¢. Hence y = 2xy+4y—2x+e¢.

(b) From (a), f(z)

¢+ iy = 224 4o — y2 + 2y + 1220y + 4y — 2z + ¢)
= (22— y2+ 2ixy) + 4(x +iy) — 2i(x +iy) + e = 22+ 4z — 2iz + ¢,

where ¢, is a pure imaginary constant.
This_ can also be accomplished by noting that z =x+1iy, 2 =2 —1iy so that x = ZTH-,
Y= il ;L £ . The result is then obtained by substitution; the terms involving z drop out.

INTEGRALS, CAUCHY’S THEOREM, CAUCHY’S INTEGRAL FORMULAS

2+4i

13.10. Evaluate f lzz dz

144

(¢) along the parabola z=t, y ={> where 1=¢{=2,

(b) along the straight line joining 1+ ¢ and 2 + 44,

(¢) along straight lines from 1+4¢ to 2+ and then to 2 + 44.

We have

244 (2,4 2.4
f 22dz = f (x+iy)2 (dx+idy) = f (22 — y2 + 2izy)(dx + i dy)
1+ o D

(2.4) 2,4)
f (22— y2) dx — 2xy dy + if 22y dx + (22— y2) dy
1 @
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Method 1.

(@) The points (1,1) and (2,4) correspond to ¢t =1 and t =2 respectively. Then the above line
integrals become

2 2
f {(e2— th) dt — 2(t)(e2)2tdt} + zf Q) dt + (2—th2tdty = —%—6 — 6i
t=1 t=1
(b) The line joining (1,1) and (2, 4) has the equation y —1 = ; : i (x—1) or y = 8x — 2. Then

we find

2
f {[x2 — (3= — 2)?] dz — 2x(3x — 2)3 dx}

=1

2
+ zf {2238z —2)dz + [#2— (3xz—2)%]8dx} = —8?6 - 61
1

=

(¢) From 1+ito 2+ [or (1,1) to (2,1)], ¥y =1, dy =0 and we have

2 2 4
f (z2—1)dx+if 2edr = §+3i
=1

z x=1

From 2+ito2+4i [or (2,1) to (2,4)], x =2, de =0 and we have

4 4
f —4ydy + if d—ydy = —80 — 9i
y=1 y=1
Adding, ($+3) + (—30-9) = —% — 6i

Method 2.

By the methods of Chapter 6 it is seen that the line integrals are independent of the path,
thus accounting for the same values obtained in (a), (b) and (¢) above. In such case the integral
can be evaluated directly, as for real variables, as follows:

J’“‘“zzdz _ BT @+49®  (1+i® _ 86
= 3
1+4

- 3 3 - "g &
13.11. (a) Prove Cauchy’s theorem: If f(2) is analytic inside and on a simple closed curve
C, then f f(z)dz = 0.
(o4

Py
(b) Under these conditions prove that f(z) dz is independent of the path joining
P1 and Pz. Py

(a) §Cf(z)dz = §C(u+iv)(dac+idy) = i(udm—vdy) + ii(vdw+udy)

1+i

By Green’s theorem (Chapter 6),

_ - _%v _du - ou _ v
§C (ude—vdy) = ff < % ay> dx dy, £ (vde+udy) = ff <ax ay) dx dy
R R

where R is the region (simply-connected) bounded by C.

. . . [i}
Since f(z) is analytic, 3% = Z—Z, g—z = _Z—Z (Problem 13.7), and so the above integrals are

zero. Then § f(z) dz = 0, assuming f’(z) {and thus the partial derivatives] to be continuous,
c

(b) Consider any two paths joining points P, and P, (see P
Fig. 13-13). By Cauchy’s theorem, ?

f(z)dz = 0

P, AP,BP,

Then f f(2) dz + f flaydz = 0

P{AP, P, BP,

or f f@ydz = — f f@) dz = f f(z) dz

P, AP, P, BP, P, BP, Fig.13-13
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i.e. the integral along P, AP, (path 1) = integral along P, BP, (path 2), and so the integral is
independent of the path joining P; and P,.

This explains the results of Problem 13.10, since f(z) = 22 is analytic.

13.12. If f(2) is analytic within and on the boundary
of a region bounded by two closed curves C:
and C; (see Fig. 13-14), prove that

§ fe)dz = § 1)z

) As in Fig. 18-14, construct line AB (called a ¢ross-
cut) connecting any point on C, and a point on C;.
By Cauchy’s theorem (Problem 13.11),

d =
fleydz =0 Fig. 13-14
AQPABRSTBA
since f(z) is analytic within the region shaded and also on the boundary. Then
f fz)dz + f f(2) dz + f f@)dz + f f@dz = 0 )
AQPA AB BRSTB BA

But f(zdz = — | f(z)dz. Hence (1) gives
Jrow=-f

{ r@a = - f @i = | f@a

AQPA BRSTB BTSRB

ie. § f(z)dz = § f(z) dz

Note that f(z) need not be analytic within curve C,.

ziz where C is a simple closed

271 if n=1
13.13. () Prove that ﬁ: g { o itn—284.
curve bounding a region having z = a as interior point.
(b) What is the value of the integral if »=10,—-1,-2,-3,...?

(@) Let C; be a circle of radius ¢ having center at z = a
(see Fig. 13-15). Since (z — a)— is analytic within
and on the boundary of the region bounded by C
and C;, we have by Problem 13.12,

f;af—za)n B §; e

To evaluate this last integral, note that on
Ci, |2—a|l =¢ or z—a = ee®® and dz = ieei® do.

The integral equals Fig.13-15
2w . 10 . 2w . —n)ig [2m
teetd dg 1 . i e(1—ndio
- = (1—n)ie = — :
A € gind ¢:.n——l;I‘; eI~ dg =1 (1—n)i |, 0 if ns1

27
If » =1, the integral equals ¢ f de = 2ri.
0

(b) For n=0,—1,—-2,... the integrand is 1, (z—a), (z—a)?, ... and is analytic everywhere inside
Cy, including z = ¢. Hence by Cauchy’s theorem the integral is zero.
13.14. E dz . : .
.14. Evaluate  7—3 where C is (a) the circle |2] =1, (b) the circle |z+i|= 4.

{(a) Since z = 3 is not interior to |¢| =1, the integral equals zero (Problem 13.11),
(b) Since z =3 is interior to |z--i] =4, the integral equals 27i (Problem 13.18).
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13.15. If f(2) is analytic inside and on a simple closed curve C, and ¢ is any point within C,
prove that
fa) = & § Jf@ 4,
27r’l/ o] Z2—a
Referring to Problem 13.12 and the figure of Problem 13.13, we have

f(z) — f(z)
,fz—adz = £lz—adz

27
Letting z—a = <%, the last integral becomes if fla + <€) do. But since f(z) is analytic,
it is continuous. Hence 0

or 27 27
lin'(l) i f flat+e®de = i f lin’(l) fla+eei®)de = 1f flayde = 2rxif(a)
€~ 0 o 7 0

and the required result follows.

13.16. Evaluate (a) £ COSZ iz, (b) ﬁ z(z—e_*_—ﬁdz where C is the circle |z—1|=3.

Z—m
(¢) Since z = r lies within C, —2—1— § :oidz = cosw = —1 by Problem 13.15 with f(2) = cosz,
T C —_-T
a=r. Then fL“dz = —2ri.
cZ— 7

€ g = 1__1 =§e_z _§ s
(b) iz(z+1)d2 = };ez(z z+1>dz zdz Cz+1dz

= 2760 — 2pie™1 = 2gi(l—e~Y)

by Problem 13.15, since z=0 and z = —1 are both interior to C.

2—-32+2

13.17. Evaluate ﬁ 52 P dz where C is any simple closed curve enclosing z = 1.

. ! f(z)
Method 1. By Cauchy’s integral formula, f®) (a) = 2o 1B g,
’ 27 c (z —a)n+1

If n=2 and f(z) =522—382z+2, then f’(1) =10. Hence

2! (522—32+4+2 522 — 82+ 2 _ ,
i C——(z—_—l—)s—dz or —_——dz = 1074

10
c (—1)3

Method 2. 522—324+2 = 5(z—1)2+ 7(z—1) + 4. Then

522-3z+2 , 5(z— 12+ T(z—1) + 4
A e I ER
= dz dz § dz _ ]
= 5ﬁz—1+7§c~—(z_nz4 19 emnp = S@m) +70) + 4)
= 10#i

by Problem 13.13.
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SERIES AND SINGULARITIES
13.18. For what values of z does each series converge?

n
(@) 2 22,. Thenthterm=u,,=-7;;?. Then
TS Y - it om2n) 2|
Jim == T JmmEiee o 2

By the ratio test the series converges if |z| <2 and diverges if |z| > 2, If [z| =2 the
ratio test fails. B
-3

o
However, the series of absolute values 2 converges if |z| =2, since

'n2 2n

]

p 1 converges.
n=1 n2

Thus the series converges (absolutely) for |z| =2, i.e. at all points inside and on the circle

2| = 2.
Y L A AP S
() ,.§1 T 2 3!+ 51 . We have
. Un+1 A (_1)nz2n+l (2n_1)l = L I S
Jim | A @A DT T | T W 2@t D) °

Then the series, which represents sin z, converges for all values of z.

(z—i)n+1 . 3n
gn+1 (z_i)ﬂ

Un+y
u"

= lim Iz;d.

n=— o

© 3 (i;—n%—)'—‘ We have lim
n=1

n =+

The series converges if |z— i < 8, and diverges if |z—1| > 3.

o0
If |z—i| =8, then z—1i=23¢® and the series becomes 3 ¢in®, This series diverges
since the nth term does not approach zero as n - «. n=1

Thus the series converges within the circle [z —1i] =8 but not on the boundary.

13.19. If i a.z" is absolutely convergent for |2| = R, show that it is uniformly convergent

n=0

for these values of z.

The definitions, theorems and proofs for series of complex numbers are analogous to those for
real series.

In this case we have |a,2z% = |a,| R* = M,. Since by hypothesis 2 M, converges, it follows

by the Weierstrass M test that 2 a,z" converges uniformly for |z| = R

13.20. Locate in the finite 2z plane all the singularities, if any, of each function and name

them.
2
(@) (z—ii)—s. z= -1 is a pole of order 3
3
(b) 2z z+1 2z =4 i3 a pole of order 2 (double pole); 2z =17 and z=1—2{ are

z—42z—)z—1+20)"
poles of order 1 (simple poles).

gin mz . 2 _ —2*y4-8 _ —2=x2
(¢) 1253’ m# 0. Since 22+22+2=0 when z 2 = 2
can write 22+ 22+ 2 = {z—(—1+)}{z— (—1—1)} z+1—9(z+1+19).

The function has the two simple poles: z=—-14+4¢ and z2=—1—1.

= —-1=%x1 we

Il
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1—cosz

(d) — =0 appears to be a singularity. However, since ll_l;l:) _1__—7c9§_z =0, it is a
removable singularity.
Another method.
Since l_zzcgs_z = %{1 —(1 _22_§+%—§%+ >} = -2%—:—3;+ «++, we see that 2 =10
is a removable singularity.
{e) e—1/G@-1% = 1 — (z—11)2 + 51 (21_ i cee

This is a Laurent series where the principal part has an infinite number of non-zero terms.
Then z=1 is an essential singularity.

) e

This function has no finite singularity. However, letting z = 1/u, we obtain e!/¢ which
has an essential singularity at # — 0. We conclude that z = « is an essential singularity
of 2,

In general, to determine the nature of a possible singularity of f(z) at z= », we let
2z = 1/u and then examine the behavior of the new function at u = 0.

13.21. If f(z) is analytic at all points inside and on a circle of radius R with center at a, and
if a + & is any point inside C, prove Taylor’s theorem that

h? h®
flat+h) = fl@) + kf(@) +57f7(@) + g7/7(a) +
By Cauchy’s integral formula (Problem 18.15), we have
_ 1 f(z) dz
fath) = 5qF 7-a—% )
By division,
1 _ 1
z—a—h (z—a)[1 — k/(z— a)]
_ 1 h n2 . n pn+1
T (z—a) {1 + (z—a) + (z— a)? + + (z—a)s + (z—a)"(z—a—h)} @)
Substituting (2) in (1) and using Cauchy’s integral formulas, we have
= 1 §f@dz b £ flx)de L hn f(z) dz
f(a+h) - 201 Cz—a ‘2‘;2‘ C(z__a)2+ +E1; C(z—-a)"+1+R"
— h h? 70 hn (n)
= f(a) + hf'(a) +gyf’@ + o0+ 2 fM(a) + R,
Y f(z) d=z
where Bno= 35 c (z—a)*1(z—a—h)
Now when z is on C, ;_—f‘(:)_—h' =M and |z—a| =R, so that by (4), page 287, we have,
since 27R is the length of C,
hn+1 M
IR”] = |2—1r|i"_+—1 * 27R

As n—>, |R,|—>0. Then R,->0 and the required result follows.

If f(z) is ana.lytic in an annular region r, = |z —a| = r,, Wwe can generalize the Taylor series
to a Laurent series (see Problem 13.82). In some cases, as shown in Problem 13.22, the Laurent
series can be obtained by use of known Taylor series.



CHAP. 13] COMPLEX VARIABLES AND CONFORMAL MAPPING 303

13.22. Find Laurent series about the indicated singularity for each of the following
functions. Name the singularity in each case and give the region of convergence of
each series.

(@) (—;-E—zl-)—2;2=1. Let z—1=u. Then z=1+wu and

e? eltu et e u2 ud ut
GoIe = -5 = e-u—2—-ﬁ{1+u+a+3—!+4—!+“-}
_ e e e e(z—1) | e(z—1)2
S e=mticiteart e oot

z=1 is a pole of order 2, or double pole.

The series converges for all values of 2z 1.

(b) = cosi—; z2=0,

1 _ 1,11 _ 1 1 1
seosy T z<l"2!z2+4!z4_e!z6+"'> AR TP T to

z =0 is an essential singularity.
The series converges for all values of z #= 0.

sinz |

(0 et Al Let z—7=u. Then z=x+u and
sinz _ sin(ut+a) _ sinu _ 1 ud | ud
— = 222 = —{yu—=4=—...
zZ—7 u u u 3! B!
_ u? ut _ (z — )2 (z—n)t .
= Tltgpmg o = ol Ty - T f
z = i8 a removable singularity.
The series converges for all values of 2.
2 = — =
d) (z+1)(z+2)’z_ 1. Let z4+1=wu. Then
L2 - =1 _ u—1,_ 2 _ 43 4_ ...
GFDGETY ~ wwmrD - " 1—u+u ud + u )
=—%+2—2u+21c2—2u3+-~-
1
= — — 2 — .
T 1 + 2 2(z+1) + 2(z+1)

z=—1 is a pole of order 1, or simple pole.

The series converges for values of z such that 0 < [z+ 1| < 1.

(€) —1 5= 0,2,

z(z+2

Case 1, z=0. Using the binomial theorem,

1 _ 1 -1 _ay(2) 4 B (2 (BEE) ()
PR R oY) Sz{l o 3)<2> AT <§> BT 2) T

-1 3,3 _ 5
= 8 16 T 16% T 32°

2 4 ..

z2=0 is a pole of order 1, or simple pole.

The series converges for 0 < |z| < 2.
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Case 2, z=—2. Let 2z4+2 =wu. Then

U U RUNS B RN 7 RO 670 S 7 R
A2 T w—9w | 2wl —w?) _2u3{1+2+(2> +(2> +<2> + }

1 1 1 _1_1
2z +2)° 4(z+2° 8kz+2) 16 32

2= —2 is a pole of order 3.

The series converges for 0 < |z+ 2] < 2.

RESIDUES AND THE RESIDUE THEOREM

13.23. If f(2) is analytic everywhere inside and on a simple closed curve C except at z=a
which is a pole of order » so that

a—n A—n+1

fe) = Z—a)" + (z—a)" !

+ o+ a0 + a(z—a) + ax(z—a) +
where a-.+ 0, prove that

(@) §C f()dz = 2xia-,

(b) a-y = hm(n—_lT);%{(z—a)"f(z)}

Z=—a

(a) By integration, we have on using Problem 13.13

if(z)dz = i(za::;)ndz 4o 4 iza:la

= 2ria_ 1

dz + ff {ag+a,(z—a) + ay(z—a)2 + ---}dz
c

Since only the term involving ¢_, remains, we call a_, the residue of f(z) at the pole z = a.

(b) Multiplication by (z — a)* gives the Taylor series
(z—ayf(z) = a_, + a_py(z—a) + -+ +a_jz—a)"1 + .-
Taking the (n —1)st derivative of both sides and letting z - a, we find

N dn—1
—Dla_ = 1 i
(m -y z}-lor:z dzn—1

{(z ~a)" f(2)}

from which the required result follows.

13.24. Determine the residues of each function at the indicated poles.

2
(@) m“-—l); z2=2,i,—i. These are simple poles. Then:

. o s . _ 22 4
Residue at z =2 is zh_.rr; (z—2) {~————(z —OHET 1)} 5
2 29 _ o2
Residu t =1 i 1i —1 z s - = * = 1 2t
esidue at z =1 is zl_l:ni (z—7) {(z Y Py z)} =@ 0

2 29 .
Residue at z = —i is i ; 2 — 1 _ 1+2
e z2=—i i Lo (z+17) {(z —2)(z— (= + i)} (—i—2)(—23) 10"
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1 _ n s . o s .
(b) z(z—+2)3; 2=0,—2. 2=0 is a simple pole, z=—2 is a pole of order 3. Then:
Residue at z =0 is Iim z - 1 = l.
240 2(z + 2)3 8

. — o N .1
Residue at z = —2 is zl_l.n_12§dz2{(z+2) 2z +2)

~ hm L(1) - o 1/2) _ _1
= zli"_‘zzzzz(z> = z‘i"_‘ﬂ(za) = g

Note that these residues can also be obtained from the coefficients of 1/z and 1/(z +2) in
the respective Laurent series [see Problem 13.22(e)].

(¢) '(zz—e_3)2; 2 =38, a pole of order 2 or double pole. Then:

Residueis lim 2<(z—3)2+ 2L = fim Loty = Lim (et + zte)
z—3 dz (z —3)2 z—3 dz z—3
= et + Btedt
(d) cotz; z=b6r, a pole of order 1. Then:
Residue is  lim (z—b67) + 282 = <1im ﬂ><lim cosz> = <lim 1 >(—1)
zes 57 sin z z=+57 sinz

z— 57 z2=+5T COS 2

where we have used L'Hospital’s rule, which can be shown applicable for functions of a complex
variable.

13.25. If f(z) is analytic within and on a simple closed curve C except at a number of poles
a,b,c, ... interior to C, prove that
ﬁ f(z)dz = 2xi{sum of residues of f(2) at poles a, b, ¢, etc.}
Refer to Fig. 13-16.

By reasoning similar to that of Problem 138.12

(i.e. by constructing cross cuts from C to C,, Cy, Cs,
etc.), we have

fcf(z)dz = fclf(z)dz + ffczf(z)dz + e

For pole a, Fig. 13-16
a_ a_
f(2) (z—_;")—m+---+ﬁ+ao+al(z—a)+---
hence, as in Problem 18.23, § f(z)dz = 2zia_,.
Cy
P b—n b—l
Similarly for pole b, f(z) = (7—T)"+ +(7—_b)+ bo+ by(z—b) + ---
so that § f(z)dz = 27ib_,
Ce

Continuing in this manner, we see that

§ flydz = 2xi(a_, + b_y+ ) = 2xi(sum of residues)
c
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e*dz

13.26. Evaluate § CEEE) where C is given by (a) |2| = 3/2, (b) |2| = 10.

e* e
Residue at simple pole z =1 is hm {(z l)ms—ﬁ} = 75

Residue at double pole z = —3 is

e* = i E—ler—er _ —Be73
,L‘mad*{‘”‘” @G- 1>(z+'3>2} = U 16

(a) Since |z| = 3/2 encloses only the pole z =1,
the required integral = 2#i (1 6> =5

(b) Since |z| = 10 encloses both poles 2z =1 and z = -8,

-3 (¢ — Ge—3
the required integral = 2x¢ (1—56 > = zile 856 )

16~ 16

EVALUATION OF DEFINITE INTEGRALS

13.27. If |f(z |<g for z=Re®, where k>1 and

M are constants, prove that gim fe)dz=0
- o0 T

where T is the semi-circular arc of radius R
shown in Fig, 13-17.

By the result (4), page 287, we have

f f(z) dz f [f(2)] ldz] = %'rR = Re-1 Fig.13-17
r r

since the length of arc L = R. Then

;%i.’."w ‘ fr f(2) dz

=0 and so limf fz)dz = 0
Re— o r

M 1

13.28. Show that for z = Re®, If(z)| = e’ kE>1 if f(z)=+——

1 1 2 . .
1F 113464{0 = [Récto] — | = B —1 = Ré if R is large enough (say

R > 2, for example) so that M = 2, k=4,

If z=Re%, [f(z) =

Note that we have made use of the inequality |23 + 29| Z |2)| — |25] with 2z, = Rte*® and
29 = 1.

13.29. Evaluate f | + 1

. d .
Consider § ;—4%1, where C is the closed contour of Problem 13.27 consisting of the line from
c

—R to R and the semi-circle T, traversed in the positive (counterclockwise) sense,

Since 2441 =0 when z = evis4, ¢8wi/4, ¢Swi/4, gTni/4, thege are simple poles of 1/(z¢+1). Only
the poles e™/4 and e37¥/4 lie within C. Then using L’Hospital’s rule,
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1
Residue at e7¥/¢ = z»]i:ﬂ . {(z — emire) prary 1}
= i JE S S
h z.}l,TiM 3~ 1

Residue at ¢37i/4

Il

1
i —_ 4
e {(z s 1}

z—e
= I 1 1 omn
- z_,],aw44z3 -1
. 2
Thus §z4‘fz1 = 2riffe~smi/t + e—9wis} = Z_\z/__ 80
c

fe. " x4+1+fz4 - o @

Taking the limit of both sides of (2) as R —» = and using the results of Problem 13.28, we have
S f‘” de _ 7V2

A ) S S

. ° de _ *  dx . V2
Since f_wm_l = 2]; T the required integral has the value vt

x2dx _ =
o (@2 +1D2224+22+2) ~ 50°

13.30. Show that f

2
The poles of =T 1)2(:2 12,52 enclosed by the contour C of Problem 13.27 are z=1+¢ of
order 2 and z = —1+1 of order 1.
. 22 _ 91 —12
Residue at z =1 is ll-.nt?{(z )2 ZF e = ')2(z2+2z+2)} = ~00
. — . 22 _ 8—4i
Residue at z = —1+17 is z_.ll_rlll (z+1— i)(z2+1)2(z+1—i)(z+1+1) 2% "
22 dz _ . J9t—12 8—4i|l _ Tn
Then ACES R e 2“{ 0 ' 25 } =~ 50
or J‘R x2dx + J‘ 22dz _ Iz
—Rr (22 + 1)2(x2 + 2x + 2) r (22+1)2(z2+22+2) ~ 50

Taking the limit as B - » and noting that the second integral approaches zero by Problem
13.27, we obtain the required result,

1331 E T__db
.31, alua ——
valuate ) = asing
i0 _ o—1i0 —_—
Let z=e®. Then sing = & 2: = Z 2: ! , dz = ie®dg = izde so that
J-z" de _ § _ dzliz __2dz
5+ 8sine 3z2+101z—3

0 05+3<z—z1>

where C is the circle of unit radius with center at the origin, as shown in Fig. 13-18 below.
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Wﬁm are the simple poles

—10¢ = /—100 + 36
6
—107 = 84
6

The poles of

Only —4/8 lies inside C.

. i 2 2
. e = i = lim
Residue at —i/s = I, <’ + 3><3z2 + 10z — 3> emu3 6z + 108

rule.
2dz — J1Y _w .
Then cm = 21rz< 4i> =3 the required value,
27
cos 3¢ ™
13.32. Show tha f —df = 5.
3.32. Show that . E—4cosd 12
-1 10 -39 3 -3
1f z=e‘9,coso=z+z ,cosso=ea + e =2tz , dz =iz de.
2 2 2
27 —
cos 3¢ _ (#8+273)/2 dz
Then j; 5—4cos0d0 - § ]

¢ z+ 271\ ¥
5 - o £522)

- _1 § __#+1
- 2¢ o 2222 —1)(z — 2)
where C is the contour of Problem 13.31.

The integrand has a pole of order 3 at z =0 and a simple pole z=1 within C,

2 6
Residue at z =0 is llm T ;z2 {z3 2+ 1 } = 21

’ 2322 —1)(z — 2) 8"
. _ . . 26+ 1 _ _65
Residue at z =4 is zl_l.m/ {(z 3 B -1 =2 2)} ~5
1 2841 21 65 7 .
Then % § W—)dz (2 '){—— —2]} 1z @8 required.

—38i, —i/3 Fig.13-18

[CHAP. 13

by L’Hospital’s

13.33. If |f(2)| = % for z= Re®, where k>0 and M are constants, prove that

lim emf(z)dz = 0
r

R=

where T is the semi-circular arc of the contour in Problem 13.27 and m is a positive

constant.

L4 :
If 2z = Reif, f emz f(2)dz = f eimRelo f(Re'9) iRe® dg.
r 0

m
Then ) f emReld £ poio) iReid dg
0

m
= f |ei™Re® £(Reit) iRel)] dg
0

T
— f IeimR cos8 — mRsind f(Re“’) iRe“’I de
0

kg
= f e~mRsind |f(Re!)| R do

~0

w w2
= }_21,:-1_—1 e~mRsinG dg = R_zlfk_’_lf e—mRsing gg
0 0
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Now sing = 2¢/7 for 0 =4 = /2 [see Problem 14.3, page 327]. Then the last integral is
less than or equal to

w2
1_227‘_1‘!_1]‘ e—2mROfw Jg — %(1_e—mn)
0

As R - = this approaches zero, since m and k are positive, and the required result is proved.

“cosmx ,  _w _.
13.34. Show that j; de =ge™ m> 0.

Consider § 2 1 dz where C is the contour of Problem 13.27.

The integrand has simple poles at z = *i, but only z =1 lies within C.

, 1 —py—em | _ e
Residue at z =1 is zh_r‘r% {(z ﬂ(z_@(z.”)} 2 °
™ eimz dz = omif&™) = e—m
en 2+ 1 A -7
e,m;,; eimz —m
or f 2+ 1 x + f 2+ 1 = me
. R cos mw sin ma e -
e f e f S g +f2+1 = ge—m
cos Mmx _emz —m
and so 2]; 2+1d +f 2+1 me

Taking the limit as R —> «» and using Problem 18.33 to show that the integral around T
approaches zero, we obtain the required result.

13.35. Show that f sing .. — T

The method of Problem 18.34 leads us to
consider the integral of ¢i¢/z around the contour
of Problem 13.27. However, since z =0 lies
on this path of integration and since we cannot
integrate through a singularity, we modify that
contour by indenting the path at z2=0, as
shown in Fig. 18-19, which we call contour C’
or ABDEFGHJA.

Since 2z =0 is outside ¢, we have

eiz
f “dz =0 Fig. 13-19
cr *

- i s R iz 4
or f Cdr + fe—mdz + f Cdr + f e—zdz = 0
_R % J z , X
HIA BDEFG
Replacing # by —zx in the first integral and combining with the third integral, we find,

Rix_—ix i
f e e feldz+ ff—’dz = 0

T
HJA BDEFG

R, s
or 2if Ly = fi“dz— f € 4z
2
r

HJA BDEFG
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13.36.
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Let w =1/z define a transformation from the z plane to the w plane. A point moves
counterclockwise along the circle [¢|=1. Show that when it has returned to its

- starting position for the first time its image point has not yet returned, but that when

13.37.

it has returned for the second time its image point returns for the first time.

Let z=¢#6, Then w= \/; = ¢#0/2, Let 6 =0 correspond to the starting position, Then

z=1 and w =1 [corresponding to A and P in Figs. 13-20 and 13-21].
#

Fig. 13-20 Fig.13-21

When one complete revolution in the z plane has been made, ¢ =27, z2=1 but w = €¥/2 =
¢im = —1 so the image point has not yet returned to its starting position.

However, after two complete revolutions in the z plane have been made, ¢ =4», 2=1 and
w = ¢if/2 = ¢2m =1 go the image point has returned for the first time.

It follows from the above that w is not a single-valued function of z but is a double-valued
function of z; i.e. given z, there are two values of w. If we wish to consider it a single-valued
function, we must restrict 6. We can, for example, choose 0 = ¢ < 27, although other possibilities
exist. This represents one branch of the double-valued function w = \fz- In continuing beyond
this interval we are on the second branch, e.g. 27 = ¢ < 4r. The point z =0 about which the
rotation is taking place is called a branch point. Equivalently, we can insure that f(z) = \/;
will be single-valued by agreeing not to cross the line Oz, called a branch line.

© gr—1 _ T
Show that fo frgde = gy 0<p<L.

-1
Consider § lz : p dz. Since z =0 is a branch point,

c
choose C as the contour of Fig. 13-22 where AB and GH
are actually coincident with the x axis but are shown
separated for visual purposes.

The integrand has the pole z = —1 lying within C.

Residue at z=—1=e¢" is

= (ewi)p—l = e@—Dmi

zp—1
o 1+ 2
or, omitting the integrand,

f + f + f + f = 2piet»—Dmi
AB

BDEFG GH HJA Fig.13-22

Then dz = 2gietw—Dmi

We thus have

R ,p-1 2T (RetO)yP—15R i r Tiyp— 0 -
xP (Rei®)»—1iRei® dg f (xe® )p (rei®)r—Lire®® dg PSP
T T J; 1T Re® A x + f T = 2wie®-Dm

where we have to use z = xe2™ for the integral along GH, since the argument of z is increased by
27 in going around the circle BDEFG.
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Taking the limit as »—>0 and R -« and noting that the second and fourth integrals
approach zero, we find

0
® p-1 2mi(p—1) gpp—1 .
x dx f e__L_dx = Qpelr—Dmi
1+ 1+
0 o0
o0
. ap—1 . .
1 — e2mitp—1) f de = 2piew—mi
or ( 142
® o1 i = Qried— D7 27i — T
so that i¥s X T T emip—1) T gemi — g—pm sin pr

0

CONFORMAL MAPPING

13.38.

13.39.

Consider the transformation w = f(z) where f(z) is analytic at zo and f’(z0) + 0.
Prove that under this transformation the tangent at zo to any curve C in the z plane
passing through 2, [Fig. 18-23] is rotated through the angle arg f'(z).

z plane w plane
Y v
Zy + Az wy + Aw
/
e
c/ ~ cl!.”
/XOO /4 !00 +a
zo - - - - wo . -
x u

Fig. 13-23 Fig.13-24

As a point moves from z, to 2z, Az along C [Fig. 18-23] the image point moves along C’ in the
w plane [Fig, 13-24] from w, to wy+ Aw, If the parameter used to describe the curve is £, then
corresponding to the path 2z = 2(f) [or x = (), ¥ = y(t)] in the z plane, we have the path w = w(f)
[or v = u(t), v = v()] in the w plane.

The derivatives dz/dt and dw/dt represent tangent vectors to corresponding points on C and C'.

dw _ dw de _ 0002 i i
Now 7l i i f(2) ar and, in particular at z, and w,
dw = 892
dt W=wy - f (zo)“d—t‘ 2=2y (1)
provided f(z) is analytic at z =z, Writing %\ = pgeito, f'(z) = Rele, %_zi _ = 1rgeif, we
have from (1) =% =%
po€%0 = Rryeidote ()
so that, as required, 0 = 69+ a = 6+ argf'(z) €2)

Note that if f'(z) = 0, then « is indeterminate. Points where f'(z) = 0 are called critical points.

Prove that the angle between two curves C; and C; passing through the point 2o in
the 2z plane [see Figs. 13-1 and 13-2, page 291] is preserved [in magnitude and sense]
under the transformation w = f(z), i.e. the mapping is conformal, if f(z) is analytic
at zo and f’(20) # 0.

By Problem 13.38 each curve is rotated through the angle arg f’(z;). Hence the angle between
the curves must be preserved, both in magnitude and sense, in the mapping.
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AL) _ o

13.40. If w = f(z) = w+iv is analytic in a region R, prove that 3, W@y

1341.

THE

13.42.

If f(2) is analytic in R, then the Cauchy-Riemann equations

o _ o dw _ _du
. ) o oy’ o Yy
are satisfied in ®R. Hence
du du du du
FY e ar 2 2 2
LI L i <Q’£> +<"—“> = |2t =
3, ) o W _du du o dy w Y
dx dy dy dx

If 2, is in the upper half of the z plane,

show that the bilinear transformation

w = el <z—_—?—°> maps the upper half
=20

of the z plane into the interior of the
unit circle in the w plane, ie. |w|=1.

We have
z— 2
N -0
22

From Fig. 13-25 if z is in the upper half plane,
|z — 29| = |2— 2|, the equality holding if and
only if z is on the « axis. Hence |w| =1, as
required.

22— 2

z—ﬁo

SCHWARZ-CHRISTOFFEL TRANSFORMATION
Establish the validity of the Schwarz-Christoffel transformation.

We must show that the mapping function obtained from
dw
dz

maps a given polygon of the w plane [Fig. 13-26] into the real axis of the z plane [Fig, 13-27].

= A(—2)®/71(z— xz)dg/'n'"‘l. co(z—x,)om/m—1 (1)

To show this observe that from (1) we have

argdw = argdz + argA + (—— - 1> arg (z—=x;) + (———- 1> arg (z — xy)
@)
+ oot (ﬁ— 1) arg (z — )
T
As z moves along the real axis from the left toward x;, let us assume that w moves along a side
of the polygon toward w;. When z crosses from the left of «; to the right of »;, 6, = arg(z —ay)
changes from = to 0 while all other terms in (2) stay constant. Hence argdw decreases by

(ay/7—1) arg (z— %) = (ay/r—1)r = a;—7 or, what is the same thing, increases by = —¢; [an
increase being in the counterclockwise direction].

w plane z plane

Fig. 13-26 Fig. 13-27
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It follows from this that the direction through w, turns through the angle r —a,, and thus w
now moves along the side w,w, of the polygon.

When z moves through z,, 6, = arg(z — ;) and 6, = arg(z—z,) change from = to 0 while
all other terms stay constant. Hence another turn through angle = —a, in the w plane is made.
By continuing the process we see that as z traverses the x axis, w traverses the polygon, and
conversely.

We can prove that the interior of the polygon (if it is closed) is mapped on to the upper
half plane by (1).

13.43. Prove that for closed polygons the sum of the exponents —=1,-=-1, .. a—"— 1
in the Schwarz-Christoffel transformation (16) or (17), page 293, 1s equal to —2
The sum of the exterior angles of any closed polygon is 2z. Then
(r—ay) + (r—ap) + - + (r—a,) = 2r
and dividing by —z, we obtain as required,

<§_1>+<§_1)+...+<?_1> = -2

13.44. If in the Schwarz-Christoffel transformation (16) or (17), page 293, one point, say z.,
is chosen at infinity, show that the last factor is not present.

In (16), page 293, let A = K/(—x,)*/7—t where K is a constant. Then the right side of (16)
can be written

z, — =z a/r—1
K(z — xl)alhr—l(z — xz)aglﬂ—l. .o (z — Xy l)a._llr—l
Ln

As =z, > o, this last factor approaches 1; this is equivalent to removal of the factor.

13.45. Determine a function which maps the region of Fig. 13-28 in the w plane on to the
upper half of the z plane of Fig. 13-29.

w plane z plane

Fig.13-28 Fig.13-29

Let points P,Q,S and T [Fig. 13-28] map respectively into P’,Q’,S’ and T’ [Fig. 13-29].
We can consider PQST as a limiting case of a polygon (a triangle) with two vertices at Q and
S and the third vertex P or T at infinity.

By the Schwarz-Christoffel transformation, since the angles at Q and S are equal to =/2,

we have
w2 w2

0 _ g+ le-nr L= A - _K

dz VZ2-1 Vi—-2

. dz
Integrating, K f— +B = Ksin-lz+ B
V1-22
When z=1, w=05. Hence (I) b = Ksin—1(1)+ B = K#/2 + B.
When 2z = -1, w = —b. Hence, (2) ~b = Ksin-1(—-1)+ B = —K«/2 + B.

Solving (1) and (2) simultaneously, we find B = 0, K = 2b/7. Then

2b .
w = —sgin~1lz or z = sinZ¥®
T

2b
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SOLUTIONS OF LAPLACE’S EQUATION BY CONFORMAL MAPPING

13.46. Show that the functions (a) 2>—»*+2y and (b) sinz coshy are harmonic in any
finite region R of the z plane.

2 2 .
(@) If & = 22— y2 4+ 2y, we have a—% = 2, %2—4;- = —2. Then %+§:—qz’- =0 and ¢ is har-
monic in R. 9= v v v
. 92 . R _ 32 | Ro _
(b) If & = sinx coshy, we have a2 = Tsinw cosh y, el = ginz coshy. Then W—l- W 0

and @ is harmonic in R.

13.47. Show that the functions of Problem 13.46 are harmonic in the w plane under the
transformation z = w3,

If z2=wd, then -+ iy = (u+ ) = ud — Suv2+ #(B8uv —v3) and = = ud— Buv?, y = Buv — 3.
(@) @ = 22— y2+ 2y = (ud— Buv2)2 — (Buv — v3)2 + 2(3uv — vd)
= ub — 15utv? 4 15u2vt — v6 4+ 6uZv — 20°

2, 2,
Then 37"2’ = 30ut — 180uv? + 8004 + 120, %” = —30ut + 180u2v? — 80w — 120
2¢ 02p

and _872-+W = 0 as required.

324; = 0. This can

(b) We must show that & = sin (u® — 8uv?) cosh (3u2v — v3) satisfies ?2—4;-+ 302

readily be established by straightforward but tedious differentiation.
This problem illustrates a general result proved in Problem 13.49.

13.48. P thta% 20 _ . (0% % h _ . Ivti d 7
.48. Prove tha 5—9?"'5?/_2 = |f'(2) W"_W where w = f(2) is analytic and f’(2) # 0.
The function ®(x,y) is transformed into a function ®[x(u,7), y(u,v)] by the transformation.
By differentiation we have

s _ s seaw 90 _ Mo, dw
ox du Iz v ax’ Y ou dy v oy
o _ seru, wmo (ow), swe o (9
a2 du dx2 ' dx 9x \ du dv 9x2 = Ox dx \ 9v

= Pu  Sufd (3®)Ou 9 (00) v

T udx® | 9x|ou\ou/ox T ov \ou/ ox
P 029 dv| 9@ [ob\ du 9 [9d\ v
tvear T %[au <av> 3w T o <av> Bx}

U | ou [a% u , 2% av:| a® 20 | v [a% du a2_q>av]

dudx® | ox | dut dx @ dvou 9% v 922 | 9% |dudv dx @ 9vP 9z

Similarly,
B @ru v, g ) | segty, o3 i, S
ay2 du dy2 dy | du2 dy = dvoudy dvay2 9y | dudvoy vy
Adding,

R0 % _ a0 [0%m . o2 o (920 | 9% 20 [ [ou\2  [au\?
e T T 8u(&x2+375 t oo\ T o +3ﬁ[<£> + @)}

o s 2 2
2_3¢[Q’19_”+i’£?_”_ 420 [[aw\*, (o
dudv|dxdx  dyady a2 |\ oz Y
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13.49.

13.50.

13.51.

. %u ., % 2v | % .
Since # and v are harmonic, a—x_2+a_y3 =0, 3 -+ B_yE = 0, Also, by the Cauchy-Riemann
ti du _dv dv __ _du Then
equations, —- = 3y’ o o

2 2 2 2
v v u v ou ‘ L0V ‘2 A2
<8x> <61/> <aw> <3‘”> oz " ‘om 7

oudv . dudv

() (&)

9% 9w | oy oy 0
2 | 82 _ |, 2é | 2¢
Hence (1) becomes Fye) + vl If (z)|2<w + W)

Prove that a harmonic function &(z,y) remains harmonic under the transformation
w = f(z) where f(z) is analytic and f’(z) # 0.
2,
This follows at once from Problem 13.48, since if ‘;—}2’ + %g =0 and f'(z) % 0, then
#o 2o _ o
ouz = ov?

If a is real, show that the real and imaginary parts of w =In(2 —a) are harmonic
functions in any region ® not containing z = a.

Method 1. If ® does not contain a, then w =1In(z—a) is analytic in ®. Hence the real and
imaginary parts are harmonic in R.
Method 2. Let z—a = rei®. Then if principal values are used for ¢, w = u+ i = In(z—a) =
Inr+ 4 sothat u=1nr, v =20,

In the polar coordinates (7, ¢), Laplace’s equation is 2 -+ 1o + 1 o2 = 0 and by direct

i 2 rdr 2962

substitution we find that « =In» and v =¢ are solutions if ® does not contain » =20, ie.
z=a.
Method 3. If z—a = rel®, then 2—a =7rcoss, y=rsine and

r = Vx—a)?+ y2 ¢ = tan—!{y/(x — a)}
Then w=u+iv=%4In{{x—a)2+y2} +itan"1{y/(x—a)} and = f{In{(x—a)®+y?}, v =
2P | 329 _
50—2-*-6_1/2 = 0, we find after
straightforward differentiation that » and v are solutions if z #* a.

tan—1{y/(x — a)}. Substituting these into Laplace’s equation

Find a function harmonic in the upper half of the z plane, Im {z} > 0, which takes
1 2>0

the prescribed values on the z axis given by G(x) = { .
0 <0

We must solve for &(x,y) the boundary-value problem
20 92 _ . . _ _
a2 a—yg' - 0’ Y > 0’ yll}gl*_ q)(x:y) - G(x) - {
This is a Dirichlet problem for the upper half plane [see Fig. 13-30].

The function A6 + B, where A and B are real
constants, is harmonic since it is the imaginary
part of A Inz+ Bi.

To determine A and B note that the boundary
conditions are # =1 for >0, i.e. ¢ =0 and
=0 for x <0, i.e. ¢ == Thus

(1) 1 = A(0) + B, (2 0 =A@+ B
from which A =—1/7, B =1.
Then the required solution is

® = Ao+B =1-2 = 1—ltan—1(1>
T T X

1 >0
0 <0

Fig.13-30
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13.52. Solve the boundary-value problem

2
gxq;-'-%:%: 0, ¥y>0
To x<-—1
lim 2(@,9) = G@) = {71 ~1<a<1
T: x>1

where T, T\, T are constants.

This is a Dirichlet problem for the upper half
plane [see Fig. 13-31].

The function A8, + Béy+ C where A, B and C
are real constants, is harmonie since it is the imagi-
nary part of Aln(z-+1) + Bln(z—1) + Ci. Fig. 13-31

To determine 4, B, C note that the boundary conditions are: ® = T, for x> 1, ie. 6, =06, = 0;
=T, for —1<x<1, ie. 6,=0, 6,=7; ®=T, for ®<-1, ie. 6, =m, 6g== Thus

1) T, = A(0)+ B(0) +C @2 T, = A(0)+ B +C 8) Ty = A(m) + B(x) + C
from which C= Ty, B = (Ty—To)/w, A = (Ty— Ty)/x.
Then the required solution is

T0 — Tl v Tl —_ T2 v
= = - -1 £ ) +
® = A¢, + Bg, + C = - tan 1<w 1 + - tan 7 —1 T,

13.53. Find a function harmonic inside the unit circle |¢|=1 and taking the prescribed

1 0<8<7
values given by F(4) = { on its circumference.
y ( ) 0 »<80<2r
This is a Dirichlet problem for the unit circle [Fig. 13-32] in which we seek a function satisfying
Laplace’s equation inside |2| =1 and taking the values 0 on arc ABC and 1 on arec CDE,

zplane w plane

Fig. 13-32 Fig.13-33

We map the interior of the circle |z] =1 on to the upper half of the w plane [Fig. 13-33] by

using the mapping function z = 1% oor w =i 1—2

> obtained by using (15), page 292, with
w and z interchanged. t+w 1+ z)

Under this transformation, ares ABC and CDE are mapped on to the negative and positive real
axis A’B'C’ and C'D’'E’ respectively of the w plane. Then the boundary conditions & =0 on
arc ABC and ¢ =1 on arc CDE become respectively =0 on A’B'C’ and # =1 on C'D'E’.

Thus we have reduced the problem to finding a function ¢ harmonic in the upper half w plane
and taking the values 0 for « <0 and 1 for » > 0. But this problem has already been solved in
Problem 13.51 and the solution (replacing « by « and y by v) is given by

® = 1 — ltan*l<g> (2)
T U
=q¢fl=z - 2y ~1—(@2+y?) -
Now from w = ¢ 17 Z>’ we find 4 = m, v = m. Then substituting

these in (1), we find the required solution
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N YA )
= 5 an 1— [22+ 7] (
or in polar coordinates (r, ), where x =7 cos6, y = r sins,
_ _1 _1(2rsing
® = 1-——tan (—-——1 — r2> ®

13.54. A semi-infinite slab (shaded in Fig. 13-34) has its boundaries maintained at the

indicated temperatures where T is constant. Find the steady-state temperature.

zplane w plane

Fig.13-34 Fig.13-35

‘We can solve this problem by methods of conformal mapping since the steady-state temperature
satisfies Laplace’s equation.

The shaded region of the z plane is mapped into the upper half of the w plane [Fig, 13-35}
by the mapping function w = sin(rz/a) which is equivalent to u = sin (zx/a) cosh (zy/a), v =
cos (rx/a) sinh (ry/a).

‘We must now solve the equivalent problem in the w plane. We use the method of Problem 13.52
to find that the solution in the w plane is

T v 2T v
= Ztan—1 — af -1
[ - tan (u 1> - tan <u 1> + 2T
and the required solution to the problem in the z plane is therefore

T { cos (wx/a) sinh (vy/a) } oT { cos (rx/a) sinh (ry/a) } + T
S

= L ion—1 — 2l -
¢ T tan sin (rz/a) cosh (ry/a) + 1 P tan in (v2/a) cosh (ry/a) — 1

Supplementary Problems

FUNCTIONS, LIMITS, CONTINUITY

13.55.

13.56.

13.57.

13.58.

13.59.

Describe the locus represented by (a) }¢+2—38i =5, (b) |¢+2[=2]z—1|, (¢) |2+5|—]z—5] = 6.
Construct a figure in each case.

Determine the region in the z plane represented by each of the following:
(@ |z—2+i =4, (B) |2|=8, 0= argzé%, (¢) |[ze—3|+]|z+38] < 10.
Construct a figure in each case,

Express each function in the form u(x,y) + iv(x,y), where » and v are real.
(@) 28+ 2iz, (b) 2/(3+42), (c) e? (d) In(1+2).

Prove that (a) zl_l_'n: 2= zg, (b) f(2) = 22 is continuous at z =z, directly from the definition.
0
(@) If 2=0 is any root of 25 =1 different from 1, prove that all the roots are 1, 0, w2, o3, wt.

(b) Showthat 1+ o+ w2+ o3+t = 0.
(¢) Generalize the results in (a) and () to the equation 27 = 1,
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DERIVATIVES, CAUCHY-RIEMANN EQUATIONS

13.60.

13.61.

13.62.

13.63.

13.64.

13.65.
13.66.
13.67.
13.68,

(@) If w=7f(z) =2+ %, find d_w directly from the definition.

(b) For what finite values of z is f(z) non-analytic?

Given the function w = z4. (z) Find real functions » and v such that w = u+14v. (b) Show that
the Cauchy-Riemann equations hold at all points in the finite z plane. (c) Prove that » and v are
harmonic functions. (d) Determine dw/dz.

Prove that f(2) = z|z| is not analytic anywhere.

Prove that f(z) = —1—5 is analytic in any region not including z = 2.

1f the imaginary part of an analytic function is 2x(1 —y), determine (a) the real part, (d) the
funection.

Construct an analytic function f(z) whose real part is e~ %(x cos y -+ y siny) and for which f(0) = 1.
Prove that there is no analytic function whose imaginary part is x2 —2y.

Find f(z) such that f(z) =42—8 and fQ+17) =—

If z=ypei® and f(z) = ulp, ) + (o, ), where p and ¢ are polar coordinates, show that the

Cauchy-Riemann equations are
u _ lav w _ _1du

d  pds’ % pop

INTEGRALS, CAUCHY'S THEOREM, CAUCHY’S INTEGRAL FORMULAS

13.69.

13.70.

18.71.

13.72.

13.73.

13.74.

13.75.

3+i
Evaluate f (2z 4+ 8) dz:

(a) along the path x=2t+1, y=42—¢t—2 0=t=1,
(b) along the straight line joining 1 —2{ and 8 + %,
(¢) along straight lines from 1 — 2¢ to 1 + ¢ and then to 8 + <.

Evaluate f (22 — z + 2) dz, where C is the upper half of the circle |2| = 1 traversed in the positive
direction. = €

Evaluate f 2: fzs, where C is the circle (a) [¢| =2, (b) [z—8] =2.
o]

22 .. . . o s e
Evaluate £ m dz, where C is: (a) a square with vertices at —1—14¢, —1+4+4, -8 +1,
—8—14; (b) the circle |z+i =3; (¢) the circle |z] = V2.

Evaluate (a) § cos "z 2z, (b) § (e +1f4 dz where C is any simple closed curve enclosing z = 1.

Prove Cauchy’s integral formulas.
[Hint. Use the definition of derivative and then apply mathematical induction.]

If f(z) is analytic inside and on the circle |z—a} = R, prove Cauchy’s inequality, namely,

?
o @) = 2X

where |f(z) = M| on the circle. [Hint: Use Cauchy’s integral formulas.]

SERIES AND SINGULARITIES

13.76.

For what values of 2 does each series converge?

(@) 2“*”, ®» 3

nz — Ot ﬁl (—1) (22 + 22 + 2)2n,
n=1

, (e
n+1 ()"=
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13.77. Prove that the series i is (a) absolutely convergent, (b) uniformly convergent for

o] = 1. n(n+ nn+1)
0 1L
13.78. Prove that the series 3 (z ;—"1) converges uniformly within any cirele of radius R such that
lz+i <R <2 n=0

13.79. Locate in the finite 2 plane all the singularities, if any, of each function and name them:
241 1 sin (z — #/8) €oS 2
(@) (2z+ 1)4’ ®) 7= 1)(z o O mag gsr @eosy, O~ —— O mrge

13.80. Find Laurent series about the indicated singularity for each of the following functions, naming the
singularity in each case. Indicate the region of convergence of each series.

2
(@) cosz, z=x (b) 22e~ V% 2=0 (¢ (z—_m;z=l

13.81. Find a Laurent series expansion for the function f(z) = which converges for

1< 2] <2 and diverges elsewhere.

, . 2 s 2 —1 1
[Hm" Write i De+8) 251 242 20F1/7) 1+z/2’:|

___*
(z+1){(z+2)

13.82. If a+ h is any point in the annular region bounded by C; and C,, and f(z) is analytic in this region,

prove Laurent’s theorem that w

fla+h)y = 2 a.hn
— _fz)dz
where = 2 § (z— ayn+1
C being any closed curve in the angular region surrounding C,.
1 f(z) dz 1 f(z) dz 1 .
H _Jwr)ez - _J\zjez | -
[ int. Write fla+h) = o = @+ ® " 2ri e @+7) and expand T —a—Fk B two

different ways.]

RESIDUES AND THE RESIDUE THEOREM
13.83. Determine the residues of each function at its poles:

2z 4 3 -3 2t
@ 5= O 77 © gige @ @yme

13.84. Find the residue of ¢?t tan z at the simple pole 2z = 3#/2.

22dz
13.85. Evaluate i m, where C is a simple closed curve enclosing all the poles.

13.86. If C is a simple closed curve enclosing z = *i, show that

zext

(;2_*_—1)-2— -ét sint

13.87. If f(z) = P(2)/Q(z), where P(z) and Q(z) are polynomials such that the degree of P(z) is at least

two less than the degree of Q(z), prove that § f(z)dz = 0, where C encloses all the poles of f(2).
c

EVALUATION OF DEFINITE INTEGRALS
Use contour integration to verify each of the following

© x2dx T
13.88. f i =7 f _ T
o T T o /p 13.90. @+ 42 2+4)2 32

o da _ ﬁ « ﬁ 7
13.89. f_w x'_‘—e_*_as = 3a5’ a>0 13.91, J; -xT*_——ldx = §
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e fow e E%a_v’ >0 13 f:ﬂ(z e = 4";/5
13.93. f‘:ﬁm =z 13.96. j‘ _sinte_g, _ =
R J;zﬂ e % 1397 f:r a Feon = 23775
13.98. f:ﬂ rossnmde o B w=0,1,23,..., 0<a<l
13.99. fozﬂ T & i ((532_4},3)25),’; a> b
o, T = o, " e =
13.101. f OSe¥ gy = T 13.104. fwii_'fﬁdx =z
ot + 4 8 0o & 2
13.102. f L s = ez 13.165. J;w%ﬁdx =2
13.106. f cc()(;sh:n; = 3¢ os}z /2y [Hint. Consider i co‘:;zdz, where C is a rectangle with vertices

at (—R,0), (R,0), (R,7), (—R,7). Then let R— =]

CONFORMAL MAPPING
13.107. Prove that (a) w = 2+ B represents a translation, (b) w = ¢!z represents a rotation, (¢c) w =
az+ b represents a stretching [or contraction].

13.108. Prove that (a) w = az+ 8 represents a combination of translation, rotation and stretching.

_az+p
13.109. Prove that w = Yz 8

if a8 — By # 0. Discuss the case a8 — 8y =0.

represents a combination of translation, rotation, stretching and inversion

13.110. (a) Prove that under the transformation w = (z —4)/(iz—1) the region Im{z} = 0 is mapped into
the region |w| = 1. (b) Into what region is Im {z} = 0 mapped under the transformation?

13.111. Determine the equation of the curve in the w plane into which the straight line z+y=1 is
mapped under the transformations (a) w =22, (b) w = 1/z.

142\

13.112. Show that w = < 1= z> maps the unit circle on to a wedge-shaped region and illustrate

graphically.

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION

13.113. Use the Schwarz-Christoffel transformation to determine a function which maps each of the
indicated regions in the w plane on to the upper half of the z plane.

(a) zplane w plane

Fig. 13-36 Fig. 13-37
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13.114,

13.115.

13.116.

13.117.

13.118.

13.119.

13.120.

®) z plane w plane

Fig. 13-38 Fig. 13-39

(@) z plane w plane

2

Fig. 13-41

(d) z plane w plane

o

Fig. 13-42 Fig.13-43

Find a function which maps the upper half plane on to the interior of a triangle with vertices at
w = 0,1,7 corresponding to z= 0,1, respectively.

Show that the functions (a) 2xy + y3 — 3¢2y, (b) e—* siny are harmonic.

Show that the functions of Problem 13.115 remain harmonic under the transformations (e¢) z = w2,
(b) z = sinw.

Find a function harmonic in the upper half z plane Im{z} > 0 which takes the prescribed values

el _ 1 >0
on the # axis given by G(x) = {_1 <0’
1 r < —1
Work Problem 18117 if G(x) = 0 —1<x<1,
-1 x> 1
. . L e . . T o<e<
Find a function harmonic inside the circle |2| =1 and taking the values F(s) = { i
on its circumference. T »<4<2r

T 0<8<7n/2
Work Problem 18.119 if F(g) = 0 #/2<6<3x/2.
—T 8r/2<¢<2r
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13.121. Find the steady-state temperature at the point (5,2) in the shaded region of Fig. 13-44 below if the
temperatures are maintained as shown.

106°C D
Fig. 13-44 Fig. 13-45

13.122. An infinite conducting plate has in it a circular hole ABCD of unit radius [Fig. 13-45 above].
Temperatures of 20°C and 80°C are applied to arcs ABC and ADC and maintained indefinitely.
Find the steady-state temperature at any point of the plate,

Answers to Supplementary Problems

13.55. (@) Circle (z+2)2+ (y —8)2 = 25, center (—2,3), radius 5.
(b) Circle (x—2)2+ y2 = 4, center (2,0), radius 2.
(c¢) Branch of hyperbola x2/9 —2/16 =1, where x = 3.

13.56. (¢) Boundary and exterior of circle (x—2)2+ (y+1)2 = 16.
() Region in the first quadrant bounded by «2+ %2 =9 the x axis and the line y = =.
(¢) Interior of ellipse x2/25+ »2/16 = 1.

1357, (@) u = a%—3ay2—2y, v = 8x2y—y® + 2«
®) - 22 + 8z + y2 v = 3y
#t+6r+y2+9’ "7 24 6x+92+9
© u=e"""cos2ay, v=e""" gin2ay

@ w=3m{1+a)2+42), v =tan13¥—+ 2% k=0x122,..

1360. (@) 1—1/22, (b) 2=0

13.61. (a) u=ax*—622+yt, v =dudy—dayd (d) 423
13.64. (o) y*—x2~-2y+ec, (b) 2iz—22+e¢, where ¢ is real
13.65, ze—*#+1

13.67. f(z) =222—382+3—4i

13.69. 17+ 197 in all cases

13.71. (@) 0, (b) 5#i/2

13.72. (a) —8#i/8 (b) —2zi (¢) 2ri/3"

13.73. (@) ~2#i (b) wie/3

1376, (a) allz () |z2—4 <1 (¢) 2=—1%4
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13.79.

13.80.

13.81.

13.83.

13.84.

13.85.

13.111.

13.113.

13.114.

13.117.

13.118.

13.119.

13.121.

(@) z=—}, pole of order 4
(b) z =1, simple pole; z = —2, double pole

COMPLEX VARIABLES AND CONFORMAL MAPPING
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(d) z = 0, essential singularity
(¢) z = #/8, removable singularity

(¢) Simple poles z = —1=*1 (f) z = %27, double poles
(@) — 1 +z_”—(z—”)3+(z_”)5—--~ simple pole, all z
z—n 21 4! 6! ’ pie pole, a 7
(b) zz—z+—1——L+ L ——1-+-~~ essential singularity, all z % 0
21 31z ' 4122 Bl ’ guarity,
1 T, 9 %=1, . _
(c) 4(2_1)2+ 16:=1 + 7 356 + , double pole, 0 < |z—1| < 4
1.1 1.1 1 . z 22 _2B_
z5+z4 23+22 z+1 2+4 8+
(@) 2=2; 7/4, z=-2; 1/4 () z=2; }t2e2
(b) z=0; 8/25, =z=-—5; —8/25 d z=4 0, z=-1 0
—edmt/2
—8ni
(@) ©2+2v=1, (b) W2+2uv+2v=u+v
(@) w=23 (b) w=cosh(xz/2), (c) w=e* (d) w=245
r(3/4) ®
W = —— t—1/2(1 —t)~3/44d¢
Vzr1/4)/,

1 — (2/7) tan—1 (y/x)

1 Y
.__ta —1
1) z on (x-f-l)
2 2r sin ¢
T - -1 o
{1 rtan (1 r2>}

45.9° C

1 —ltan—1< Y
7 x—



Chapter 14

THE COMPLEX INVERSION FORMULA
If F(s) = .C{f(t)}, then £~ {F(s)} is given by
) = - { T gt F(s)ds, >0 )
2n1 y—ico

and f(t) =0 for t< 0. This result is called the complex inversion integral or formula, It
is also known as Bromwich’s integral formula. The result provides a direct means for
obtaining the inverse Laplace transform of a given function F(s).

The integration in (1) is to be performed along a line s =y+4y in the complex plane
where s = 2 +%ty. The real number y is chosen so that s =y lies to the right of all the
singularities (poles, branch points or essential singularities) but is otherwise arbitrary.

THE BROMWICH CONTOUR y

In practice, the integral in (1) is evaluated Y
by considering the contour integral By +4iT

—2% ﬁ e F'(s) ds @

where C is the contour of Fig. 14-1. This con- of v
tour, sometimes called the Bromwich contour,
is composed of line AB and the arc BJKLA of y—iT
a circle of radius R with center at the origin O. _/4

If we represent arc BJKLA by T, it follows
from (1) that since T = y/R?—2, Fig. 14-1

v +iT

6 = lmo— | etF(s)ds

R~ 27T'i y=—-iT

= {Eﬁ?ﬁe“ﬁ‘(s) ds — o= | e F(e) ds} &)

USE OF RESIDUE THEOREM IN FINDING INVERSE LAPLACE TRANSFORMS

. Suppose that the only singularities of F(s) are poles all of which lie to the left of the
line s=y for some real constant y. Suppose further that the integral around T in 3
approaches zero as R - «. Then by the residue theorem we can write (3) as

f(() = sum of residues of ¢* F(s) at poles of F{(s)
= 2 residues of ¢* F(s) at poles of F(s) “)

324
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A SUFFICIENT CONDITION FOR THE INTEGRAL AROUND r
TO APPROACH ZERO

The validity of the result (4) hinges on the assumption that the integral around T in (3)
approaches zero as R - =, A sufficient condition under which this assumption is correct
is supplied in the following

Theorem 14-1. If we can find constants M >0, k>0 such that on I (where s = Re"),

M
F@) < p (%)
then the integral around T of etF(s) approaches zero as R- =, ie,
lim etF(syds = 0 (6)
R= r

The condition (5) always holds if F(s) = P(s)/Q(s) where P(s) and Q(s) are polynomials
and the degree of P(s) is less than the degree of Q(s).

The result is valid even if F(s) has other singularities besides poles.

MODIFICATION OF BROMWICH CONTOUR 4
IN CASE OF BRANCH POINTS D

If F(s) has branch points, extensions of the \3 T
above results can be made provided that the R v
Bromwich contour is suitably modified. For e
example, if F(s) has only one branch point at E J z
s = 0, then we can use the contour of Fig. 14-2. L </
In this figure, BDE and LNA represent arcs of
a circle of radius R with center at origin O, y—iT
while HJK is the arc of a circle of radius ¢ with ./4
center at O. For details of evaluating inverse N
Laplace transforms in such cases see Prob. 14.9. Fig.14-2

CASE OF INFINITELY MANY SINGULARITIES

If we wish to find the inverse Laplace transform of functions which have infinitely
many isolated singularities, the above methods can be applied. In such case the curved
portion of the Bromwich contour is chosen to be of such radius R, so as to enclose only a
finite number of the singularities and so as not to pass through any singularity. The
required inverse Laplace transform is then found by taking an appropriate limit ag m = .
See Problems 14.18 and 14.14.

APPLICATIONS TO BOUNDARY-VALUE PROBLEMS

The method of Laplace transforms combined with the complex inversion formula pro-
vide powerful tools in the solution of various boundary-value problems arising in science
and engineering. See Problems 14.15-14.19.
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Solved Problems

THE COMPLEX INVERSION FORMULA
14.1. Establish the validity of the complex inversion formula.

We have, by definition, F(s) = f e~ %% f(u) du. Then
°
y+iT y+iT ©

im L sth_—:]‘l_ fst—su du d
'I];l—rvr:oz‘n"i y—iT ¢ (8) $ Tl—r>nw27r‘i y=iT 0 € f(u) uas

Letting s = y+ 1y, ds = idy, this becomes

im L evt T gt " o—ivufo— = 1 ]2mev () ¢>0
7!1_1& 5 ev J‘_T eivt dy ) e~ iwu[e— s f(u)] du 27 & 0 £ <0
f@ t>0
T lo t<o
by Fourier’s integral theorem [see Chapter 8]. Thus we find
1 Y +i0
f(t) = E{f GStF(S)dS t>0

. y—iw
as required.

In the above proof, we assume that e—*jf(u) is absolutely integrable in (0, »), i.e.
0
f e~ |f(u)| du converges, so that Fourier’s integral theorem can be applied. To insure this
]

condition it is sufficient that f(¢) be of exponential order y where the real number y is chosen so that
the line 2 = v in the complex plane lies to the right of all the singularities of F(s). Except for
this condition, y is otherwise arbitrary.

14.2. Let T denote the curved portion BJPKQLA Y
of the Bromwich contour [Fig. 14-3] with p J
equation 8 =Re¥, 6, =0 =2r—0,, ie. T is B
the arc of a circle of radius R with center d R il
at O. Suppose that on T we have K % | 1 ©
M Ol—y
FE&) < t T
where %> 0 and M are constants. Show Q _/A
that L
lim } etF(s)ds = 0
R=wdp Fig.14-3

If ry, Ty, I3 and T, represent arcs BJ, JPK,
KQL and LA respectively, we have

J;es‘ F(s)ds = J;l est F(s)ds + JI; estF(s)ds + f

T3

Then if we can show that each of the integrals on the right approach zero as R - «» we will have
proved the required result, To do this we consider these four integrals,

est F(s)ds + f est F(s) ds
Ty

Case 1. Integral over I'y or BJ.

Along T'; we have, since s = Re®, 9, = ¢ = #/2,

TI2
I, = f et F(s)ds = f eRe?t F(Rei0) iRei0 do

T 8y



CHAP. 14) COMPLEX INVERSION FORMULA FOR LAPLACE TRANSFORMS 327

14.3.

w/2
Then ) = f |e(R cost| | giR sin0)t] | F(Reif)| |iRe®) dg
6o
w/2
= f e(ReosOt [F(Rei)| R do
6o
M w/2 M foo
= = e(Rcost dg = — e(Rsind)t dg
Rk—1 N R¥1)

where we have used the given condition |F(s)] = M/Rk on T; and the transformation ¢ = 7/2—¢
where ¢, = »/2 — 8, = sin—1(y/R).
Since sin ¢ = sin ¢y = cos 8, = y/R, this last integral is less than or equal to
M o _ Mevtgy,  Met . .y
R=1), evtdy = Re=1 . RE-1SWM '®
But as R - «, this last quantity approaches zero [as can be seen by noting, for example, that
sin~1(y/R) ~ y/R for large R]. Thus Rlim I;=0.

Case 2. Integral over I', or JPK.

Along I, we have, since 8 = Rel, »/2 =9 =,

m
I, = f estF(s)ds = f eRe¥t F(Reif) iReid do
I w/2

Then, as in Case 1, we have

b g /2
L] = 1_2% e(Reosdtdy = Ff e~ (Rsind)t dg
/2 0

upon letting ¢ = »/2+ ¢.

Now sing¢ Z 2¢/7 for 0= ¢ = /2 [see Problem 14.3], so that the last integral is less than

or equal to
M /2 M
=1 e—2Rét/m d¢ = 2t RE (1 —_— e—Rt)

0
which approaches zero as R - «, Thus }%im I,=0.

Case 3. Integral over I'y or KQL.

This case can be treated in a manner similar to Case 2 [see Problem 14.28(a)].

Case 4. Integral over Iy or LA.

This case can be treated in a manner similar to Case 1 [see Problem 14.28(d)].

Show that sin¢ = 2¢/x for 0=¢ = /2. v
. P(x/2,1)

Method 1. Geometrical proof. N T

From Fig. 14-4, in which curve OPQ represents &, g !
an arc of the sine curve y =sing and y = 2¢/r q,Q\ !
represents line OP, it is geometrically evident that ! Q ¢
sing = 2¢/» for 0= ¢ = 7/2. ) /2 .
Method 2. Analytical proof. Fig. 14-4

Consider G(¢) = *""%”. We have

dG _ $cos¢ — sin ¢

e - F@ @)

¢2
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If H(¢) = ¢ cos¢ — sing, then
d p— ! — 3
ds = H'(¢) = =—¢sing 2

Thus for 0= ¢ <n/2, H(¢) =0 and H(¢) is a decreasing function. Since H(0) =0, it follows
that H(¢) = 0. Then from (I) we see that G'(g) =0, or G(¢) is a decreasing function. Defining
G(0) = iin‘l) G(¢) = 1, we see that G(¢) decreases from 1 to 2/» as ¢ goes from 0 to »/2. Thus

1] = sing - 2
s E

from which the required result follows.

USE OF RESIDUE THEOREM IN FINDING INVERSE LAPLACE TRANSFORMS

14.4.

14.5.

Suppose that the only singularities of F(s) are poles which all lie to the left of the line
# =y for some real constant y. Suppose further that F(s) satisfies the condition
given in Problem 14.2. Prove that the inverse Laplace transform of F(s) is given by

f(t) = sum of residues of e**F'(s) at all the poles of F(s)
1 1 v +iT 1
We have 2—ﬂ£ estF(s)ds = prl - est F(s)ds + mj; est F'(s) ds

where C is the Bromwich contour of Problem 14.2 and I is the circular arc BJPKQLA of Fig. 14-3,
By the residue theorem,

% § estF(s)ds = sum of residues of est Fi(s) at all poles of F'(s) inside C
T
c

= 3 residues inside C

1 v+ 4T

2ri

Thus estF(s)ds = 3 residues inside C — ﬁf est F'(s) ds
r

y—iT
Taking the limit as R - «, we find by Problem 14.2,

f(t) = sum of residues of et F'(8) at all the poles of F(s)

(a) Show that F(s) = satisfies the condition in Problem 14.2.

1
s—2

st

(b) Find the residue of

8‘izatthepole s=2.

(¢) Evaluate ,C"{ﬁ} by using the complex inversion formula.

(@) For s = Rei6, we have

’1_ 1 _ 1
s—2|

|[Rei| —2  R—2

1
Rett — 2

IIA

oo
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for large enough R (e.g. R > 4). Thus the condition in Problem 14.2 is satisfied when k =1,
M = 2. Note that in establishing the above we have used the result [z; ~z,| Z |2;| — |2,| which
follows from the result |a+b| =|a|+|b] if a=2,—2y, b= 2.

(b) The residue at the simple pole s =2 is

. est 2t
31_?;(8—-2) s—2) = ¢

(¢) By Problem 14.4 and the results of parts (a) and (b), we see that

(—1{8 1 2} = sum of residues of estf(s) = o2t

Note that the Bromwich contour in this case is chosen so that y is any real number greater
than 2 and the contour encloses the pole s = 2.

1

(—.§+—1)(?12—)2} by using the method of residues.

14.6. Evaluate ,C‘l{

Since the function whose Laplace inverse is sought satisfies condition (5) of the theorem on
page 325 [this can be established as in Problem 14.5], we have

1 L L (T eds
CEFDE-22 T 2mJ _, G+De-2?

i

_ etds
21r1. (s + l)(s —2)2

at poles s =—1 and s =2

_ . est
= 3 residues of PESTETI

Now the residue at simple pole s = —1 is

N est _ 1 _
sl.‘."_‘,(s+1){(s+1)(s—2)2} = 5"

and the residue at double pole s =2 is

_1_1 o2 et . d est
SL"‘zuds[‘s 2 {<s+1)<s-2)2}} - shl’%%[sﬂ]

— g 8t Dtest—et 1., 1,
= llmz e = 3 te g ® t
- 1 . 1 1 1
h [ I . S = = — -t 2 o2t — 2t
Then L {(s DG 2)2} S residues 9 e~t + 3 te 9 e

_ s
14.7. Evaluate .C ‘{m}

As in Problem 14.6, the required inverse is the sum of the residues of

gest
(s +1)3(s —1)2

at the poles s = —1 and s =1 which are of orders three and two respectively.
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Now the residue at 8= —1 is
im L & s 8¢t | _ g 1| _se | - 1 _.q_op
31-1."—'1’2—!3?[(”1) E+ 13— 12 et 2 ds | (s 1) 16 " )
and the residue at s =1 is
ml @l | = md| s | = L1
3’-."‘1’1—123[(8 D e Fse—1y s21ds (s —1)2 TR
- s = i = ..1-— -t —_ 2 L t —
Then £ l{m} = 3 residues T ! 2t)+16e(2t 1)

1
-1
148. Evaluate .£ { (32+1)2}'
1 1 1

We have @+IE - [GFIE—9p T EFos—2

The required inverse is the sum of the residues of

est
(s +DHs— )2
at the poles 8 =7 and 8 = —i which are of order two each.
Now the residue at 8 =1 is
im S le—n2—u0 | = Ly — Lo
" s [‘s YT 02] g Ty
and the residue at s = —1i is
. d . est 1 1.
1 Fadl b = o~ ge—it —ge—it
sm =i ds [(s MRA TR 5)2] atet Ty

which can also be obtained from the residue at s =1 by replacing ¢ by —i. Then

S residues = —% telt + e—it) — %i(e“— e—it)
_ 1 Lant = Lemeo
= 2tcost+2smt = 2(smt t cos t)

Compare with Problem 4.37, page 113.

INVERSE LAPLACE TRANSFORMS OF Y
FUNCTIONS WITH BRANCH POINTS D
. e~aVs B .
149. Find .2 by use of the complex y+1iT
R
inversion formula. ¢
B . . E H f\J %
y the complex inversion formula, the re- L J
quired inverse Laplace transform is given by K
_ 1 'Y+i°0 est—a\/; — 'T
1w o= fy e o i
N

Since s = 0 is a branch point of the integrand,
we consider Fig. 14-5
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t—aVs st—aVs st—aVs
L.fe'”dszz,n'fe “ds+—1—.fe °7 s
2 A 8 8 2rt 8

AB BDE
st—aVs st—aVs
+——-1.f—-——e sds+——1.fe de
271 8 27t 8
EH HIK
1 est—aVvs 1 est—a\’;
+ 27t f 8 ds + 271 f 8 ds

KL LNA

where C is the contour of Fig. 14-b consisting of the line AB (s = y -+ ty), the arecs BDE and LNA
of a circle of radius R and center at origin O, and the arc HJK of a circle of radius ¢ with center
at O.

Since the only singularity 8 = 0 of the integrand is not inside C, the integral on the left is zero
by Cauchy’s theorem. Also, the integrand satisfies the condition of Problem 14.2 so that on taking
the limit as R — = the integrals along BDE and LNA approach zero. It follows that

. 1 est—a\/; 1 v+iwo est—a\/;
= 1 =
&) R -I-I»noo 271 8 d 27t 8 ds
€=—0 AB y—io
R st—aVs st—a\/g st—aVs
= g e [ [t @
€=0 EH HJK KL

Along EH, 8 = xe™, Ve =Vze™2 =iz and as s goes from —R to —¢, x goes from R to e

Hence we have
est—aVs —€ gst~aVs € g—xt—aiVx
ds = f ds = —  dx
8 8 R x

EH ~R

Similarly, along KL, 8 = xe—7i, \/E = \,/;e*ﬂ*/2 = —tyx and as s goes from —e¢ to —R, x goes
from ¢ to B. Then

est—aVs —R gst-aVs R g—zt+aiVx
[ w o= [Ty,
8 8 x

KL —€ €

Along HJK, s = ¢¢!® and we have

est— a\/- T geel® t —aVeel®/2
f f teei® dg
- T el
HJK
I f eee'o t —aVeel®/2 de
ks
Thus (2) becomes
. t—aiVz R _ ¢+ - X
fi) = — lim %{f T iy + f LRGP if esew:—avzew/zd,}
s-o(;o 7 R 3 -
- iVz ' -7 .
= — lim —~ f et (eotts — e7 i) dx + zf ece®t —aVeeld/2 g,
R—x 2171 .
€~=0
R _at o —
= — lim %{mf eMsinavw if ete""t—aVEe“’/Zdo}
}::So m € ¥ w

Since the limit can be taken underneath the integral sign, we have

-7 X -
lim eei®t —aved2 gy — f 1de = —2r
e—0 - -
and so we find ) = 1 —lf e sinavz .o (8)
Ty x

This can be written (see Problem 14.10) as
f) = 1 — erf(a/2V/t) = erfc(a/2Vt) )
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14.10. Prove that lj‘”e_:%m dz = erf(a/2y/t) and thus establish the final result
™ 0
(4) of Problem 14.9.

Letting « = u2?, the required integral becomes

0 2‘ .
I = 2 f e~ ¥t ginay du
J, u
Then differentiating with respect to ¢ and using Problem 9, we have
o _ sz e=u*t cosaudu = = ﬁ-e‘ﬂ’“‘) = Lo-am
da LY ‘” 2\/E nt

Hence, using the fact that I =0 when =0,

2Vt
1 = fa—l—e-v’/“dp = —Z’—f Tevtau = ert(/2Vt)
0 \/— \/; [}

xt

and the required result is established.

14.11. Find £~ {e~a¥*}.

If o{f(t)}y = F(s), then we have L{f'(t)} = sF(s) — f(0) = sf(s) if F(0) = 0. Thus if
£-1{F(s)} = f(t) and £(0) = 0, then L~ 1{sF(s)} = f/(t).
By Problems 14.9 and 14.10, we have

‘/__ : 2 J’a/2\’? g
f(t) = erfc(a/2Vt) = l—ﬁ A e U

g0 that f(0) =0 and F@E) = £{f(t)) = e

Then it follows that

a/2Vt 2
LM {emaVe} = f(t) = %{1 —72_-_]; e~ du}
T

= 2 -8/2 g—a?/at
2Vr

INVERSE LAPLACE TRANSFORMS OF FUNCTIONS WITH INFINITELY

MANY SINGULARITIES

14.12. Find all the singularities of F(s) = cosh 23
8 cosh\/s

Because of the presence of \/E, it would appear that ¢ =0 is a branch point. That this is
not so, however, can be seen by noting that

where 0 <z <1.

F(s) = coshzVe _ 1 + (xVe)¥/2! + (xVe)¥/4! + ---

8 cosh Ve s{l + (V8)2/2! + (VE)¥/4! + -}

_ 1+ o%/21 + xie?/4l + -
s(1+ 8/21 + 8241 + ---)

from which it is evident that there is no branch point at 8 = 0. However, there is a simple pole
at 8=0.

The function F(8) also has infinitely many poles given by the roots of the equation

Vi 4 o-Vi
COSh\/;= e'—+26_' = 0
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These occur where e2Vs = —1 = gmi+2km k =0=1,=2, ...

from which Vs

(k+ 4)ri or 8 = —(k+ )%

These are simple poles.

Thus F(s) has simple poles at

g =20 and 8 = 8, where s, = —(n—})%? n=12383,...
. cosh xy/s
14.13. Find .c-l{——‘c} where 0 <z < 1.
s cosh /s
The required inverse can be found by using v
the Bromwich contour of Fig. 14-6. The line AB D

is chosen so0 as to lie to the right of all the poles
which, as seen in Problem 14.12, are given by

8=0 and s=g,=—(n—3)%2% n=1238,...

We choose the Bromwich contour so that the
curved portion BDEFGHA is an arc of a circle
T,, with center at the origin and radius

G
R, = m?x? /A

where m is a positive integer. This choice insures H
that the contour does not pass through any of
the poles. Fig. 14-6
t
We now find the residues of e_sc_osl_nx_\/?
8 cosh V&
at the poles, We have:
St
Residue at s =0 is lim (s —0) { £k 2VE L _
=0 8 cosh \,;

Residue at s =—(n— )2 n=1,2,8,... is
. est cosh xV3 8— 8, est cosh 2V/8
] _ efcoshzve| _ . . et cosh 2V/8
s-lgl,, (8= 24) { s cosh V3 } sl-l.l?, {cosh \/?} slg?,. { 8

. 1 . et cosh x\/3
= 1 U S— g_coshxvs
st {(sinh Ve)(1/2vVs )} Jm { s }

ACD it -
—en—1) e—(n 7t cos (n— )rx
If C,, is the contour of Fig. 14-6, then
1 est cosh 2z - 45 ()" e
2miJ,  scoshVa o =1 +1rn§12n—le " cos (n— f)rx

Taking the limit as m — » and noting that the integral around T,, approaches zero, we find

£ {cosh x\l?r}

43 CED" e -
s cosh V3 1+ 2 1 e cos (n — §)rx
= 43 D" o on-nieta @n— V)7
T R s 83
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14.14. Find .c—l{s_j‘ic%%} where 0 < < a.

The function F(s) = :—m-}lfi— has poles at 8 =0 and at values of 8 for which coshsa =0,
ie. 82 cosh sa

8 = 8 = (k+ Prifa k= 0,=x1 =2 ...
Because of the presence of 82, it would appear that s =0 is a pole of order two. However, by
observing that near s =0,

sinhsx _ _sx + (8)3/81 + (8x)5/B! + -
2 cosh sa 21 + (sa)2/21 + (sa)¥/4! + ---}

x + s223/3! + 8%x5/5!
s{1 + 8%a2/2! + stat/4} + ---}

we see that s = 0 is a pole of order one, i.e. a simple pole. The poles 8, are also simple poles.
Proceeding as in Problem 14.13, we obtain the residues of est f(s) at these poles.

Residue at 8 =0 is
lim (s —0) est sinh sx _ lim sinh sx lim est -
s=0 82 cosh sa s=0 8 s—0 cosh ga

using L’Hospital’s rule,

Residue at s = g, is

.
lim (s —8,) {es sinh 8:::}

sossy 82 cosh sa

.. 8—8 st gi
— lim k4 tim € sinh sz
s=+s; cosh 8@ [s~sp s2
. . st gy
- lim .1 lim € sinh sx
s—s; @ sinh sa| |s— s 82

1 etk +12)mit/a § gin (k + %)Fx/a
ai sin (k + )= —(k + 1)%z%/a?

a(—1)ketk+¥Imit/a gin (k + L)zx/a
72k + §)?

By an appropriate limiting procedure similar to that used in Problem 14.13, we find on taking
the sum of the residues the required result,

_, J_sinhsx _ _a S (—1)k etk ¥ormit/a sin (k + Lrx/a
< {82 cosh sa} - k=2_w k+D2

- g4 20 i (—1)® cos (n — §)wt/a sin (n — {)rx/a

72 a=1 (n—1)?
_ 8a 3 (=1 . @n—Drx _ (2n—1Dazt
= 4 e
x 72 g=1 (2n —1)2 sin 2a cos 2a,
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APPLICATIONS TO BOUNDARY-VALUE PROBLEMS

14.15. A semi-infinite solid x > 0 [see Fig. 14-7]
is initially at temperature zero. At time
t =0, a constant temperature wuo>0 is
applied and maintained at the face « =0.
Find the temperature at any point of the
solid at any later time ¢ > 0.

The boundary-value problem for the deter-
mination of the temperature u(x, t) at any point =
and any time ¢ is Fig. 14-7

2
ou u x2>0,t>0

9t "oa?

u(x,0) = 0, u(0,8) = uy, Jux, t)] < M

335

where the last condition expresses the requirement that the temperature is bounded for all x and ¢.

Taking Laplace transforms, we find

d2U 2U s
dez 7 dxr Tk

sU — u(x,0) = «

where U@©,8 = {u0,8)) = 389
and U = U(x,8) is required to be bounded.

Solving (1), we find
Ule,8) = c eVsixz 4 gpe—Vsixz

Then we choose ¢, = 0 so that u is bounded as x - «, and we have
U(e,s) = cye~Vs/xz

From (2) we have c, = uy/s, so that
Ulz,8) = %e—méf

Hence by Problems 14.9 and 14.10 we find

12Vt
u(x, t) = uoerfc(x/2\/3) = uo{l—ifx “ e~ du
Vr Jy

B

14.16. Work Problem 15 if at ¢ =0 the temperature applied is given by g(t), t>0.

(1)

(@)

®

The boundary-value problem in this case is the same as in the preceding problem except that
the boundary condition (0,t) = », is replaced by u(0,t) = g(f). Then if the Laplace transform

of g(¢) is G(s), we find from (8) of Problem 14.15 that ¢, = G(s) and so
U(x,8) = G(g)e~Vsixkz
Now by Problem 14.11,

L1 {e~Vsixzy = L _y-s/2 g—rPraxe
2V wx
Hence by the convolution theorem,

¢
u(x, t) = f xm‘ u—3/2 g—x%/4xu g(t — u) du
0

2 f ® ,2 . 22 ’
= < o _
V7 VeV g axvz ) *Y

on letting v = x2/4«u.
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14.17. A tightly stretched flexible string has its ends fixed at =0 and =1 At time
t =0 the string is given a shape defined by f(x) = ux(l —x), where p is a constant,
and then released. Find the displacement of any point # of the string at any time

t>0.
The boundary-value problem is
Py _ L%
52 = T o2 I<z<L t>0

y(0,t) = 0, y(l,t) = 0, Y(x,0) = px(l—z), Ye(x,0) = 0

Taking Laplace transforms, we find, if Y(z,8) = .2 {y(x,t)},

Y
82Y — sy(x,0) — y(x,0) = a '2 2
a2y 82 . pse(l—2x)
or da? a? Y = a? )
where Y(0,8) = 0, Y8 = 0 (2)

The general solution of (1) is
+ pe(l—2x) _ 2a%
8 83

®

Y = ¢ cosh T+ cy smh

Then from conditions (2) we find

2 2a2 — cosh sl 2
o = 2 o = %(%fﬁiu—im> = ~ 2% yanh sl/2a 0
so that (8) becomes Yy = 2a%u cosh s(22 — ))/2a + pr(l—x) _ 2a%u

83 cosh sl/2a 8 83
By using residues we find

_ 2x — 1\? 1\?
e = e (5 - (3

_%2a% 1\ g (=D os 2n— 1)1r(2a:—l) os (21— Drat
7 \%a) S1@2n—1)%°¢ 21 l

+ ux(l —x) — apt2

8ul2 - -
Yo, t) = “E- E (2n 5 sin &2 ll)”x 0s &2 ll)”at

or

14.18. A semi-infinite beam which is initially at rest on the x axis is at time ¢ =0 given a
transverse displacement % at its end 2 = 0. Determine the transverse displacement
y(x, t) at any position £ > 0 and at any time ¢ > 0.

The boundary-value problem is

T‘-)—t?_*-bzgx—“-: 0 x>0, t>0 (1)
Yz, 0 =0, (%0 =0, y0,t) =h, y00,8) =0, |ylx,t) <M 5]
Taking Laplace transforms, we find
a1y d1y 82
2 - — —
82Y (x, 8) sy(x,0) — y,(x,0) + dp2=— ad = 0 or gy + B2 Y = o
Y(0,8) = h/s, Y. (0,8 = 0, Y(x, s) is bounded )

The general solution of the differential equation is
Y(x,8) = eVs/26% (¢) cos V&/2bx + ¢, 5in Va/2bx) + e~ Vs/262 (cg cos Ve/2bx + ¢ sin V8/2b x)

From the boundedness condition we require ¢, = ¢, = 0 so that

Y(x,8) = e~ Vs/202 (g3 cosVs/2ba + ¢4 sin Vs/2bx)
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From the first and second boundary conditions in (3), we find ¢, =0 and e¢; = h/s so that

Y(x,8) = %e—VS/be cos Vs/2bx

Yy
The inverse Laplace transform is, by the complex D
inversion formula
’ ) B
1 YA st — Vsr2bx cos Vs/2bx \y+iT
y(x’ t) = o ds
2t y—iw 8 R R
To evaluate this we use the contour of Fig. 14-8 since E H f\ J x
8 = 0 is a branch point. Proceeding as in Problem 14.9, L y74 o/
we find, omitting the integrand for the sake of brevity,
that -
. 1 f Yy—1
= - — + 4 —///
Y(= b gﬂmﬂ{1'+ f } 4
€=0 EH HJK KL N
Along EH, 8 = uem, Vs =i/u and we find Fig.14-8
f B f‘ he—ut—iVu/2bz cogh \/u/2b x du
= . -
EH

Along KL, 8 = ue—m, /s = —iv/u and we find
f _ R pe—ut +iVu/2bz cogh u/2ba:d
LB T o Vs
KL €

Along HJK, s = e¢i® and we find

-
f - f heceift — Veeibzba ¢ Vee®/2b x do
T

HIK
Then (4) becomes

y(xe, ) =

h {1 _ lf"’ e~ 4t sin Vu/2b x cosh Vu/2b x du}
7J, u

Letting #/2b = v2, this can be written

© o—2bvPt i
Yt = h{l _gf e~ 20Ut gin vx cosh vx dv}
0

L4 v

The result can also be written in terms of Fresnel integrals as

2 z/ Vbt
Y(x,6) = & {1 — ‘\f = f (cos w2 + sin w?) dw}
T )

An infinitely long circular cylinder of unit
radius has a constant initial temperature u,.
At t =0 a temperature of 0°C is applied to
the surface and is maintained. Find the tem-
perature at any point of the cylinder at any
later time ¢.

If (r, ¢, 2) are cylindrical coordinates of any point
of the cylinder and the cylinder has its axis coinci-
dent with the z axis [see Fig. 14-9], it is clear that
the temperature is independent of ¢ and z and can
thus be denoted by wu(r,t). The boundary-value
problem is
ou __ %u |, 1ou
T (aTz T

) 0<r<1,¢t>0 (1)

w(1,8) =0, u(0) =u, |u@t)<M (2) Fig. 14-9
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It is convenient to consider instead of (1) the equation

ou _ Pu lou
at o ror

and then to replace t by «t.
Taking Laplace transforms, we find

_ @U 14U QU 14U _ oo
sU — u(r,0) = T rar or a2 + - dr sU g

U(l,s) = 0, U(r, 8) is bounded
The general solution of this equation is given in terms of Bessel functions as
Ulr,8) = e do(iVar) + csYolVar) + 7%
Since Yo(i\/E r) is unbounded as r =+ 0, we must choose ¢, =0. Then
Ur,8) = clJo(i\/;r) + %‘1

From U(l,8) =0, we find

, Up Uo
g Jo(iVe) +— = 0 or 6 = - ———
e+ ‘ 8 Jo(iVs)
% ugJo(iVer
Thus U(’I‘, s) = 2 _ ﬂ___z
8 8Jy(iVs)
By the inversion formula,
uy (YR et Jo(iVE )
u(r,t) = uy ——=_—ds

T 2ni y—iw  8Jo(iVs)

Now Jo(i\/s_ ) has simple zeros where e = ApAg « .+ Ap, ... . Thus the integrand has simple poles
at 8 = —xﬁ, n=12,3,... and also at s = 0. Furthermore it can be shown that the integrand
satisfies the conditions of Problem 14.2 so that the method of residues can be used.

We have:

Residue of integrand at 8 =0 is
est Jo (i\/g ’r)

L AP AT TS
Residue of integrand at s = —\% is

. 5 4122) est Jy(iVer) ) (8+12%) C et Jo(iVs )

e Y AT R P CU YY) B (R VR
1 e~ At Jo (A7)

= lim 2 77,4 N 2

S —An "0(1\/5)"‘/2\/E -

2e=A3t Jo (A7)
A1)
where we have used L’Hospital’s rule in evaluating the limit and also the fact that Jo () = —Jy ().

Then

2 2e 2t Jy (A7 2 g—Nit
ulr,t) = wuy — u, {1 — "gl _T\#(n)")} = 2u, ngl —)\"—%S'L)
Replacing ¢ by «¢, we obtain the required solution
e~ Mt Jo(Agr)
a=1 MJ1(\)

Ms

u(r,t) = 2u,
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Supplementary Problems

THE COMPLEX INVERSION FORMULA AND USE OF RESIDUE THEOREM

14.20.

14.21.

14.22.

14.23.

14.24.

14.25.

14.26.

14.27.

14.28.

Use the complex inversion formula to evaluate

1 1
(@) 4"{@} (®) F‘{m} (©) 4—'{(s+1)(82+1>}

Find the inverse Laplace transform of each of the following using the complex inversion formula:
(@) 1/(s+1)2, (b) 1/83(s2+1).

1

———  gatisfies the conditions of the inversion formula. (b) Find
82 —3s+ 2

(a) Show that F(s) =
LT1{F(8)}.
P

Evaluate .C“l{m} justifying all steps.

(a) Evaluate (“1{ } justifying all steps and

__8
(s2+1)3
(b) check your answer. e ¥

1 sest
(a) Evaluate o i st around the contour C
shown in Fig. 14-10 where R =3 and y > 1.
(b) Give an interpretation of your answer as far as
Laplace transform theory is concerned. Fig. 14-10

Use the inversion formula to evaluate .£—!

} where ¢ and b are any positive
constants.

-8
(8 + a)(s— b)?

Use the inversion formula to work: (a) Problem 4.39, page 113, (b) Problem 4.40, page 113,
(¢) Problem 4.41, page 114, (d) Problem 4.78(c), page 118.

Complete the proofs of (a) Case 3 and (b) Case 4 of Problem 14.2.

INVERSE LAPLACE TRANSFORMS OF FUNCTIONS WITH BRANCH POINTS

14.29.

14.30.

14.31.

14.32.

14.33.

14.34.
14.35.

Find .£~1{e~Vs} using the complex inversion formula.

Find (“{%} by the inversion formula.

8
1
Show that ¢! s \/m = erf\/t by using the inversion formula.

Vs
g§—1

Find ,C—l{

} by using the complex inversion formula.

(a) Use the complex inversion formula to evaluate £~1 {8—1/8} and (b) check your result by another
method.

Evaluate £~1{In(1+ 1/8)} by using the inversion formula.
Evaluate £~ {In (1 + 1/82)} by the inversion formula.

INVERSE LAPLACE TRANSFORMS OF FUNCTIONS WITH INFINITELY MANY SINGULARITIES

14.36.

14.37.

14.38.

Find ! {m} using the complex inversion formula.

Prove that .c—l{ 1 } = 1—i{cos”—t—%cosw+%cos§”—t— }

8 cosh s T 2

. 1
-1 ——
Find £ {82 sinh s}
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14.39.

14.40.

14.41.

COMPLEX INVERSION FORMULA FOR LAPLACE TRANSFORMS [CHAP. 14

By using the complex inversion formula, prove that

-1 = HP—a?) 2% S nrt
< 1{83 sinh as} - 6a 3 g - sin a
_ 1 _ sine(t+a) , 1 § _cos(2n—1)rt/2a
Show that 71 {(s2 FAAF e-2as)} I T v gy g | = 7T

Show that for 0 <2 <a,
(_l{sinh \G(a—x)} _e—z_ 2 i e—n*wtt/a? sinmr—x

sinhVsa a T a=1 n a

APPLICATIONS TO BOUNDARY-VALUE PROBLEMS

14.42.

14.43.

14.44.

14.45.

14.46.

14.47.

14.48.

14.49.

14.50.

A semi-infinite solid # = 0 is initially at temperature zero. At ¢ =0 the face x =0 is suddenly
raised to a constant temperature u, and kept at this temperature for a time ¢, after which the
temperature is immediately reduced to zero. Show that after an additional time ¢, has elapsed,

the temperature is a maximum at a distance given by « = 2V/xt,In2 where « is the diffusivity,
assumed constant.

A semi-infinite solid « > 0 has its initial temperature equal to zero. A constant heat fiux A is
applied at the face *x =0 so that —Ku,(0,t) = A. Show that the temperature at the face after

time ¢ 1s—4‘f

Find the temperature at any point « > 0 of the solid in Problem 14.43.

A solid 0 = x = is insulated at both ends *x =0 and x =!I If the initial temperature is equal
to ax(l — x) where a is a constant, find the temperature at any point % and at any time ¢.

A tightly stretched flexible string has its ends fixed at x =0 and =1 At =0 its midpoint
is displaced a distance k and released. Find the resulting displacement at any time ¢ > 0.

Solve the boundary-value problem
Yee = Yoz + 8 I<z<7 t>0
¥(0,8) =0, y=t) =0, y0) =px(r—zx), y(2,0=0
and interpret physically.
At t=0, a semi-infinite solid x > 0 which is at temperature zero has a sinusoidal heat flux

applied to the face x =0 so that —Ku,(0,f) = A + Bsinwt, t > 0. Show that the temperature
of the face at any later time is given by

'3 '3
2\/_‘4 t/2 + 2BV;" ( f cos w2 dv ) sin ot — f sin wv? dv) cos wt
K7

] ]

A solid, 0 <« <1, is initially at constant temperature u, while the ends * =0 and x =1 are
maintained at temperature zero. Show that the temperature at any position x at any time ¢ is

given by © 1 nl +
u(x,t) = ugerf (—2-:;—;) + u, n§1 (—1)» {erf ("‘ > ( 2\/_x>}

A beam has its ends hinged at # =0 and x =1 At time £=0, a concentrated transverse load
of magnitude w is suddenly applied at the midpoint. Show that the resulting transverse displace-
ment of any point £ of the beam at any time ¢ >0 is

— WX e o _ 2wB |sinzx/l | sin3gx/l | sin brx/l
Vo) = pErGPT) —lgpr 1 tom tooe T

if 0 <z <l/2, while the corresponding result for I/2 < x <1 is obtained by symmetry.
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14.51.

14.52.

14.20.

14.21.

14.22,

14.23.

14.34.

14.35.

14.38.

14.44.

14.45.

14.46.

14.47.

An infinite circular cylinder of unit radius has its initial temperature zero. A constant flux A is
applied to the convex surface. Show that the temperature at points distant » from the axis at any
time ¢ is given by
A 24 < s, Jo(An7)
H = 2018t~ 42 —ady S0
w(r, ) -8t —2r% + = ,21 e A

where )\, are the positive roots of J,(\) = 0.

A cylinder of unit radius and height has its circular ends maintained at temperature zero while its
convex surface is maintained at constant temperature u,. Assuming that the cylinder has its axis
coincident with the z axis, show that the steady-state temperature at any distance 7 from the axis
and z from one end is
_ 4uy & sin(2n— gz Loi@n— a1}
u(rr z) -
T nei 2n -1 I, {(2n—1)7}

Answers to Supplementary Problems
(a) cosat, (b) (sinat)/a, (c) J(sint— cost+ e~
(@) te=t, (b) 32 +cost—1
(b) €2t — et
1sin2t + ¢ cos 2t
(1—e ¥/t

2(1 — cos )/t

p+i 3

%{m e~2/axt — 1gerfc (x/2V/xt)}

y(z, ty = 72 -3 ((2_7‘ )n1)12 sin (2"_11)"” cos 22 _ll)”at

y(x,t) = Jox(r—z) + 4‘2"’; —9) '21 (@n—1) Sin (2n— 1z cos (2n— 1)t



Chapter 15

DEFINITION OF A MATRIX

A matriz of order m X n, or m by n matriz, is a rectangular array of numbers having
m rows and n columns. It can be written in the form

11 2 a3 O/ ST
A = Q21 Qgz Q23 oo O2n (1)
Am1 Ame Am3 FRCEEY Amn

Each number a; in this matrix is called an element. The subscripts j and k indicate
respectively the row and column of the matrix in which the element appears.

We shall often denote a matrix by a letter, such as 4 in (1), or by the symbol (@) which
shows a representative element.

A matrix having only one row is called a row matrix [or row vector] while a matrix
having only one column is called a column matriz [or column vector]. If the number of
rows m and columns n are equal the matrix is called a square matriz of order % Xmn or
briefly n. A matrix is said to be a real matriz or complexr matriz according as its elements
are real or complex numbers.

SOME SPECIAL DEFINITIONS AND OPERATIONS INVOLVING MATRICES

1. Equality of Matrices. Two matrices 4 = (as) and B= (bx) of the same order [i.e.
equal numbers of rows and columns] are equal if and only if az = bs.

2. Addition of Matrices. If A = (ax) and B = (bx) have the same order we define the
sum of A and B as A + B = (ay + by).

B le 1 A_214 B = 3 -6 1 h
xample 1. If =l=3 o 2/ —213ten

A+ B = 2+3 1-5 441\ 5 —4 3
T \-8+2 041 2+38/ T \-1 1 5

Note that the commutative and associative laws for addition are satisfied by
matrices, i.e. for any matrices 4, B,C of the same order

A+B=B+A, A+(B+C) = (A+B)+C (@)

3. Subtraction of Matrices. If A = (@), B=(bx) have the same order, we define the
difference of A and B as A — B = (a; — by).

Example 2. If 4 and B are the matrices of Example 1, then
2—-3 145 4-—-1 ~1 6 3
4-8 = <—3—2 0—1 2—3> - <—5 -1 —1)

342
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4. Multiplication of a Matrix by a Number. If 4 = (ax) and A is any number [or scalar],
we define the product of A by A as A = AX = (Aa).

Example 3. If A is the matrix of Example 1 and A =4, then
3 2 1 4\ _ 8 4 16
M_4—302>“—1208
5. Multiplication of Matrices. If A = (ax) is an m xn matrix while B = (bx) is an
n X p matrix, then we define the product A-B or AB of A and B as the matrix
C = (ci) where n
Cik = 121 by (3)
and where C is of order m X p.

Note that matrix multiplication is defined if and only if the number of columns of
A is the same as the number of rows of B. Such matrices are sometimes called

conformable.
2 1 4 35
Example 4. Let A = < >, D =1(2 -1). Then
-3 0 2
4 2
AD = < 2)(3) + (1)(2) + (4)(4) (2)(5)+(1)(—1)+(4)(2)> B <24 17>
- (—8)(8) + (0)(2) + (2)(4) (=3)(5) + (0)(—1) + (2)(2) T \-1-11

Note that in general AB + BA, ie. the commutative law for multiplication of
matrices is not satisfied in general. However, the associative and distributive laws
are satisfied, i.e.

ABC) = (AB)C, AB+C) = AB+ AC, (B+C)A = BA+CA 4)
A matrix A can be multiplied by itself if and only if it is a square matrix. The

product A+ A can in such case be written A2. Similarly we define powers of a square
matrix, i.e. A3=A4-42 A*t=A4- 43 etc.

6. Transpose of a Matrix. If we interchange rows and columns of a matrix A, the
resulting matrix is called the transpose of A and is denoted by A”. In symbols, if
A= (ajk) then AT = (akj).

2 1 4
Example 5. The transpose of A = is

-3 0 2
2 -3
AT = 1 0
4 2
We can prove that
(A+B)T = AT+ BT, (AB)T = BTAT, (AT = A %)

7. Symmetric and Skew-Symmetric Matrices. A square matrix A is called symmetric if
AT = A and skew-symmetric if AT = —A.

2 —4

Example 6. The matrix E = <_ 4 3

> is symmetric while F = <0 —2> is skew-symmetric.

2 0

Any real square matrix [i.e. one having only real elements] can always be expressed
as the sum of a real symmetric matrix and a real skew-symmetric matrix.
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8. Complex Conjugate of a Matrix. If all elements a of a matrix A are replaced by
their complex conjugates @;, the matrix obtained is called the complex conjugate of A

and is denoted by A.

9. Hermitian and Skew-Hermitian Matrices. A square matrix 4 which is the same as
the complex conjugate of its transpose, ie. if A =47, is called Hermitian. If
A = —AT, then A is called skew-Hermitian. If A is real these reduce to symmetric
and skew-symmetric matrices respectively.

10. Principal Diagonal and Trace of a Matrix. If A = (ax) is a square matrix, then the
diagonal which contains all elements as for which j=Fk is called the principal or
main diagonal and the sum of all such elements is called the trace of A.

Example 7. The principal or main diagonal of the matrix

B 0
TN
—1 4 *wg%g

is indicated by the shading, and the trace of the matrix is 6+1+2 =8,

A matrix for which a; =0 when j+#k is called a diagonal matrix.

11. Unit Matrix. A square matrix in which all elements of the principal diagonal are
equal to 1 while all other elements are zero is called the unit matriz and is denoted by
I. An important property of I is that

Al = 1A = A, I"=1 n=12,3,... 6)
The unit matrix plays a role in matrix algebra similar to that played by the
number one in ordinary algebra.

12. Zero or Null Matrix. A matrix whose elements are all equal to zero is called the
null or zero matriz and is often denoted by O or simply 0. For any matrix 4 having
the same order as 0 we have

A+0=0+4A = A ?)
Also if A and 0 are square matrices, then
A0 =04 =0 8

The zero matrix plays a role in matrix algebra similar to that played by the number
zero of ordinary algebra. ‘

DETERMINANTS
If the matrix 4 in (1) is a square matrix, then we associate with A a number denoted by
0 Q12 ... Oin
A = Q21 OG22 ... Q2n 9)
On1 An2z ... QOnn

called the determinant of A of order n, written det(4). In order to define the value of a
determinant, we introduce the following concepts.

1. Minor. Given any element as of A we associate a new determinant of order (n—1)
obtained by removing all elements of the jth row and kth column called the minor of ;.
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Example 8. The minor corresponding to the element 5 in the 2nd row and 3rd column of the

2. Cofactor.

fourth order determinant

-1 3
is 1 0
-2 1

428 1

which is obtained by removing the elements shown shaded.

If we multiply the minor of a; by (—1)’**, the result is called the cofactor

of aj and is denoted by Aj.

Example 9. The cofactor corresponding to the element 5 in the determinant of Example 8 is

(—1)2*3 times its minor, or

2 -1 3
-1 0 2
4 -2 1

The value of a determinant is then defined as the sum of the products of the elements
in any row [or column] by their corresponding cofactors and is called the Laplace expansion.

In symbols,

det4 = 21 ajkAjk (1 0)
k=

We can show that this value is independent of the row [or column] used [see Problem 15.7).

THEOREMS ON DETERMINANTS

Theorem 15-1.

Theorem 15-2.

Theorem 15-3.

Theorem 15-4.

Theorem 15-5,

Theorem 15-6.

Theorem 15-7.

Theorem 15-8.

The value of a determinant remains the same if rows and columns are
interchanged. In symbols, det(A)= det(AT).

If all elements of any row [or column] are zero except for one element, then
the value of the determinant is equal to the product of that element by its
cofactor. In particular, if all elements of a row [or column] are zero the
determinant is zero.

An interchange of any two rows [or columns] changes the sign of the
determinant.

If all elements in any row [or column] are multiplied by a number, the
determinant is also multiplied by this number.

If any two rows [or columns] are the same or proportional, the determinant
is zero.

If we express the elements of each row [or column] as the sum of two terms,
then the determinant can be expressed as the sum of two determinants
having the same order.

If we multiply the elements of any row [or column] by a given number and
add to corresponding elements of any other row [or column], then the value
of the determinant remains the same.

If A and B are square matrices of the same order, then

det (AB) = det(A) det (B) (11)
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Theorem 15-9. 'The sum of the products of the elements of any row [or column] by the
cofactors of another row [or column] is zero. In symbols,

2 aqkApk =0 or 2 akqup =0 if pF*q (12)
k=1 k=1
If p =g, the sum is det(A) by (10).
Theorem 15-10. Let vi,vs, ..., v, represent row vectors [or column vectors] of a square
matrix A of order n. Then det(A4) = 0 if and only if there exist constants
[scalars] Ai, Az, ..., An not all zero such that
MU+ AWz + -+ ApUn = 0 (13)

where O is the null or zero row matrix. If condition (13) is satisfied we
say that the vectors vy, v, . .., vn are linearly dependent. Otherwise they
are linearly independent. A matrix A such that det(4) =0 is called a
singular matriz. If det(4)+ 0, then A is a non-singular matrix.

In practice we evaluate a determinant of order n by using Theorem 15-7 successively
to replace all but one of the elements in a row or column by zeros and then using Theorem
15-2 to obtain a new determinant of order n—1. We continue in this manner, arriving
ultimately at determinants of orders 2 or 8 which are easily evaluated.

INVERSE OF A MATRIX

If for a given square matrix A there exists a matrix B such that AB =1, then B is
called an inverse of A and is denoted by A~!. The following theorem is fundamental.

Theorem 15-11. 1If A is a non-singular square matrix of order » [i.e. det(A4)+ 0], then
there exists a unique inverse A~! such that A4"'=A"'A =1 and we
can express A~! in the following form

- (A"

1 p—

AT = e (24)
where (Aj;) is the matrix of cofactors Ay and (Ax)T = (4k) is its

transpose.
The following express some properties of the inverse:
(AB)"* = B4, (4-H!' = A (15)

ORTHOGONAL AND UNITARY MATRICES

A real matrix A is called an orthogonal matriz if its transpose is the same as its
inverse, i.e, if AT=A"! or ATA=1.
A complex matrix A4 is called a unitary matriz if its complex conjugate transpose is

the same as its inverse, i.e. if AT=A"! or ATA =1. It should be noted that a real
unitary matrix is an orthogonal matrix.

ORTHOGONAL VECTORS

In Chapter 5 we found that the scalar or dot product of two vectors a;i + a.j + ask and
bii + b2j + bsk is @1by + a2bs + asb; and that the vectors are perpendicular or orthogonal if
a1by + agb: + asbs = 0. From the point of view of matrices we can consider these vectors
as column vectors
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ay bl
A={a|, B=|b
as ba
from which it follows that ATB = aib; + asbz + asbs

This leads us to define the scalar product of real column vectors A and B as ATB and to
define 4 and B to be orthogonal if ATB = 0.

It is convenient to generalize this to cases where the vectors can have complex com-
ponents and we adopt the following definition:

Definition 1. Two column vectors A and B are called orthogonal if ATB=0, and AR
is called the scalar product of A and B.

It should be noted also that if A is a unitary matrix then ATA =1, which means that the
scalar product of A with itself is 1 or equivalently A is a unit vector, i.e. having length 1.
Thus a unitary column vector is a unit vector. Because of these remarks we have the
following

Definition 2. A set of vectors X, X,, ... for which
2 0 7k
$Xe = 94 i=k

is called a unitary set or system of vectors or, in the case where the vectors
are real, an orthonormal set or an orthogonal set of unit vectors.

SYSTEMS OF LINEAR EQUATIONS
A set of equations having the form

anx; +aixX2 + -0 F Q¥ = T
a1 + Aoe2 + + - + Aon®n = T (16)
Am1l1 + QmeZe + *+* 4+ Aaln = Tn
is called a system of m Unear equations in the n unknowns i, &2, ..., Tn. If 71,72, ..., 7a
are all zero the system is called homogeneous. If they are not all zero it is called non-
homogeneous. Any set of numbers z,, 2., . .., . which satisfies (16) is called a solution of
the system.
In matrix form (16) can be written
(1331 12 ‘e Q1n 1 71
(1231 [12:7) P | 5 -’13.2 - 7' 2 (1 7)
afml am2 PR Omn x.n 7"n
or more briefly AX = R (18)

where A4, X, R represent the corresponding matrices in (17).

SYSTEMS OF n EQUATIONS IN » UNKNOWNS. CRAMER’S RULE

If m=n and if A is a non-singular matrix so that 4! exists, we can solve (17) or
(18) by writing X = A-'R (19)

and the system has a unique solution.
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Alternatively we can express the unknowns 1, Z2, ..., %x a8

A A A
xlz—A—l, x2=—AE, e xnz—i (20)

where A =det(4), called the determinant of the system, is given by (9) and A,
k=1,2,...,n is the determinant obtained from A by removing the kth column and
replacing it by the column vector R. The rule expressed in (20) is called Cramer’s rule.

The following four cases can arise.

Casel, A0, R+ 0. In this case there will be a unique solution where not all z; will
be zero.

Case2, A0, R=0. In this case the only solution will be 2, =0,2:=0, ..., 2, =0,
ie. X =0. This is often called the trivial solution.

Case3, A=0, R=0. In this case there will be infinitely many solutions other than
the trivial solution. This means that at least one of the equations can be obtained
from the others, i.e. the equations are linearly dependent.

Case4, A=0, R+« 0. In this case infinitely many solutions will exist if and only if all
of the determinants A in (20) are zero. Otherwise there will be no solution.

The cases where m s« n are considered in Problems 15.93-15.96.

EIGENVALUES AND EIGENVECTORS
Let A = (ax) be an » X n matrix and X a column vector. The equation

AX = AX (21)
where A is a number can be written as
an Gz ain\ /21 "
EUPUITIOTON | I (22)
Q1 On2 Aan Tn Tn
or (@1 — A1 + @roxe + -+ + Qma = 0
Uy + (2 — A)T2 + + -« + Q2an = 0 (23)

................................

The equation (23) will have non-trivial solutions if and only if

A — A a1z A Q1n
Q21 Qg2 — A Qan - 0 (24)
On1 Un2 vee Oun— A

which is a polynomial equation of degree » in A. The roots of this polynomial equation are
called eigenvalues or characteristic values of the matrix A. Corresponding to each eigen-
value there will be a solution X + 0, i.e. a non-trivial solution, which is called an eigen-
vector or characteristic vector belonging to the eigenvalue. The equation (24) can also

be written
det(A—Al) = 0 (25)

and the equation in A is often called the characteristic equation.



CHAP. 15] MATRICES 349

THEOREMS ON EIGENVALUES AND EIGENVECTORS

Theorem 15-12. The eigenvalues of a Hermitian matrix [or symmetric real matrix]| are
real. The eigenvalues of a skew-Hermitian matrix [or skew-symmetric
real matrix] are zero or pure imaginary. The eigenvalues of a unitary
[or real orthogonal matrix] all have absolute value equal to 1.

Theorem 15-13. The eigenvectors belonging to different eigenvalues of a Hermitian matrix
[or symmetric real matrix] are orthogonal.

Theorem 15-14 [Cayley-Hamilton]. A matrix satisfies its own characteristic equation
[see Problem 15.40].

Theorem 15-15 [Reduction of matrix to diagonal form]. If a non-singular matrix 4 has
distinct eigenvalues Aj, Ao, A3, ... With corresponding eigenvectors written
as columns in the matrix

biu bz b
B = bor ba  bas

................

then BAB = |0 2 0

..............

i.e. B-1AB, called the transform of A by B, is a diagonal matrix containing
the eigenvalues of 4 in the main diagonal and zeros elsewhere. We say
that A has been transformed or reduced to diagonal form. See Problem
15.41.
Theorem 15-16 [Reduction of quadratic form te canonical form].
Let A be a symmetric real matrix, for example,
ayy Q12 Qi3
A = M2y (O22 (o3 A1z = Q21, (13 = A31, A23 = Ag2
a3 O3z Qa3

&1 )
Thenif X = (2|, we obtain the quadratic form
xs3

2 2 2
XTAX = anx} + aoxs + a5522 + 2a102122 + 20132123 + 20232273

The cross product terms of this quadratic form can be removed by letting X = BU
where U is the column vector with elements u,, us, us and B is an orthogonal matrix which
diagonalizes A. The new quadratic form in ui, us, us with no cross product terms is called
the canonical form. See Problem 15.43. A generalization can be made to Hermitian quad-
ratic forms [see Problem 15.114].

OPERATOR INTERPRETATION OF MATRICES

If A is an » X n matrix, we can think of it as an operator or transformation acting on a
colum.n vector X to produce AX which is another column vector. With this interpretation
equation (21) asks for those vectors X which are transformed by A into constant multiples

of themselves [or equivalently into vectors which have the same direction but possibly
different magnitude).
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If case A is an orthogonal matrix, the transformation is a rotation and explains why
the absolute value of all the eigenvalues in such case are equal to one [Theorem 15-12], since
an ordinary rotation of a vector would not change its magnitude.

The ideas of transformation are very convenient in giving interpretations to many
properties of matrices.

Solved Problems

OPERATIONS WITH MATRICES

4 3/ 2 —4 -2 -1

_ _ 1 4
51 If A:<2 L p=(1 1), c=< > find (@) A+B, (b) A—B,

(c) 24 — 8C, (d) 34 + 2B — 4C, (¢) AB, (f) BA, (9) (AB)C, (h) A(BC), (i) AT + BT,
(j) BTAT.

(a)

(%)

(©)

(@)

(e)

"

)]

(k)

@)

0

2 -1 -1 1 1 0
= () - ()
(2 -1 -1 1\ /2 -1 1 -1\ _ /3 -2
aor=(G)-(R) -G - G
_ 2 —1 1 /4 -2 -8 —12 1 14
2A—3C—2< )-3< _<8 6>+<6 3> <14 9>
2 -1 -1 T 1 4
34 + 2B — 4C = 3<4 3>+2< 2 _4>-—4<_2 _1>
-2 2 —4 —16\ 0 -17
+< 4—8>+< 8 4> - (24 5>
B <2 —1> (—1 1) _ (@D (D@ @+ (D) _ [—4 6
AB = = —
4 3 2 4 ( @)(=1) + (3)(2) (1) + (8)(—4) > 2 -8
BA = <—1 1><2 —1> _ (D@ + @) (DD + Q) 2 4
- 2 —4/\4 38/ <(2)(2)+ (—4)(4) (2)(—1)+(—4)(3)> N <—12 —14)
Note that AB > BA using (e), illustrating the fact that the commutative law for products

does not hold in general.

_ —4 6 1 4 -16 —22
a0 = (% )( 1) = (e )

_ /2 -1 1 1 4 _ {2 -1\/-8 -5\ —16 —22
ABO) = <4 3>[< 2 —4><—2 —1)] h <4 3><10 12) - < 18 16)

Note that (AB)C = A(BC) using (g), illustrating the fact that the associative law for

products holds.
2 4 " /-1 2\ _ (/1 6
-1 8/ 14 0 -1

2 —1\T | /-1 1\T

AT 4+ BT = =

() ()

Note that AT + BT = (4 + B)T using (a).

BTAT = -1 I\T/2 —1I\T _ -1 2 2 4 —4 2
2 —4 4 3 1 —4/\—-1 3 6 —8

Note that BTAT = (4B)T using (e).
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2 1-1 1-1 2
152. If A = 12 3/,B=|-2 1 38 show that
-2 1 2 2 -1 1
(A+B)? = A2 + AB + BA + B?
3 0 1
We have A4+ B = -1 -1 6
0o 0 3
3 0 1 3 0 1
Then (A+B2 = (A+BYA+B) = (-1 -1 6 ) -1 -1 6
0 o0 3 0 0 3

+
= [ (-1@) + (=1)(=1) + (6)(0) (=1)(0) + (=1)(—1) + (6)(0) (~1)(1) + (—1)(6) + (6)(3)
(0)(8) + (0)}(—1) + (3)(0) (0)(0) + (0)(—1) + (3)(0) (0)(1) + (0)(6) + (3)(3)

9 0 6
-2 1 11
0o 0 9

Now A2 =

1
—2
2 1 -1
AB = 1 -2 3
-2 1 2
1
BA = -2
2
1 -1 2 1 -1 2
-2 1 3 -2 1 3
2 -1 1 2 -1 1
0
1
0

(8)(8) + (0)(—1) + (1)(0) (8)(0) + (0)(—1) + (1)(0) (8)(1) + (0)(6) + (1)(8) >
1)( (— )
(0 -

B2

I
o
o o

Thus A? - AB + BA + B2

> = (A4 B)?

Il
|
o w©

15.3. Prove that any real square matrix can always be expressed as the sum of a real

symmetric matrix and a real skew-symmetric matrix.
If A is any real square matrix, then
= HA+AT) + LA - AT)
But since (A+AT)T = AT+ A = A + AT, it follows that 3(A + AT) is symmetric. Also, since

(A—AT)T = AT - A = —(A—AT), it follows that J(4 — AT) is skew-symmetric. The required
result is thus proved.

154. Show that the matrix A = <‘,) _(;) is Hermitian.
1

o i [0 —i
We have AT = <_i ;) and AT = < ; 0> = A. Thus 4 is Hermitian.
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15.5. Prove that a unit matrix I of order » commutes with any square matrix A of order
n and the resulting product is 4.

We illustrate the proof for » = 3. In such case

100 G Q1 g
I = 01 0 > A = Qg1 Qgg (Qag
0 01 a1 @y agg
1 0 0\/ayy @2 a3 a1 Qg2 3
Then IA = 01 0 Aoy Qgg dgg = Qg1 Qg (Oog = A
0 0 1/ \as as ag a3 Az dgy
ay; @2 Qg3 100 ayp GQrp Qg3
Al = Gp; Ggp  Qgg 010 = Qg Ogg Ggg = A
a3 ag agg/ \0 0 1 a3y @gp Ggy

ie. JA=AI=A,

Extensions are easily made for = > 8.

DETERMINANTS

15.6. Use the definition of a determinant [Laplace expansijon] as given on page 345 to
evaluate a determinant of (a) order 2, (b) order 3.

a
(a) Let the determinant be 1 M2 Use the elements of the first row., The corresponding
cofactors are G21 G20
Ay = () lay = ay, A = (—1PTlay = —ay

Then by the Laplace expansion the determinant has the value
apdy +apdy = ayag — Gy

The same value is obtained by using the elements of the second row [or first and second
columns).
ay; Grp Qg3
(b) Let the determinant be | ap; agy dog The cofactors of the elements in the first row are

ag; Q3g dgg

Ay = (it Gaz 28| Ggolag — Oo3Ugy
Qg Q33
Qg1 Qg3
A = (—=1)1+2 = Gog3g; — Qoyl.
12 23031 21333
Qg1 Qgg
Az Qg
A3 = (D) = g 03 — gty
31 Qg9

Then the value of the determinant is

ay Ay + apAyg t+ a3d s = ayy(agas3 — ag3asy)
+ ayg(agsasy — agags)
+ ajg(ag age — ag004;)
= 041003033 T G1olo30gy + Ay300 a4,
T Q103039 — Qyalol3z — Qygllanllyy

The same value is obtained by using elements of the second or third rows [or first, second and
third columns),
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15.7.

15.8.

Prove that the value of a determinant remains the same regardless of which row [or
column] is taken for the Laplace expansion.

Consider the determinant A = (ay) of order n. The result is true for » =2 by Problem 15.6.
We use proof by induction, i.e. assuming it to be true for order » —1 we shall prove it true for
order n. The plan will be to expand A using two different rows p and ¢ and show that the expan-
sions are the same.

Let us first expand A by elements in the pth row. Then a typical term in the expansion is
oA = e (—1PTEM (1)

where M, is the minor corresponding to the cofactor A, of a,,. Since this minor is of order
n— 1, any row can be used in its expansion.

We shall use the gth row where we assume that ¢ > p since a similar argument holds if
¢ < p. This row consists of elements a, where r k and corresponds to the (¢ — 1)st row of M.

Now if r <k, a,, islocated in the rth column of M, so that in the expansion the term corre-
sponding to a,, is
aqr(—l)(q—-l) + "Mpqu (2)

where M, is the minor corresponding to the element ay, in My, From (1) and (2) it follows that
a typical term in the expansion of A is

apk(_l)p+kaqr(_]_)q—-1+rMpqu = apkaqr(—]_)p+k+q+r—1Mpqu (3)

If r> k then ag, is located in the (r — 1)st column and so there is an additional minus sign in (3).
If we now expand A by elements in the qth row, a typical term is

agrlgr = ag(—1)3" M, 4)

We can expand M, by elements in the pth row where p > q. As before if k> », a typical term
in the expansion of M, is
apk(_l)p+(k_l)Mpqu (%)

From (4) and (5) we see that a typical term in the expansion of A is
Agr(—1)T+7 @ (—1)PHR=1M 0 = g (—1)Prktatr—IM, 6

which is the same as (8). If k <r an additional minus sign appears in (6), agreeing with the
case corresponding to » > k using the first expansion. Thus the required result is proved.

In a similar manner we can prove that expansion by columns is the same and gives the same
result as the expansion by rows [Theorem 15-1, page 345].

3 -2 2
Evaluate by the Laplace expansion the determinant (1 2 —3| (a) using elements
4 1 2

in the first row and (b) using elements in the second row.

(¢) Using elements in the first row, the expansion is

2 -8 1 -3 1 2
(3)‘1 2j—(—2)4 2'+(2)|4 1‘
= )7 — (-2)14) + 2)(-T) = 36

(b) Using elements in the second row, the expansion is

—2 2 3 2 3 —2
1 2 4 2|7
= —(1)—6) + (2)(—2) — (—8)(11) = 35

—(1)

|+(2)
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Prove Theorem 15-4, page 345.

Let the determinant be

aj; Q2 A1n
A = |G Gk ... O 1)
Ap1  Gpg App

a3 Qg2 A1
A = Apy NGga ... Nagy 2)
L8] Ang Qpp

Expanding (1) and (2) according to elements in the kth row, we find respectively
A = ag Ay + agedpe T 000 Gl 8
Ay = (Aag)Ayg + (Aag)Ayy + <0 4 (Aagy)Ay 4)

from which A; = AA as required.

Prove Theorem 15-5, page 345.

(a) If two rows have the same elements, then the value of the determinant will not change if the
rows are interchanged. However, according to Theorem 15-3, page 845, the sign must change.
Thus we have A= —A or A=0,

(b) If the two rows have proportional elements, then they can be made the same by factoring out
the proportionality constants and thus the determinant must be zero by (a).

Prove Theorem 15-6, page 345.
Write the determinant as :
ay +b; apt+ by iy + by
Qg1 Q22 Aop
A = agy agg ag,
Qny L2 Qpn

in which the first row has each element expressed as the sum of two terms. Then by the Laplace
expansion we have

A = (a1 +b)Ay + (ap+ A+ c o0+ (0, + 044, (1)

where Ay, A, ...,A,, are the cofactors of the corresponding elements in the first row. But (1)
can be written as

A = (epyAytapdpt - tady) + (A + o+ b4y,
a1 Q13 ... Qap, bl b2 o bn
- g1 Gy Aop + A1 QAgg Aon
Up1 Ap2 ... Oyy Ap1 Qg oo Oyy

as required. A similar procedure proves the result if any other row [or column] is chosen.
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Suppose we multiply the elements of the second row of A = (az) by A and add to the elerflents
of the first row [a similar proof can be used for any other rows or columns]. Then the determinant

can be written as

ay; + Nagy  @yp + Aagp Ay 1+ Aoy,
s 22 Aon
Qp1 Ung Qnp
But by Problem 15.11 this can be written as
ay  ayp Ay Aag; Mgy Ao,
A1 G2 Aoy + @1 Qgg Aoy
App Gy Qnn L8] Ap2 Ay

Then the required result follows since the second determinant is zero because the elements of its
first and second rows are proportional [Theorem 15-5].

2 1-1 4

-2 3 2 -5

15.13. Evaluate 1 -2 -3 2
-4 -3 2 -2

Multiplying the elements of the first row by —8,2,8 and adding to the elements of the second,

third and fourth rows respectively, we find

2
-8

2

which by Theorem 15-7 has a value equal to that of the given determinant.

1 -1 4
0 5 —17
0 -5 10
0 -1 10

Note that this new

determinant has three zeros in the 2nd column, which was precisely our intention in choosing the

numbers —38, 2, 8 in the first place.

Multiplying each element in the second column by its cofactor, we see that the value of the

determinant is

-8 5 -17
—-| 5 -5 10
2 -1 10

-8 5 —17
= =5 1 -1 2
2 -1 10

on removing the factor 5 from the second row, using Theorem 15-4.

Now multiplying the elements in the second row by 5 and —1 and adding to the elements of

the first and third rows respectively, we find

-5

-8 0 -7
1 -1 2
1 0 8

which on expanding by the elements in the second column gives

(=5)(-1)

-3 -7
1 8

—85
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2 -1 7T 2
: -8 i = B = .
15.14. Verify Theorem 15-8 if A ( 3 2), ( _g 4>

The theorem states that det (AB) = det(4) det (B). Then since

AB = (2 t)(-—g i) - Gg 1:)

. h 2 —-1 7 2| _ |17 ©
it states that s all-3 4 = |15 14
or (N(34) = (17)(14)

But since this is correct, the theorem is verified for this case.

15.15. Let v1 = (2~1 8), v2 = (1 2-1), vs = (-3 4-7). (a) Show that v, vs, vs are
linearly dependent. (b) Illustrate Theorem 15-10, page 346, by showing that

2-1 3
1 2-1| = 0
-3 4 -1

(@) We must show that there exist constants Ay, Ay, Ag not all zero such that Ay + Avp + Agvg =
0 = (00 0). Now

M2 -1 3) + a1 2 1)+ (-8 4 -7) = (0 0 0)

when 2N + Ao — 3)\3 =90
- 2)\2 + 4)\3 =90
3)\1 - A — 7)\3 =0
Assuming that A3=1, for example, the equations become 2\, +2; =3, A — 20 = 4,

38\; —A; = 7. Solving any two of these simultaneously, we find Ay =2, A, =-1. Thus
AL =2, A3 =—1, A\g=1 provide the required constants.

(b) Multiplying the elements of the second row by —2,8 and adding to the first and third rows
respectively, the given determinant equals

0 -5 3
1 2 1| = —(1)!13 —lgl 0
0 10 -10
15.16. Prove Theorem 15-9, page 346.
By definition the determinant
a5 Gy A1n
A = Gpy Opg ®pn
Any  Qpg’ @pn
when expanded according to the elements of the pth row has the value
n
det(4) = apidp; + appdpe + o0 + Gppdy, = kgl A pic @

Let us now replace the elements @, in the pth row of A by corresponding elements ag of the g¢th
row where p» q. Then two rows will be identical and the new determinant thus obtained will be
zero by Theorem 15-5. Since a,. = ag, (I) is replaced by

n
0 = aqdp + agpdy + o0+ agdy,, = kzl aqcA o
n

i.e. kgl a’qkApk =0 p * q (2)
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Similarly by using columns rather than rows we can show that
n
kzl akqup = 0 p#Fq
If p =g, then (2) and (3) become respectively

n
kzl apkApk = det (A)

n
kgl akpAkp = det (A)

INVERSE OF A MATRIX

_ (An)T _  (Au)
det (4) — det(4)’

We must show that AA—1! = I, the unit matrix. To do this consider the product

ajy; adis vee Qyp All A21 e Anl

_ ay a e @ A A .. A
AT = 21 Ggp on || Az Ao n2
Qp1  CQng O || A1n Aop Apn

357

®

)

®)

Now by the rule for multiplying determinants [which is the same as that for multiplying matrices],
the element ¢,, in the resulting determinant is found by taking the sum of the products of elements
in the gth row of the first determinant and the pth column of the second determinant. We thus

have

n
Cpg = GquAp t agedpy + o0+ agdp, = kgl el pi
But by the results of Problem 15.16,
0 pF*q
0 T ldetd) p=gq
It follows that det (4) 0 . 0
0 det(4) ... 0
aapr = | " @
) 0 det (A)
Then if det(A) = 0, this can be written
10 0
AAdpT |01 of _
det(A) [ .eeeieinia... -
00 1
and it thus follows that AB = I where
o (AT
B = 4 det (4)
-2 2
15.18. (a) Find the inverse of the matrix A =
direct multiplication. 2
(@) The matrix of cofactors of A is given by
7 -14 -7
A = 6 —2 —11

2 1 8

3
1 2 -3 | and (b) check the answer by
4 1
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The transpose of this matrix is

7 6 2
AT = (A = -14 —2 11
-7 -11 8
Since det(A) = 85 [see Problem 15.8], we have
1 8 2
7 6 2 5 3 35
T
A-1 = ﬁ“)_ = —({ 14 -2 11 = -2 _2 u
det (4) 35 7 —11 e ? ﬁ 385
5 T3 35
1 68 2
3 —2 2 5 3 35 1 0 0
®) AA-1 = (1 2 -3)[-2-2 &| =1(0 1 o) =1
4 1 2 -1 _u 8 0 o0 1
5 735 35

We can also show that A—14 = I. This supplies the required check.

15.19. Prove that (AB)~! = B'4-1

Let X = (AB)~1. Then (AB)X =1 where I is the unit matrix, By the associative law this
becomes A(BX) = 1. Multiplying by A—1, we have A-1[A(BX)] = A—1 = A—1 which again using
the associative law becomes (A ~14)(BX) = A-! or I(BX) = A-1, ie. BX = A-1. Multiplying by
B-1 and using the associative law once more, we have B—1(BX)=B~14-1 (B~1B)X =B-141,
IX = B~1A-1, je. X = B~1A-1 as required. ’

15.20. Prove that if A is a non-singular matrix, then det(A-!) = ﬁ .

Since AA~1 =1, det (AA~1) = det(I) = 1. But by Theorem 15-8, det (44 —1!) = det (4) det (4 1).
Thus det (A—1)det(4) =1 and the required result follows.

ORTHOGONAL AND UNITARY MATRICES. ORTHOGONAL VECTORS

cosd —siné

. is an orthogonal matrix.
sind cosé

15.21. Show that 4 = <

We have, using the fact that A is real,
cos¢ sine\ /cos¢ —sine 1 0
ATA = . X = =1
—sing cosg/\siné cos¢ 0 1

since cos2¢ 4 sin2¢ = 1. Thus 4 is an orthogonal matrix,

V2/2 —i/2/2 0

15.22. Show that A = W22 —/2/2 0 is a unitary matrix.

0 0 1
Since A is complex, we must show that ATA = 1. We have
Ve/2 —iv2/e o V22 —iv2/2 o 1 0 o
AtA = | W22 —/2/2 o || w2 —V3i2 o] = |0 1 0] = |

0 0 1 0 o 1 0 0 1

so that A is a unitary matrix.
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15.28. If A is an orthogonal matrix, prove that det(4)==*1.
If A is orthogonal, then ATA =1 so that by Theorem 15-8, page 345,
det (ATA) = det (AT)det(A) = detl = 1 (1)
But det (A7) = det (4) so that (1) becomes
[det(4)]2 = 1 or det(4) = *1

15.24. Show that the vectors

cos 8 —sin ¢ 0
A, = | gind |, 4. = cosf |, As =10
0 0 1

form an orthonormal set or system of vectors.

Since the vectors are real, we must show that

A4 1 if j=k
iR T 0 i jEk
If j=k=1, we have
cos ¢
ATA, = (coso sins 0)( sing | = cos?e + sin2e = 1
0

Similarly we find if j=k=2 and j=k=8, AsA;=1, AjA3=1. Thus A, Ay A, are unit
vectors.

To show the orthogonality of any two of the vectors consider, for example, =1, k=2,
Then we have

—sin ¢
AfAz = (cos# sing 0) cos ¢ = 0
0

Similarly A'fAs =0, AgAs =0 and so the vectors are mutually orthogonal. Thus the vectors
form an orthonormal system.

SYSTEMS OF LINEAR EQUATIONS

15.25. Prove Cramer’s rule (20), page 348, for solving the system of equations (16), page
347, in the case where m = n.

The system of equations can be written
n
EIakqxq = k=1,...,n
a=

Multiplying by A, and adding from k=1 to n, we have

n
Akp qgl akqxq = rkAkp
n n n
and k§1 Akp qgl Apgq = kgl TkAkp
n n r
This can be written q§1 {kgl Akpakq} 2y = kgl %™ @

Now by equations (3) and (5) of Problem 15.16, we have

A =
k§1 kp%a {det 4) g=0p
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n
Thus () becomes det (A)x, = kgl Ak
so that if A = det(4), n
k§1 Tk
Zp = T p:]-:'-'rn (2)

Now the numerator of (2) is a determinant in which the pth column is replaced by the column
vector (r; ro ... 7,)T, and so Cramer’s rule follows.

15.26. Work Problem 15.25 by using the inverse matrix.

As on page 347, we solve the system (17) or (18) in the form (19), i.e.

X = A-1R
Ay (A n
kj ki .
-1 = = =
Now 4 det (4) A E :
Tn
Thus we have
2 Ay Ay A 1
X = : = A-1R = % A Ay App T2
n Ay, Ay, A, Tn
Au'rl + A217’2 + + Anl'rn
Apgry + Agprs + + Ayrn
from which it follows that
Alp'rl + Azp')’z + -0 4 Anp'rn
x, = 3
agreeing with (2) of Problem 15.25,
15.27. Solve the system of equations
3xy — 215 + 223 = 10
21+ 222 — 825 = —1
4.+ a2+ 223 = 8
(@) by Cramer’s rule and (b) by using inverse matrices.
(a) By Cramer’s rule,
10 -2 2 3 10 2 3 -2 10
-1 2 -3 1 -1 -3 1 2 -1
x—312 x—432 x—413
1T T T m™T T
where the determinant of the coefficients is
3 -2 2
A = 1 2 -3 = 35
4 1 2
See Problem 15.8. Evaluation of the other determinants yields the solution % =2, xy=—8,

X3 = —-1.
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(b) The system can be written in matrix form as

1 2-38)a) =(-1 or AX =R )
4 1 2 3 3

Now the inverse of the first matrix 4 in () was found in Problem 15.18, so that multiplying
both sides of (7) by this matrix we have on using the fact that A-14 =1,

1 8 2
X1 5 3 35 10 2
— ~2 _2 1 — = —
¥z - 5 35 35 1 3
-1 _un 8 3 -1
3 5 85 85
Thus 2; =2, s = —3, 3 = —1.

Geometrically the equations with », =&, @, =19, %3=2z represent three planes inter-
secting in the point (2,3, —1).

211+ 5x2 —3x3 = 3
15.28. Solve 21— 22+ a3 = 2.
7x1 + 4x2 —_ 3x3 = —4

Cramer’s rule gives

3 5 -3 2 3 -3 2 5 3
2 -2 1 1 2 1 1 -2 2
2 = —4 4 -3 , %y = 7 —4 -3 , %y = 7T 4 —4
A A A
2 5 -3
where A = |1-2 1
7 4 -8

Evaluation of the determinants gives formally

16 144
X = T x2=§9 Xy = —/— ()

illustrating the fact that the system has no solution.

On multiplying the first of the given equations by 2, the second by 8, and adding, we obtain
Twq + 4x, — 3x3 = 12 which is not consistent with the third equation given, i.e. Tx, + 4wy — 323 = —4.
Thus the system of equations is inconsistent.

Geometrically the first two equations represent two planes which intersect in a line. The
third equation represents a plane which is parallel to this line. Theoretically the planes meet at
a point at infinity, which is a possible interpretation of (7).

221 + 5x2 —3xs = 3
15.29. Solve x1— 2w+ x5 = 2.
Tey + 422 — B2z = 12

In this case a formal application of Cramer’s rule gives

since theoretically 0/0 can represent any number, our result illustrates the fact that the system
has infinitely many solutions.
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On multiplying the first equation by 2, the second by 3 and adding, we obtain the third
equation. Thus the third equation can be obtained from the first two and so is not needed. We
call the system of equations dependent or more precisely linearly dependent.

Geometrically the planes represented by the first two equations intersect in a line. The plane
represented by the third equation passes through the line,

To obtain possible solutions, assign different values to x; for example. Thus if 23 =1, then

x; = % , ®g =% and we have a point on the line whose coordinates are (%,%, 1). Other solutions

can be obtained similarly.

3xy — 22 + 213 0
Solve ry + 222 — 313 0.
42,4+ 22+ 225 = 0

Cramer’s rule gives the solution [see Problem 15.8)

x1:§05=0, By = % =0, @ = o =0

so that the only solution is the trivial solution.

Geometrically the equations represent three planes which intersect in the point (0,0, 0).

221+ 5xe— 3x3 = 0
Solve Ty — 222+ 23 = 0.
Te, +422— 323 = 0

Formal application of Cramer’s rule gives

xlzg’ ylzgv 2y = 5
0 0

illustrating the fact that there are infinitely many solutions besides the trivial and obvious one
%;=0, =0, ®3=0. Such solutions can be found by assigning different values to x; as in
Problem 15.29, Note that the third equation is obtained by adding twice the first equation to
three times the second equation, so the equations are dependent.

For what values of k will the system

22+ ky+ 2 =0
k—1Dx— y+22 =0
dr + y+ 42 = 0
have non-trivial solutions?

Solving formally by Cramer’s rule, we would have

Then if A+ 0, the system would have the trivial solution # =0, y =0, 2=0. In order that
the system have non-trivial solutions, we must then have A =0, i.e.

2 k1
k—1 -1 2| =0 or 9% —9 —4dkik—1) = 0
4 1 4

Solving, we find that k =1, 9/4.
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EIGENVALUES AND EIGENVECTORS

5 T -5
15.33. Find the eigenvalues of the matrix 4 = | 0 4 -1
2 8 -3
Method 1.
xy
If X ={ we must consider the equation A4X = AX, i.e.
X3
5 7 =5 %y ry
0 4 —1 Lo = A Lo
2 8 -3 r3 rg
5%, + Tay — by Ay
or 4oy — X3 = Axo
2, + 8wy — 3wy Ntg

Equating corresponding elements of these matrices, we find
(B—ANx; + Teg—bxg = 0
4—Nwpg—2x3 = 0 1)
22y + 82 — (3+Nx3 = 0
This system will have non-trivial solutions if
5~ 7 -5
0 4—x -1 = 0 (@)
2 8 -3 -2
Expansion of this determinant yields
ANM—622+1IN—6 = 0 or A—1)A—2)A—-3) = 0
Then the eigenvalues are A =1,2,3,

Method 2.

We can write 4X =X as AX =X or (A— )X =0 where I and 0 are the unit and
zero matrix and

A— N = 0 4 — A -1
2 8 -3 =2
Then non-trivial solutions will exist if det(4 —AI) = 0 and we can then proceed as in method 1.

Note that equation (2) can be written at once by subtracting A from each of the diagonal elements
of A,

15.34. (¢) Find eigenvectors corresponding to the eigenvalues of the matrix 4 in Problem
15.33 and (b) determine a set of unit eigenvectors.
(@) Corresponding to A = 1, equations (f) of Problem 15.33 become
4w, + Ty — by = 0
3w, — 23 = 0
20, + 8xp, —dxg = 0

Solving for x; and %3 in terms of x, we find 23 = 8x,, x, = 22,. Then an eigenvector is

4 2% 2
X = Xy = 29 1 or simply 1
x3 3x, 3

since any eigenvector is a scalar (constant) multiple of this.
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Similarly, corresponding to A =2 equations (Z) of Problem 15.33 lead to x5 = 2x,,
#; = %, which in turn leads to the eigenvector

2y Lo 1 1
o = N = x5 1 or simply 1
X3 2%, 2 2
Finally if A =38 we obtain %3 =, %, = —&,, giving the eigenvector
2y —%y -1 -1
X = %y = x| 1 or simply 1
X3 xz 1 1

(b) The unit eigenvectors have the property that they have length 1, i.e. the sum of the squares
of their components = 1. To obtain such eigenvectors we divide each vector by the square
root of the sum of the squares of the components, Thus the above become respectively

2/\/14 1/V5 -1/V3
wia |, | s |, 1/V3
3V14 2/V/5 13
2 0 -2
15.35. Find the (a) eigenvalues and (b) eigenvectors of A = 0 4 0
-2 0 5
2 —2A 0 -2
(a) The eigenvalues are solutions of 0 4 -2 0 = 0 which gives A =1,4,6.
-2 0 5—2

(b) From the equations (4 —A)X = 0 we obtain
@—Nz, — 225 = 0
(4 — Nz, =
—2x; +(5—Nxg = 0

<o

Then corresponding to A =1 we find the eigenvector [ 0

0
Corresponding to A =4 we find the eigenvector 1>.
0

1
Corresponding to A =6 we find the eigenvector 0

—2

15.36. Find the (a) eigenvalues and (b) eigenvectors of A = < .
sing cosd

cosd —sin g >

(a) By the usual procedure the eigenvalues are solutions of

cos9d — X —sing
sin ¢ cosS 8 — A

2c0860 * Vdcos2g — 4

Then A= P = cosf x ising = e*io

0 or A2 —2\cose+1 = 0
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(b) The equations for determining the eigenvectors are found from
<cos 6—Xx —sing ><x1>
. = 0
sin ¢ cos 8 — A/ \ %y

(cos & — N)ay — (sin 6)wy, = 0} )

Le (sin )%y + (cos 6 — Nz, = 0
Using A = ¢i® = cos ¢ + isine we find from (I), x, = —iw, so that a corresponding eigen-
vector is

()= () = o) e ()

Using A = e¢~# = cos¢ —ising we find «, =i2; so that a corresponding eigenvector is

() - () = o) e ()

THEOREMS ON EIGENVALUES AND EIGENVECTORS

15.37.

15.38.

Prove that the eigenvalues of a Hermitian matrix [or symmetric real matrix] are real.

Let A be a Hermitian matrix and A an eigenvalue, Then by definition there is a non-trivial
eigenvector X such that

AX = \X
Multiplying by X7, XTAX = A\XTX [6))
Taking the conjugate, XTAX = XXX 2)

Taking the transpose, using the second and third equations in (5), page 343, we find
XTATX = XX (3
Now since A is Hermitian, AT = A so that (3) becomes
XTAX = \XTX (4)
Subtracting (4) from (7) we thus obtain
A—NXTX = o

Then since XTX cannot be zero, it follows that A = X or that A must be real.

Prove that the eigenvectors of a Hermitian matrix [or symmetric real matrix]
belonging to different eigenvalues are orthogonal.

Let X; and X, be eigenvectors belonging to eigenvalues \;,A;. Then denoting the matrix by
A, we have
AX, = MXy,  AX, = MK, (2)
Multiplying these by }2'2’ and X lT respectively, we find
ST 5T 5T =T
X,AX, = XX, X,4X, = XX, (2)
Taking the conjugate of the first equation in (2), we find since ) is real,
- T -
X;A%, = MX, X, ()

Now taking the transpose of (3),
ST ST
X ATX, = MK X, 4)
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Since A is Hermitian, i.e. AT = A, (4) becomes

XTax, = XX,
Subtracting this from the second of equations (2),

M —2)X (X, = 0

Then since A; ¥ Ay, We have XITXz =0 or X, and X, are orthogonal.

15.39. (a) Illustrate by an example the results of Problems 15.37 and 15.38.
(b) If a matrix has real eigenvalues, must it be Hermitian? Explain.

(@) The matrix A of Problem 15.35 is real and symmetric and thus Hermitian. As shown in that
problem, the eigenvalues are all real. Also the eigenvectors

2 0 1
0 ), 19, 0
1 0 —2

are mutually orthogonal as is easily verified.

(b) A matrix can have real eigenvalues without being Hermitian. See, for example, the matrix
of Problem 15.33.

2
15.40. Verify the Cayley-Hamilton Theorem 15-14, page 349, for the matrix 4 = < __?; 4 >

The characteristic equation is
33— 2

= 0 M-T+14 =0
1 41 or +

To verify the theorem we must show that the matrix 4 satisfies

A2 —TA 4+ 141 = 0

where A in the characteristic equation is replaced by A4, the constant term [in this case 14] is
replaced by 141 and 0 is replaced by O.

We have
A2 — TA 4 14 = A A 7 3 2 1 1o
= =1 4/l s -1 4)T ¥, 1
7 14 —21 —14 14 0\ _ /0 o\ _
<—7 14>+< 7—28>+<0 14) - <o o) =0

1541. Verify Theorem 15-15, page 349, by transforming the matrix of Problem 15.33 into
diagonal form.

as required.

The eigenvectors for the matrix of Problem 15.33 are the columns of

2 1 -1
B = 1 1 1
3 2 1

as shown in Problem 15.34. The inverse of B is then given by
-1 -3 2
B-1 = 2 5 -3
-1 -1 1
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-1 -3 2 5 7 -b 2 1 -1 1 0 0
Thus B-l4B = 2 b5 -3 0 4 -1 1 1 1 = 0 2 0
-1 -1 1 2 8 —3 3 2 1 0 0 3

15.42. Prove Theorem 15-15.

We prove the theorem for the case of a third order matrix, since the proof for any square
matrix is exactly analogous. Denote the eigenvectors of A by the columns in

by by by
B = bay bap bos
bgi bz bss

and the corresponding distinct eigenvalues by Ay, A, As. Then by definition,

b1y by bia b1o bys bis

Al b | = N[ by |, Al b | = Aol by |5 A{ bas | = Ag| by

b bg; " \bs2 bay bss bas
by by by AMbi Agbpe Agbys
from which AB = A by by by = AMbar  Aobao  Agbog
byy by bss Atbgy Agbgs  Aghgs

byy b1z by Ay 000
bio bax bog 0 X 0
bis bsa bgs 0 0 X

il

M OO
B[ 0 x 0
0 0 A

]

Thus multiplying by B~1 we have, as required,
A\ 0 0
B-14B = 0 2 O
0 0 Ag

15.43. (@) Show that the quadratic form 2z} + 4x] + 52 — 4z.2s = XTAX where

x 2 0 -2
X = T2 |, A = 0 4 0
T3 -2 0 5

(b) Find a linear transformation from i, s, s to i, ue, us which will remove the
cross product term in the quadratic form of (¢) and thus write the resulting
quadratic form in w,, us, Us.

2 0 -2\ /a,

(@) We have XTAX = (%, %9 %g) 0 4 0 Zo
-2 0 5 X3
21}1 bt 2003
= (x; %5 %3) 4,
—2xy + bxg

227 + 4ol + buj — 4wy
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Note that the coefficients of xf, xg, x§ namely 2, 4,5 appear in the main diagonal while half
the coefficients of «;x,, j » k appear as elements in the jth row and kth column.

(b) A linear transformation from =, %, 23 t0 u;, 45 u3 can be written as X = BU where

%1 Uy
X =[x ), U=| w and B is a 3 X 3 matrix. Then we have
%3 Us

XTAX = (BU)TA(BU) = UT(BTAB)U 1)

Now the right side of (1) will not have cross product terms if BTAB is a diagonal matrix. Thus
we see that if BT = B-1 [i.e. if B is an orthogonal matrix] the problem becomes one of finding
the eigenvalues and eigenvectors of A. This has already been done in Problem 15.35. We choose
B as the matrix of unit eigenveetors, i.e.

2//V/6 0 1//5
B = 0 1 0
Vs 0 —2//5
from which we easily find that BT = B~! so that B is orthogonal and we have
2/V6 0 1N/E 2 0 -2\/2V/65 o 1B 1 0 o
B-14B = 0 1 0 0 4 0 0 1 0 = 0 4 0
Ve 0 —2n/5/\-2 o0 5/\1/V6 o0 —2/V/b 0 0 6

as required. Then () becomes
1 0 0 Uy
XTAX = UTB IAB)U = (u; u, ug){ 0 4 0 uy | = u? + 4l + 6u?
0 0 6 ug

which is the required quadratic form, called the canonical form. The transformation from X to
Uis X = BU, from which we find
2uy + ug uy, — 2uy
Ty = ———— Xy T Uy X3 = ———

a g

Supplementary Problems
OPERATIONS WITH MATRICES

/-2 4 1 —4 3 2 _
B @ 4=( | ), B=(, ), ¢=(_ ) veify that A(B+C) = 4B+ AC,

(A+B)(A—B) = A2~ B2+ BA — AB, and (ABC)T = CTBTAT,
(b) Find 24 — 8B — C and (A — 2B)(C + 3B) where A,B,C are the matrices in (a).

3 2 —
1545. If A4 = <_2 4>, B =(4-2), C= < ;) find (a) AC, (b) CA, (¢) BC, (d) CTBT,

(e) A(BT+C), (f) BBT.

3 1 2 2 —1 -
1546. If A = < > B = ( ) C = ( 1) find (a) CTA, (b) ATC, (c) AATBC.

-2 4 -2 3 4 2
3 2 —2 1 -2 o

1541. If A =( 4—-1 2) B={2 1-1) find (a) (A—B)(A+B), (b) A2—B?, (c) AB — BA,
-2 0 -1 1 -3 2

(d) ATB + BTA.
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15.48.

15.49.

15.50.

15.51.

15.52.

15.53.

15.54.

15.55.

15.56.

15.57.

Prove that for any m Xmn matrices (¢) A+B = B+ 4, (b)) 4+ (B+C) = (4+B)+C,
(¢) M(A +B) = M + \B where \ is any scalar,

) @ 2 —1\/= 8\ _ /o
Find « and y such that -3 4)ly + 1 = \o)*

If A and B are square matrices such that AB =0, prove that we can have A # 0, B# 0. Is
the result true for non-square matrices?

If AB= AC, is it true that B = C? Explain,

If A,B and C are any square matrices of the same order, prove that (a) A(BC)= (AB)C,
(b) A(B+C)=AB+ AC, (¢) (ABC)T = CTBTAT and generalize these results.

A linear transformation from an (x,, ) to a (y,,y,) coordinate system is defined as y; = ey, +

Y1 %1 _ [ % O
Aoy, Yo = Gogy + Gootbe. (@) If Y = <y2>’ X = <x2>' A= <a21 a22> show that the

® u
transformation can be written Y = 4X. (b) If X = BU where X = <xl>, U= < l>,
2

b b
B = <b;: b;i) show that @; = byjuy + bistty, %5 = by%; + bpotts. Thus obtain yy, 9, in terms

of u;, %y and explain how you can use the approach to motivate a definition of AB.
Generalize the ideas of Problem 15.53 to 3 or more dimensions,

Let P [Fig. 15-1] have coordinates (x,y) relative to an xy coordinate system and (a',y’) relative to
an a'y’ coordinate system which is rotated through angle ¢ relative to the xy coordinate system.
(a) Prove that the relationship between the coordinates or transformation from (x,y) to (x',%")

is given by
AN cosg —sing\ /x
v’/ = \sing coso/\y
(b) Show that the square matrix in (@) is skew-symmetric.
Y Y

(29, y2)

6 l(xl, yl)

0 X

Fig. 15-1 Fig. 15-2

A vector with components (x;,;) in an xy coordinate system [Fig. 15-2] is rotated through angle ¢
so that its new components are (¥,,%,). Show that

®\ _ [eos¢ —sine\ [/xy
¥ye/ ~ \sine coso/\y,
and explain the relationship with Problem 15.55.

Let A(s) denote the square matrix in Problems 15.55 or 15.56. Show that (a) A(g,+ 8, =
A(6,)A(6), (B) Ao+ 02+ -+ +6,) = A(8))A(85):--A(6,), (¢) [A(6))* = A(ng) and discuss the
significance of these results in terms of the transformations in Problems 15.55 and 15.56.
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% a1 CG12 Cin
X, n n
1558. Let X = 21, A = 21 G2 %2n (@) Show that XTAX = 'Elk | i which
B ey W
Y Apr Qug *°*° Cpp
is called a quadratic form in w,,...,%, (b) Show that if A is a real symmetric matrix, i.e.
aj = ay;, then XTAX = ayxd + azzxg 4+ ooe F Gt + 20192105 + 2a,30,%g + ¢+, Which is called
a symmetric quadratic form. (c¢) What does the quadratic form become if A is skew-symmetric?

1559. Write the quadratic forms (a) 4«;? — 6xyxy + 3x§, (d) x% - 2x§ + 4x§ + 22,0, — 6423 + 4oy
in terms of matrices.

15.60. If A is Hermitian or skew-Hermitian, the quadratic form XTAX is called a Hermitian or skew-
Hermitian form respectively. Prove that for every choice of X (a) the value of a Hermitian form
is always real, (b) the value of a skew-Hermitian form is zero or pure imaginary.

15.61. Prove that every square matrix C can be written as 4 + B where A is Hermitian and B is
skew-Hermitian,

15.62. The concept of a matrix whose elements are real or complex numbers can be extended to one whose
elements themselves are matrices. In such case the elements are called submatrices. Rules for
addition, multiplication, etc., analogous to those on pages 312-313 can be made. Prove that if, for
example, A4 = A A12> B = <B“' 312> where the elements are matrices, then

e An Ay)’ By By ’
Ay+By, A, +B . ABy + ApByy AyBia+ AB
@ A+B = <Au +Bu A12 +Bl2> b) AB = <A11311+A12321 A11812+A12 22>
21 21 “Agp 22 21911 22021 Ag1P19 228>
assuming the submatrices are conformable.
DETERMINANTS —
15E63 Eval he d . - cos 9 —sing 83 -2 4 e b 1
.63. Evaluate the determinants (a) -4 -5 sine  cosa |’ )] 2 1 -1, |1 e b
-1 2 2 b 1
2 1-1 1 1 a a2 ad
-2 1 3 -2 1 b b2 3
15.64. Evaluate .
valwate @ |y 5 1 10 O o 2 @
-3 1 2 -1 1 d d2 d8
15.65. Express each of the following as a single determinant and verify the result:
-1 2 1 2 1 -1
. 2 —-1{|-1 5
(a) ‘3_4 ’_3 _2’ (b) 0 4 -1||-3 2 4
-3 1 4 0 —4 2

15.66. Illustrate each step of the proof in Problem 15.7 by referring to the determinant of Problem
15.64(a).

15.67. Prove Theorem 15-1 and illustrate by an example.

15.68. A triangular matrix 4 has all elements above [or below] the main diagonal equal to zero. Prove
that det (4) = 0.

15.69. If A and B are the matrices of Problem 15.50, prove that at least one of them is singular.

15.70. Prove Theorem 15-2, page 345, and illustrate by an example.

15.71. Prove Theorem 15-3, page 345, and illustrate by an example. [Hint: Use Problem 15.7))

ay; ‘ap 00

1572. (o) Show that |2 2 0 0 - |eu wf|bu by

=1 0 by by agy Gz |byy  bop

0 _“1 b21 b22
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(b) By transforming the fourth order determinant in (a) using Theorem 15-7, page 345, show that
it is equal to

0 0 anby + apby  aybig + aggby

0 0 agbyy + agby  ag by + agby _ aybyy + appba @y bis + agedse
1.0 by bia @91y + agobyy a9y byp + aggbye
0 -1 by 2%

Thus prove Theorem 15-8, page 345, for 2 X 2 matrices.
15.73. Generalize Problem 15.72 and thus prove Theorem 15-8 for square matrices of any order.
15.74. Illustrate Theorem 15-9, page 346, by an example.

15.75. Prove Theorem 15-10, page 346.

INVERSE OF A MATRIX
15.76. Find the inverse of each of the following matrices and check results.

2 -1 b cos 9 —sing 1 0-1 d 2 10 11 2
(@) -1 1 (b) sing cosé @fo 1 1 @; i1 1 0 (&)1 2 2
1 -1 1 0o 0 1 2 2 3

15.77. (a) Prove that if AB =1, then B =A-1 Use this result to find directly the inverses of
2 1 -1

b b
(a) 3 2 and (b) 1 1 1}, [Hint: In (a¢) assume B = o and find
-2 4 3 2 1 bay by

bll: bzz» b21’ b22~]
15.78. Prove that (A—1)-! = A where A is a non-singular matrix and illustrate by an example.

15.79. Is it true that if det(A)==0 (a) (A—12=(42)~1, (b) (Am)* = (A®»)m = Amn? Justify your
statements.

15.80. Prove that (ABC)~1 = C—-1B-14A-1 and generalize,

15.81. Discuss the significance of the inverse of a matrix with special reference to (a) Problem 15.53,
(b) Problems 15.55 and 15.56,

ORTHOGONAL AND UNITARY MATRICES. ORTHOGONAL VECTORS

_ 2V5 0 1/V5
i %> ()

15.82. Show that (a) <" 0 1 0 are orthogonal matrices,

£ 1 0 0

cos¢ —ising O

15.83. Show that (a) 0 - (b) 'co.s¢ vsing (¢)[ —ising cos¢ O are unitary matrices.
T 0 1 8ln ¢ co8 ¢ 0 0 1

15.84. Determine the form of the most general second order unitary square matrix of (a) order 2,
(b) order 3.

15.85. If A is a unitary matrix, prove that det(A) = ei= for some constant «. Illustrate by an example,

2 1 1
15.86. (a) Show that the vectors { —1 }, [ 0 |, { 4 } are mutually orthogonal. (b) From the vectors
-2 1 1

in (a) determine a set of mutually orthonormal vectors.
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2 —2
15.87. Find a unit vector which is orthogonal to each of the vectors | —3 | and [ —1
1 1
ay by ¢ a; b ¢
1588, If as |, by, |, | ¢ | are mutually orthogonal, prove that | a; b, ¢, | is an orthogonal
ag b3 C3 ag b3 c3

matrix, Can you determine an analogous result for a unitary matrix?

SYSTEMS OF LINEAR EQUATIONS
15.89. Solve the systems of equations

3 9%, = 17 2y + 3xy — 423 = —3 2, + 223 = —8

(@) { 5’”‘ N 3"2 _ o, (b) < 3z, — 21y + by = 24 (€ { zy—dzg = 16
o =

v 2 2y + dxg — 323 = —6 23— 3¢y = 3

16.90. The currents I;,I,,I; and I, in an electric network satisfy the system of equations

3l,+2I;—I, = 60
o, — I, + 4I; = 160
al, + Iy — 21, 20
5I, — I, — 2l + I, 0

It

Find I,

15.91. Classify each of the following systems of equations according as they (i) have a unique solution,
(if) are inconsistent (iii) are dependent. Determine solutions where they exist.

22, — xy + 223 = 4 2+ x, =0 2, — 223 = 0
(@) « —2x + 22y — Sxg = 2 (c) 22, — 3z3 = 0 © 22, + 3z, = 0
do, + x+ x3 = 2 o+ bxg = 0 x3— 229 = 0
2xl — Teg — 924 = 0
3z, + 2xy — bxg = 21 2y + 32y — 223 = 4
(b) x, — dxy + 223 = —17 d 20— x+ x5 = 3
22, + xy— x3 = 4 4y — 92y + Txg = 1

15.92. For what value or values of k will the system of equation

o+ w3 — 224 = 0
key —xy—24 = 0
x1+3x4 = 0

have solutions other than the trivial one? Determine some of these solutions.

32y + 2%y — dxg = 2
22y — 3wy + x5 = —1
solved in terms of the remaining one and thus that there are infinitely many solutions.

15.93. Given the system of equations { show that any two of 2z, %; can be

22y + wxy — dxg =
3z, — 22y + 823
can be solved in terms of the remaining one.

determine whether any two of z;, x,, x4

15.94. Given the system of equations {
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15.95.

Investigate each of the following systems for possible solutions.

Sy —2xy+ X3+ x4 = 5 z, + 22 = 4

(@) < 2%+ x— z3—2xy = 2 d) 22— = = 3

2, + 4y — 323+ x4, = —11 3z —4dx, = 2
(b){2x,—x2+ 23 = 0 2z, —x3 = 1
X+ 22— 223 = 0 ©) xo + 223 = —2
xl+x3 = 2
3w+ @yt 2r3— xy = by +ag+xg = 1

(G) 2%1 — Xy — 323 + 224
2x1 + 322 + X3 = 324 =

Il
oo o

EIGENVALUES AND EIGENVECTORS

15.96.

15.97.

15.98.

15.99.

15.100.

15.101.

15.102.

15.103.

15.104.

15.105.

15.106.

15.107.

15.108.

15.109.

Find eigenvalues and corresponding eigenvectors for each of the following matrices.

o o A 34 0 -2 -9 5
(a) ( ) (b) < - > @4 3 0) @ (-5-10 7
-1 8 —2 4 0 0 5 -9 —21 14

Determine sets of unit eigenvectors corresponding to the matrices of Problem 15.96.

(@) Prove that if the eigenvalues of a matrix A are A\, )y, ..., then the eigenvalues of A2 are
A2,AZ,.... (b) Generalize the result in ().
Prove that the eigenvalues of a skew-Hermitian matrix [or skew-symmetric real matrix] are

either zero or pure imaginary,
Illustrate the result of Problem 15.99 by means of an example,

Prove that the eigenvalues of a unitary [or real orthogonal matrix] all have absolute value equal
to one.

Illustrate the result of Problem 15.101 by means of an example.
Find matrices which transform those of Problem 15.96 to diagonal form.
Prove that the eigenvalues of A and B—1AB are the same and illustrate by an example,

If the eigenvector corresponding to a given eigenvalue of a matrix A is X, prove that the eigen-
vector corresponding to the same eigenvalue of B—1AB [see Problem 15.104] is B—1X. Illustrate
by an example.

(a) Write the quadratic form 5xf - 2x§ - 3x§ + 122,29 — 8x,w5 + 20xox; in the matrix form
XTAX. (b) Find the eigenvalues and eigenvectors of A. (¢) Find the matrix B and the trans-
formation equations X = BU when U = (u; u, ug)T so that the quadratic form in (@) is reduced
to canonical form. (d) Write the new quadratic form.

(a) Find a transformation which removes the xy term in x2-+ 2y -+ y2 = 16 and (b) give a geometric
interpretation to the result.

Discuss the relationship between Problem 15.107 and the problem of finding the maximum or
minimum of x2 -+ 2 subject to the condition 2+ xy-+y2 =16, [Hint. Use the method of Lagrange
multipliers.)

(@) Discuss the relationship between the problem of removing the cross product terms in
5x% - 2:c§ - 3:c§ + 12,29 — 8xy23 + 202523 = 100 [Problem 15.106] and finding the maximum or
minimum of x% + x§ + x% subject to this constraint. Give geometric interpretations. (b) What

is a corresponding problem for reduction of any quadratic form to canonical form?
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16.110.

15.111.
15.112.
15.113.

15.114.

15.115.

15.49.

15.76.

16.77.

15.89.
15.90.
15.91.

15.96.

15.106.

MATRICES [CHAP, 15

2 1 -1
(@) Verify that the eigenvalues of { —1 0 1 ] are A=1,1,2.
-1 -1 2
-1
(b) Show that an eigenvector corresponding to A =2 is 1 | and that there are two linearly
1
1 0
independent eigenvectors, namely [ 0 |, { 1 |, corresponding to the single eigenvalue A =1,
1 1
(¢) Can Theorem 15-15 be used to transform the matrix in (a) to diagonal form? Justify your

answer.
Reduce 4a® + 55 + 5x3 + 2x,%; to canonical form.
Explain how to reduce a Hermitian matrix to diagonal form and illustrate by an example.

Explain how to reduce a Hermitian quadratic form [see Problem 15.60] to canonical form and
illustrate by an example,

(a) Prove that the sum of the diagonal elements of any square matrix, i.e. the trace, is equal to
the sum of the eigenvalues of the matrix. (b) Illustrate by using the matrices of Problems
15.33, 15.835, 15.96. (c¢) Is there a relationship between the trace of a matrix A and the matrix
B-14AB? Explain your answer.

(a) Verify the Cayley-Hamilton theorem for a third order matrix. (b) Prove the Cayley-Hamilton
theorem for any nth order matrix.

Answers to Supplementary Problems
x = -—383/56, y=—26/5

. $ 1 3 1 -1 0 -2 -1 2
1 1 cosd —sing
(a)( ) (b)(. > (e) } % -3 (-1 2 0] ({-1 1 0
1 2 sing cos¢ 303 3 o o0 1 2 o -1
-1 -3 2
®»{ 2 5 -3
-1 -1 1

(0,) ¢1=3, 332=—4 (b) x1=4,x2=—1,x3=2 (c) x1=—2,x2=4,x3=—3
40

(a) inconsistent. (b) has unique solution «, = —1, x, =2, x3 = —4. (c) has only trivial solution
=0, =0, 3 =0. (d) dependent. (¢) dependent and has solutions other than trivial one.

‘ 0 1 1
(a) 3,4;(f>.<1) () 0,5; (f),(_;) (¢) 5,83x4¢;1 0 ), —i ),{ ¢
1 0 0
2\ /1 1
@ 1,-1,2{1])1]) 1
3/\2/\ -1
5 6 —4\ /ux, —2 2 1
(@ (% 2 2){ 6 —2 10 )| 2, ® s59-15( 1]),{2]),[ -2
-4 10 =3/ \ z, 2 1 2
-3 3 3
@ B =1 } 3-3) @=3-20+2u+u), 2=} +2u,—2uy,
3 3 3

23 = }Cur+up+2u3)  (d) 643 + 9ul — 15u3



Chapter 16

MAXIMUM OR MINIMUM OF AN INTEGRAL

One of the main problems of the calculus of variations is to determine that curve con-
necting two given points which either minimizes or maximizes some given integral. For
example, the problem of determining that curve connecting two points (x1,¥:) and (2, ¥2)
whose length is a minimum is the same as that of finding the curve Y = y(x) where
¥(21) = y1, y(x2) = y2 such that

L2

f V1+ytdx (1

is a minimum. *1

In the general case we want to find the curve Y = y(x) where y(x:) =v1, y(x2) =¥z
such that for some given function F(x,y, v’),

]
f F(z,y,v)dx (2)
Ty
is either a maximum or minimum, also called an extremum or stationary value. A curve

which satisfies this property is called an extremal. An integral such as (2) which assumes
a numerical value for some class of functions y(x) is often called a functional.

EULER’S EQUATION

In order to find the required curve Y =y(x), we y
consider the effect on the integral (2) of neighboring
curves [see Fig. 16-1]
(xz, 1[2)
Y = y(@) + () &)
where 5(x) is an arbitrary function and ¢ is an arbi-
trary parameter. In order for the curve (3) to pass (1, ¥1)
through (w1, ¥1) and (w2, y2), we require that o
7(®) = 0, gp(x) = 0 4
We can show [see Problems 16.1 and 16.2] that the
required curve Y = y(x) satisfies the equation Fig. 16-1
d [oF oF
i)~ =0 )

which is called Euler’s equation. The condition (5) is a necessary condition for y = Y(x)
to be an extremal but it is not a sufficient condition.

In case F(x,y,y’) does not contain z explicitly, a first integral of (5) is found to be
[see Problem 16.4]
, OF

Yy’

= ¢ (©)

375
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CONSTRAINTS
In certain problems we want to find that curve which makes a given integral
S Py )
a maximum or minimum but at the same time keeps the integral
Je@unnas ®

equal to some constant. This type of problem in the calculus of variations is one which
involves a constraint condition, namely that the integral (8) is a constant. A special case
of this is the problem of determining that curve having a given perimeter which encloses
the largest area [Problem 16.8]. Because of this special case, we often refer to this class
of problems as isoperimetric problems.

Such problems can generally be solved by using the method of Lagrange multipliers.
To do this we consider the integral formed by adding (7) to A multiplied by (8), whose A is
the Lagrange multiplier. The resulting integral given by

J: " (F+2G) dw )

must be an extremum and leads to the Euler equation

d [oH o0H _
E:E(a—y'> ~ %y = 0 where H = F + G (20)
Using this we can find the required extremal. Extensions can be made to cases where there
are more constraint conditions.

THE VARIATIONAL NOTATION

It is often convenient to use a variational symbol & having properties which are in many
ways analogous to the differential d of the calculus.

Given a function F(z,y(z), y’(x)), or briefly F(z,y,y’) where we consider z as fixed,

we define
AF = F(x,y+ep, ¥ +ey’) — Flz,y,y) (11)

where ¢ and 7%= #(x) have the same meaning given on page 375. Using the Taylor
expansion
oF oF

F@yteany' +ef) = F@yy) + Zre + 5y 7 + termsin &L (22)
(11) can be written
or oF :
AF = W gt termsin &, &, . . . (13)

The sum of the first two terms on the right of (18) is denoted by 8F called the variation
of F, i.e.

oF oF ,
SF = Ey—t'l] + a—y,e'r] (24)

If in particular F=y or F =1y in (14), we have

Y = ey, &Y = & (25)
so that (14) can be written
oF oF
SF = —8y + 8y (16)

oy oy
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From (15) we see that

() = o = ) = 46w (17)
i.e. 8(%) = %(Sy) or Sy = (Syy (18)

showing that the operators 8§ and d/dx are commutative.

The variational symbol and its properties provide approaches alternative to those
involving ¢ and n(x) for dealing with problems of finding extrema of integrals. Thus we
can show for example that a necessary condition for the integral (2) to be an extremum is

5 f F,y,y)de = 0 (19)

which in turn leads to the Euler equation. See Problem 16.11.

GENERALIZATIONS

The ideas above can be extended. An example is the problem of finding curves
X =z(t), Xo=as(t),...,Xn=2a(f) such that using 2z =dx//dt, ..., 2. = da./dt,

ty
F(t, %1, X, . . ., Tn, T1, T2, « - ., Tn) At (20)

ty

is a maximum or minimum. A necessary condition for this is that the Euler equations

d /oF oF _
E(@)‘a_xk = 0 k=12...n (21)

are satisfied. A solution of these equations leads to the required curves. See Problem 16.12.
Generalizations to cases where there are constraints are also possible. See Problem 16.13.

It is also possible to generalize to cases where multiple integrals are used rather than
single integrals, and also where endpoints may not be fixed. See Problems 16.14-16.16.

HAMILTON’S PRINCIPLE

According to Newton’s laws, a particle of mass m moves in a path according to the
equation

F = mii—22 22

- dt? ( )

where F is the external force acting on the particle, r is the position vector with respect to
the origin of some fixed coordinate system, and ¢ is the time.
Now if the force field is conservative, then there exists a potential function V such that
F = -vV (23)
The kinetic energy of the particle is defined as
_ L, (dr\ _ 1 r/de\t , (dy\®  (deY
r = 2’”(%) = 2m[<dt> + <d—t> + (dt)] (24)
if r = i+ yj+ 2k
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We can then show that equation (22) follows as a consequence of the problem of finding
the path of the particle such that the integral

f " (T—vyat (25)

is an extremum, actually a minimum. In this integral ¢, and ¢ are two specified times and
the path is required to join the positions of the particles at these times.

The principle that a particle moves in such a way that (25) is a minimum is often called
Hamilton’s principle. It can be generalized to systems of two or more particles.

LAGRANGE’S EQUATIONS

Very often in practice the position of a particle at any time can be described by a certain
minimum number of variables called generalized coordinates. For example, if we consider
the pendulum bob of a pendulum to be a point mass [Fig. 16-2] then its position is defined
by using the generalized coordinate ¢ given by the angle made between the pendulum rod
and the vertical.

%

1
|
{
|
!
i |
| {
I

| !
1 | me
Fig. 16-2 Fig. 16-3

Similarly in the case of a double pendulum with two masses mi, m., as in Fig. 16-3, the
positions are specified by using two angles 6;, 92 which are the generalized coordinates.

The potential and kinetic energy can be expressed in terms of these generalized
coordinates which are often denoted by ¢, qs, . . ., gn. The number N of required coordinates
is often called the number of degrees of freedom of the system.

According to Hamilton’s principle the system moves so that
t2
Ladt (26)
t
is an extremum where L=T-V (27)

is called the Lagrangian of the system. Euler’s equations then become
4 /oL _ 8L _ _
dt(aék> 5 = O k=1,2,...,N (28)

which are then called Lagrange’s equations. From these equations the motion of the
gystem can be obtained.

STURM-LIOUVILLE SYSTEMS AND RAYLEIGH-RITZ METHODS

The calculus of variations often provides important methods for solving boundary-
value problems. For example, the eigenvalues and eigenfunctions of the Sturm-Liouville
system
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Z[o@Z] + la@) +rr@ly = 0 (29)

ay(a) + axf(a) = O, bwy(d) + bay'(d) = 0 (30)

considered in Chapter 11 can be formulated as a problem in finding extrema of suitable
functionals.

Methods for finding approximate solutions of boundary-value problems by use of
variational principles are called Rayleigh-Ritz methods. See Problems 16.22-16.25.

Solved Problems

EULER’S EQUATION AND APPLICATIONS .
16.1. Let Y = y(x) be the curve joining points (1, y1), (2, ¥2) which makes f F(x,y,y)dx

1
an extremum and Y = y(x) +en(x), 5(x1) =0, n(xz:) =0 be a neighboring curve join-
ing these points. Prove that a necessary condition for this extremum is

S2EGE) - Elawas = o

The value of the integral along the neighboring curve is
Lo
10 = [ Flo oy + ), v'@) + o) ds 5
£31

Now this function of ¢ is a maximum or minimum for the curve Y = y(x) when

al _ _
z—o at ¢ = 0 2)

If we denote the integrand in (Z) by F, we have by differentiating under the integral sign

[Leibnitz’ rule]
dal oF, ,
% = J; [ ay"'(”)] dx

1

At ¢=0 we thus have
dl oF oF
Y = N [ n(@) + ,n’(x)] =0

de o
T _ fxz d oF (x) dx (3)
xT o dx ayl 7

T2 oF oF
f Egjn(x)dx + Y

31
T2

- oF d oF

= J. [@‘aza—g/]""‘”x

£31

using integration by parts and the fact that »(x,) =0, 5(x;) = 0. Since this is equal to zero from
(2), the required result follows.
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16.2. Prove that a necessary condition for the extremum in Problem 16.1 is

d<aF> F
dx oy

From Problem 16.1 we must show that the condition

2l d (oF oF _
J;l [%(877) a] aWxyde = 0 @

where 7(x) is arbitrary implies that the integrand is also zero, i.e.

d [ oF oF
L (o8 _ & = 2
dx (ay’> dy 0 @)

To show this we suppose the contrary, i.e. the coefficient of 5(2) is not identically zero. Then

d F F
since n(x) is arbitrary, we can always choose it to be positive where %(a ,> - 3?/- > 0 and
_&d; 35:) ‘;5 < 0. In such case the left side of (Z) will be positive and so will

give us a contradiction. Thus (2) follows.

negative where

16.3. Show that Euler’s equation can be written in the form

We have %=a§+§§g+ap,§: =£+a_y,+25,
28] - ve(®) 5
ey swsion i [r=vig] = Sor[5-E ()]

and using Euler’s equation gives the required resuit.

16.4. If F does not involve x explicitly, show that the Euler equation can be integrated to
yield

_yF
oy’
If F does not depend explicitly on «, then 9F/dx = 0 so that from Problem 16.3 we have
dlp_ 9P _ — g F
dx[F ay] =0 or F yay, = ¢
16.,5. A curve C joining points (1, y:) and (x2, y2) (g o)

[see Fig. 16-4] is revolved about the « axis,
Find the shape of the curve so that the sur-
face thus generated is a minimum.

The surface area is given by
k23 Z
2ﬂf yds = 2ﬂf W1t ylids
g xy

Since the integrand is independent of x, we can
use Problem 16.4 with F =yy1+442 to show
that the required curve is a solution of

Wityz—y [,22/_ 1+ y2)— 12 22/':] = e Fig. 16-4
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16.6.

16.7.

which becomes on simplification

Yy , _ %y _ V- ¢

e A @
Separating the variables and integrating,
d
f_”_ = f& or cosh-1¥ = 2tk
Vi —e2 c c c
ie. ¥ = ¢ cosh <§1——k> 2)

where the constants ¢ and %k are determined from points (g, ¥y), (%2, %2). The curve (2) is often
called a catenary from the Latin meaning chain, since this is the shape in which a chain would
hang if suspended from the points (x, ¥,) (%2, %,). The problem is also of importance in connection
with soap films which are known to take shapes having minimum surfaces.

It should be mentioned that we have not proved that the surface is actually a minimum, which
requires further analysis.

Work Problem 16.5 without using the results of Problems 16.3 and 16.4.

In this case we use F' = yV1+ 2 in Euler’s equation to obtain

d%(—ﬂ—> - Vity? = 0

Vi+y?
which simplifies to 14+y2—yy” = 0 1)
Letting 9’ =p so that y”’ = %g— = %%ﬂ = p—g—e, () becomes on separating variables and
integrating, y @ v
%= f‘i—y or 1In(1+p?) = lmy+e¢
Viz—e?
Solving for p, p = g_: = _y__c_c

and the result can be found as in Problem 16.5.

A wire in a vertical plane connects origin O and point 0
Py (x2, y2) as indicated in Fig. 16-5. A bead of mass ®
m placed at O slides without friction down the wire
to P; under the influence of gravity. Find the shape
of the wire so that the bead goes from O to P: in
the least time.

P(x,v)

Py (g, y5)

Assume that at time ¢ the bead is at P(«,y) and that arc Y
OP = 3. Then from mechanics we have Fig. 16-5

Kinetic energy at O + Potential energy at O = Kinetic energy at P + Potential energy at P

2
or 0+ mgy; = %M<%> + mgy, —v)
. ds\2 ds
Le, <d—-> = 29y or sz = \/2yy

Thus the time for the bead to go from O to P, is

T _ 2 ds 1 £ ‘/1 +y'2
dt = T = f —_— = *f —_—dax
0 =oV29y  V29Y0 Vy
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The time will be a minimum when the integral is a minimum. Letting F =1+ ¢2/\/y and
using Problem 16.4,

vi+y? 4 - .
i Vel
which simplifies to VyVi+y2 = 1
c
Letting 1/¢ = Ve and solving for ¥/,
r — _d_y — a—y
v = &% = N7

Separating variables and integrating,

J‘dw = f\’agydy 1)

Letting ¥y = asin2e = % (1 — cos 26) @

in (1), we have
x = 2af sin2ods = af (1—cos20)de = %(20——sin20) +k
Thus the parametric equations of the curve are given by

® = blp—sing)+k ¥y = b(1—cos¢) (€]

where b = a/2, ¢ = 2¢. Since the curve passes through the origin we must have k=0 so that
the required equations are

®x = b(p—sing), y = bl — cosg) “4)
The constant b is determined from the fact that the curve must pass through (x,, ¥3).

The curve represented by (4) is a eycloid and is the path of a fixed point A on a circle of radius
b as it rolls along the « axis [see Fig. 16-6].

The problem is often called the brachistochrone problem from the Greek words brachistos
meaning shortest and chronos meaning time.

0 | 27b 47b

) x

Fig. 16-6

CONSTRAINTS
16.8. Find that curve C having given length ! which encloses a maximum area.
By Problem 6.17, page 164, the area bounded by C is

A = (wdy—ydx) = (ey’ —y) due 1)
4, 1
while the are length is e = f Vitytde = 1 @
C

Using the method of Lagrange multipliers, we consider

H = f (4(zy’ —9) + WIT 2] de @
C
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THE
16.9.

16.10.

; 4 (3F) _oF _
From the Euler equation dx <ay’> o 0 (4)
where F = Yoy —y) +2/1+y? (3]
d /1 Ay’ 1 _
we find dw(ix + m) + 5 = 0
d \y'
) = -1 (6)
or dw <\ /1 + y12>
A '
ie. - —X + ¢
V1+y'2
x—c
Solving for ¥/, y = 31 = = 1
¥ VA2 — (& —¢;)?
Then on integrating, y—cy = +=V/A2 — (x — ¢,)2
ie. (—ec)2+ (y—cp)2 = A2 ”

which is a circle. A problem of this type is often referred to as an isoperimetric problem.

Another method. By carrying out the integration in (6), we have
yll l

T+ry?P2 ~
which shows that the curvature of C must be constant, i.e. C is a circle.

VARIATIONAL NOTATION

Let F; and F:; be functions of z,y,%’. Prove that (a) 8(Fi1+F3) = 8Fy + 8F,,
(b) S(Fle) = F18F; + F28F,.

(a) By definition,

3(Fy + Fy) 3(F,+ Fy) oF, oF, oF, aF,
3(F+Fy) = oy sy + g y = a_y8 + - 3 -3y + ~—8y + ——Sy
_ (¥, | O 4 (F2y, O - .
" \m Mt w Ty YTy W) T T

(b) By definition,

_ a(FyFy A F) oFy  oF, LA

an F Fl BFI

Prove that sf 2F'(:lc, ¥,y )dx = fxz 8F(x,y,vy’) de.
1 £

Method 1.

X3 £ T2
s [ Favde [CF@ytayvtarde - [T eyv)d
y z

L2

[Flw,y + en, ¢ +en') — Fw,y,y')] dew

1

f l:‘;z'm +8F"’ + terms in ¢2, 63, . :ldx
L3

T2
f SFdx + termsin 2,63, ...

1
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Then by definition we have as required,

£2 X2
s [ Feu)de = [CoFa

£21 51

[f F(x,y,9") dwil Sy + [f F(x, y,y)dwil ’
[fxz a—f;dxil Sy + [sz 57 dx:l sy’

£21

X
f l:a—F-s +£ :ldx = fzaFdx
ay

Ty 1

Method 2.

X2
s [ Fe,vy) o
1

where we have used Leibnitz’s rule for differentiating under the integral sign.

16.11. Show that a necessary condition for f F(z,y,y’) dz to be an extremum is
Tt

ssz(x,y,y’)dx = 0

By Problem 16.1, equation (3), we see on multiplying by ¢ that a necessary condition for an

extremum is
oF aF , _
f l:ay & + ]dw = 0

x
But this can be written !

E N
f [gs +"F ’:ldw = f sFdw = sf Fde = 0
x1

. 1 £
as required.

X2
Note that by retracing these steps, i.e. starting with 8I Fdx = 0, we can arrive at the
Euler equation as in Problem 16.2. x

GENERALIZATIONS
16.12. Show that a necessary condition for

ty

* ] *
F(t, 21, %2, ..., Tn, X1, X2, - . ., La) di
t

to be an extremum [maximum or minimum] is that
oF
d (OF) _OF _ o k=12,..
dt \ oz 0xx
As in the one dimensional case, a necessary condition for an extremum is

123 tg
3 f Fdt = 0 or f sFdt = 0
ty

ty

ie. f [(an % + —— OF 8w1> + e + (an +aF 8x,,>:|dt = 0
t 9%y % 9 da,

1 n

Using the fact that 8%, = d(s%,)/dt, ..., 8&, = d(sx,)/dt and integrating by parts, we have

ty
d /oF oF d /oF oF _
$ () e+ [£(E2) -] o = o

and since 8x,, ..., 8%, are arbitrary we have

d[oF F _
dt<axk> axk = 0 k=1,2,...,n

The result can also be found without the use of 5.
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16.13. Show that a necessary condition for

16.14.

123
F(t, X1, T2, {10:1, {;:2) dt
t
to be an extremum subject to the constraint condition G(xi, x2) =0 is
d (oF oF G _ d<aF>_gE G _
dt (ax;> T Aawl =0 dt \oz, 022 + Aawz =0
where A is a Lagrange multiplier which may be a function of .

‘We must have as in Problem 16.12,
tg
b th f sSFdt = f [ Esxl +—a—.FLSa'cl + a—F—saoz+ oF —— 8%, ]dt = 0
t t axl axl 8:»2 sz
ta
d [oF oF d [/oF aF]

or = at = 1
ftl {[ g <axl> 8:1:1]8 o + [ g <8502> o sxz} 0 @)

Also from G(x;, #3) = 0 we have

G 8G

Multiplying (2) by A, which may be a functlon of ¢, and mteg'rating we have
2 [aG 4G
ftl A [Ox s, +a—x28x2:| a = o @)

Adding () and (3) gives

2 [[d /oF\ oF 3G [d aF\ _ oF aG] _
f {[dt <aél) — a—xl -+ A(E:' le -+ dt <ax2> 8902 -+ Aax 8w2 dt = 0

t
Then since 8z, and 8x, are arbitrary the required equations follow. Generalizations to any number
of variables #,,...,%, are immediate.

If G=G(x,y) and R is a region bounded by a simple closed curve C in the xy plane,
show that a necessary condition for

ff (G2 + G2) da dy
R

to be an extremum is that G satisfy Laplace’s equation, i.e. V3G =0, in K.

A necessary condition is

sff(G2+G§)dxdy = ffa(Gi+G§)dxdy = 0 (1)
Now ® ®

8(GE+GY) = 26,386, + 2G,sG, /] e
= 2G, —(SG) + 2GJ (SG)
Let R be a region such as indicated in Flg. 16-7

where lines parallel to the ¥ and y axes meet C in A= —
no more than two points. |

We have Fig. 16-7

xo(y)
ffsaidxdy = f dyf 26, 2 (86) du
z=zy(y)
R
fﬁ 2 (w) J«xz(y) jl
= z1(0) T=z,(y)

y=a

z2(y)
f f —sdedy = —2ff 2 8G dw dy
=

z,(y)

dy I:ZG, 8G
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using the fact that 8G =0 on C. Similarly we find

fstﬁ dedy = 2ff 5 3G dw dy
R
It follows from (1) that

2
sf G +G)dedy = —2ff(‘;afj >8dedy =0
R

so that since 8G is arbitrary,

a2G | 2G _
a2 T 3P

=0 or VG =0 in®R
2

If y(x) makes f F(z,y,y’) dxz an extremum where y(z,) is fixed but y(x2) may vary,
r

prove that we must have
LACARE
dx oy oy’

== xy
As in Problem 16.1 we find the necessary condition for an extremum to be

fz%n(w)dx+ip— —fzc;i( )n()dw =0 @

1
Then since x, is fixed but x, is not, we have 5(%;) =0 while 5(x;) is not necessarily zero. Thus

(1) becomes
155w 5

Now since » is arbitrary subject only to n(x;) = 0, it must in particular hold for »(xp) = 0, i.e.

f [‘;5' a <"F )] 2@)ds = 0 @)

Tt

n(x) = 0 2)

=2

. d [oF\ oF _
from which dw< > e 0 4)
Using (4) in (2), we must then have
Frvd . n(x2) = 0 (%)

Thus if we are to satisfy (5) for #(x3) not necessarily zero, we must have

0

-{rﬁ/; T=Tg

A frictionless wire in a vertical plane connects the origin O of an a2y coordinate

system to a point P, located somewhere on a given vertical line x =z, [see Fig. 16-8].

Find the shape of the wire so that a bead of mass m placed on it at O will slide down

under the influence of gravity to P: in the least time.
The problem is identical with that of Problem

16.7 except that instead of being fixed at (x5, y,) the 0

endpoint P, can vary along the line « = x; where «,
is prescribed. N

As in Problem 16.7 the total time taken to go P(x, y)

from 0 to P; is
1 o VIES?
= —( —“F=de &) P,
V29 J, Vy y

Then by Problem 16.15, taking F = V1+ ¢ 2y, we
have Fig.16-8

8
[
&

T
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2
dux By ay 0 @

The first condition in (2) leads as in Problem 16.7 to the fact that the shape of the wire must be a
cycloid. The second condition in (2), i.e.

=z

d <3F> OF _ oF
- 0’ Tt

'

ViToiVy

shows that '’ =0 at x =, or that the tangent to the cycloid at P, must be parallel to the
« axis or, in other words, that the cycloid must be perpendicular to the line x = «, at P;. These
conditions are enough to enable us to obtain the equations of the cycloid.

= 0

z=1x,

HAMILTON’S PRINCIPLE AND LAGRANGE’S EQUATIONS
16.17. Derive Hamilton’s principle for a system of n particles from Newton’s laws.

Assume the n particles have masses m;,, k=1,2,...,n, that they have position vectors r,
k=1,2,...,n, relative to an xyz coordinate system and that the forces acting on them are
F,, k=1,2,...,n. Then the path C; of the kth particle is determined from the equation

dzl‘k _ _
mk-gig = Fk. k—1,2,...,n (1)

Assume that we vary the path of the kth particle without changing the endpoints and let this
variation, often called virtual displacement, be 3r,; then from (1),

d2ry
mk-(‘i—té‘ e Srk = Fk . Srk (2)
Summing over all particles, we obtain
n d2rk n
k,gl mkw . Srk = k,gl Fk * 8ry (3)

where the right hand side of (8) is the total work $W done under the displacement of the path, i.e.
_ n _ n dzl'k
W = ;2'1 F.*8r, = ;2'1 my g * 8Tk 4)
on using (1).

Now the total kinetic energy of the system is

n dl'k 2
T=32m (W) ®
from which we have
o dry dry, » dry 4
ST = k,gl mk% 3 (W) = kgl mkd—t . (E (Srk) (6)
d [dry _ d?r, dry, d
But ml:dt . 8rk:| = Gz 8ry + a5 %(Srk) ()
so that on multiplying by m; and summing from k=1 to =,
L dl'k _ n d2rk kid drk. d
2" "dt[dt “kJ = 2 Mg et 3 megy e g (6n)
= 8T + W

where we have used (4) and (6). Integrating this with respect to ¢ from tl to ¢, which represent
the times at the endpoints of the path C, we have

ty n
ST +sWydt = o=

¢ w) 3 m dt anly = 0 @)

since 8r, =0 at ¢, and t,. If the force field is conservative there is a potential V so that W = —V.

Thus (8) becomes
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16.18.

16.19.
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sftz(T—V)dt = 0

t

which is Hamilton’s principle, i.e. a system moves from time ¢, to time ¢, in such a way that

J:z (r—-vydt

is an extremum, actually a minimum.

Derive Lagrange’s equations from Hamilton’s principle.

If the generalized coordinates specifying the position of a body are given by gqy,qs, .. 24N>
then the position vector r, of each particle of the body is a function of ¢y, ..., gy so that its
velocity i-k = dr,/dt is a function of ¢;,9s ..., qy and ¢'1,, ¢'12, ..«yqy- Thus the kinetic energy T
is a function of ¢y, o -« +» N> T1,d2» ---»dn- Also the potential energy, which we shall assume

depends only on position, is a function of ¢,,95, ..., qx.
Now by Hamilton’s principle the body moves so that

ty
(T'—=V)dt
4

is an extremum. Thus by Euler’s equations we have on writing L = T —V, called the Lagrangian,
d /oL oL

=) = k=1,...,N

dt <aqk> gy 0

which are often also referred to as Lagrange’s equations,

A mass m, suspended at the end of a vertical spring which has spring constant «
and negligible mass, is set into vertical vibration [see Fig. 16-9]. Find the equation
of motion of the mass.

If we let « be the displacement of m from the equilibrium position,
then by Hooke’s law the force is given by

F = —xui 1)
where 1 is a unit vector in the downward direction. Since

- vy = -,
F = -VV = 0 | (2)

where V is the potential energy, we have from (1) and (2)

%g = k% or V = dxx?
taking the arbitrary constant as zero. Fig. 16-9

The kinetic energy of the mass is .
T = %m(%) = %ma‘oz
Thus the Lagrangian is L = T-V = }ma— Lea?
Then Lagrange’s equation deseribing the motion of the mass is

d /4L oL o _
%(8:&)_% = 0 or mx+xe = 0

which agrees with the result obtained from Newton’s laws.
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16.20. A particle of mass m moves in the xy plane under the influence of a force of attrac-

16.21.

tion to the origin O of magnitude F(p) >0 where p is the distance of the mass from
0. Set up the equations describing the motion.

Use polar coordinates (p,¢) to locate the position of m Yy
[Fig. 16-10]. Since the rectangular coordinates (w,y) of m
are related to the polar coordinates by 1 P : yl
x = pcos¢, Yy = psing j ¢ ] l
the position vector is given by T : z
p = pecos¢pi+ psingj [ & ——|
where i and j are unit vectors in the x and y directions .
respectively, Thus Fig. 16-10
% = 5 = (bcosg —psing i + (5sing + p cos ¢ $)j
so that the kinetic energy is
2 M o . .
T = %m<%§> = %m",z = %m[(;': cosgp — psing ¢)2 + (psing + p cos¢ ¢)?]
= 3m(p? + p24?)
since the force is given by F = —F(p)p,
where p; is a unit vector in the direction of p and since
= - =
F - VV = ap P1
04
we have 7y = F(p) or vV = F(o)dp
Then the Lagrangian is
L= 1-V = mG+p0 — [ Foyds
Thus the Lagrange equations
dt\ a5 3 ~  dtlag d¢
(13 02 — d 2 M —
become mpo — mpg2 + Fp) = 0, %(mp ) = 0 (2)
From the second equation of (I) we have .
P2 = x @)
where « is a constant. Then using ¢: = x/p2 in the first of equations (1), we obtain
.o Kz
m{e—5) = —Fb) €]
These equations can be used to describe the motion if F'(p) is known.
This problem is useful in discussing the motion of the planets around the sun.
Use Hamilton’s principle to find the equation for the
small vibrations of a flexible stretched string of ,
length I and tension - fixed at its endpoints. ds |
In the vibration [see Fig. 16-11] an element of length dx ‘l’/y(x’ o |
of the string is stretched into an element of length ds where | :
. : 2

- W\, 1/ay)? !
ds = 1+<6a:> dx = [1+2<6w) dx r-—dx—q
approximately, using the binomial theorem and the fact that
(dy/dx)2 is small compared with 1. Fig. 16-11
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The work done per unit length against the force of tension r is then given by

rds—dw) _ 1 (o)’
dx 2 \dx

Thus the total work done for the whole string [which by definition is the potential energy] is given by

_ 1 (" ()
V——Z-J;r<£>dx (1)

The velocity of the string is dy/dt and if the density [mass per unit length)] is x4 then the total
kinetic energy of the string is
— 1 ! iy_ 2 2)
T = Ej; rn dx (

Then Hamilton’s principle states that

ty
3 ft (T—V)dt ®

1

) o) -

Thus by Problem 16.52 with y = ¢, 2 =Y we have

oF & [3F\ _ 4 [oF
oF o (oF\ _ 8 (oF\ _ 5
3Y 0w (ayx) 3y <8yt> 0 *)

where F' is the integrand in (4) given by

[ SIS

or equivalently 3 {

— 2 — g2
F - ‘ryx I‘yt (6)
. . , O ( %y _ 8 ( &
Using (6) in (5) we obtain e <Tax> = % <;z at) )
or if r and p are constants and a2 = r/p we have the required equation
2y _ 2
az ¥ G2 )

STURM-LIOUVILLE SYSTEMS AND RAYLEIGH-RITZ METHODS

16.22. Show that the extremals of I = f ’ [p(x)y’? — q(x)y?*] dx subject to the constraint

J = j ’r(x)yz dr = 1 are solutions of the Sturm-Liouville equation

2 [p@%L] + la@) + @y = 0

We shall find it convenient to use the Lagrange multiplier —A rather than A. Then proceeding
as in Problem 16.8, we must make

H = -\ = f ’[p(x)y'z — q(x)y? — ar(x)y?] dw

an extremum. Denoting the integrand by F and using the Euler equation

afor\ _oF _ o
A 4 Yy

we obtain the required Sturm-Liouville equation.
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16.23. Show that the extremals of

16.24.

£ e - ganp da
fz’ r(x)y? dx

1

where the denominator need not be equal to 1 as in Problem 16.22, are also solutions
of the same Sturm-Liouville system of Problem 16.22,

The ratio of the integrals can be denoted by

A= 1/
Then we have if A is an extremal,
J8I — 18J 81 — \&J

= - = Lsu-
o = 7 = 5 = 8~

T2
—2 f 2y + qu + Mry] Sy dz
= 1 = 0

T2
f ry2 dx

1

using the fact that 8y =0 at x, and z,. Since 8y is arbitrary we are again led to Sturm-Liouville

equation
oY) +qy+arry = 0

Show how to use Problem 16.23 to find eigenvalues and eigenfunctions of the Sturm-
Liouville system

d [ _d_y] + [q(x) +ar(x)]ly = O

@ PO g} * 1 V=

ay(a) + axy’(a) = 0, b.y(b) + bay’(b) = 0

Problem 16.23 with %, =a, 2, =b shows that we can find the eigenfunctions of the Sturm-
Liouville equation by determining the non-trivial functions y(x) which satisfy the conditions
ay(a) + aqsy’(a) = 0, byy(b) + byy'(b) =0 and which make the ratio A =1/J an extremum. The
corresponding values of A are then the eigenvalues. That this is true can be seen by noting that if
an eigenfunction and eigenvalue are given by y,(x) and X, respectively, then for this eigenfunction ¥,

b
f (py? — qud) dz
A= S @

b
f ryf dx

a

On integrating the numerator by parts, we have

b b
f Py — qu})de = f (py)y1dz — quy“,’ dz
a a

a

b fb d ) b .
- Y15 (P —f qy? dx
a a ldm ! a !

br g , b
—f {d—x-(pux)+qyx] ndr = N f Ty} dx
a

a

PN

b
= 0 and the fact that

a

d
2z (Pv) + an =

using the boundary conditions to show that py{y,

Thus it follows from () that A = A,.

It can be proved that the smallest eigenvalue is the minimum value of the ratio in (1) for all
possible functions satisfying the boundary conditions in the Sturm-Liouville problem. This is often
called Rayleigh’s principle,



392 CALCULUS OF VARIATIONS [CHAP. 16

16.25. (a) Find approximately the smallest eigenvalue of the Sturm-Liouville system
Yy’ +rxy = 0, ¥(0) = 0, y(1) = 0
and (b) obtain the corresponding approximate eigenfunction.

(@) This is a special case of Problem 16.24 where p=1, ¢=0, r= 1, a=0, b=1, a;=1,
a;=0,b,=1, b=0. To find the smallest eigenvalue, we consider

1
f y'2dx
[}

\ — (1)
f y2dx
0
Assume that y = Ag+ Az + Agx? + Agad (2
To satisfy #(0) =0, y(1) = 0 we require 4y =0, A3 = —(4,+ Ay) so that (2) becomes
y = Ay(x—a%) + Ag(x? —2?) ®)
Substituting into (1) we find
16847 + 1264,4, — 354; _  168B? + 1268 — 35 @
1642 + 114,4, + 242 16B% + 11B + 2

on dividing numerator and denominator by Ag and writing B = A;/A,. Then A is a minimum
when d\/dB = 0, which leads to

168B2 — 1792B — 637 = 0 %)
with solutions B = 11.01102, —.3443521 (6)

The second value leads to a negative value for A which is clearly impossible from the form of (1).
The first value leads to A = 10.5289. As is easily found, the true eigenvalue is 72 = 9.8696
approximately so that the error is less than 7%. Note that instead of (3) we could have

assumed directly that
y = z(1 —)(ay+ a,x)

which automatically satisfied the boundary conditions and then proceeded as above. Better
approximations could then be arrived at by choosing a convenient number of terms in the series

¥y = z(l—x)(ag+ o1& + agx2+ -+ )
(b) Since B = A,/A, =11.01102, we find from (3)
¥ = 11.01102A4,(x — 23) + Ax(@2—a8) = A,(11.011022 + x2 — 12.01102%3)
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Supplementary Problems

EULER’S EQUATION AND APPLICATIONS

16.26.

16.27.

16.28.

16.29.

16.30.

16.31.

16.32.

16.33.

16.34.

16.35.

THE

16.36.

16.37.

If F(x,y,y') does not involve y explicitly, show that the extremals of
T2
f F(z,y,y') dz
X1
are solutions of E; =
oy

X2
Find the extremals of f V1+y2der and thus show that the shortest distance between two
£3]

points in a plane is a straight line,

(a¢) Show that the shortest distance between two points expressed in polar coordinates (p,¢) by

(PI’ 4’1) and (02’ ¢2) is S
S ()

24 (L) g

p ¢
&y <d¢>

(b) By minimizing the integral in (a) obtain the equation of a straight line in polar coordinates.

Work Problem 16.7, page 381, without using the result of Problem 16.4, showing that the differential
equation to be solved is 1+ y'2 — 2yy” = 0.

T2
Show that if F is a function of y’ alone, then the extremals of f F(x,y,y’) dx are straight lines,
Zy

The shortest distance between two points on any surface is called a geodesic of the surface. Show
that the geodesics on the surface of a sphere of radius a are the arcs of great circles. [Hint:
First show that the element of arc length on the sphere is given by ds2 = a2(dé2 + sin2¢ dg?)
where ¢ and ¢ are spherical coordinates.)

Find the geodesics for (a) a right circular cylinder, (b) a right circular cone,
Find the extremals of f (y'2— y2) dx such that y(0) =0, y(=) =0.
0

According to Fermat’s principle, a light ray travels in a medium from one point to another so
that the time of travel given by f ds
v

where g is arc length and v is velocity, is a minimum. Show that the path of travel is given by

av av
"4 +4202% _ 1 Y
vy 1+y )a 1+y )a 0

Work Problem 16.34 if (a) v=1y, (b) v=1/y, (¢) v=1/\/y and show that the same types of
curves are obtained if we use x in place of y.

VARIATIONAL NOTATION

F, F,8F, — F,8F,
Prove that (a) 6| o) = T
2

7 , (b) 8Fn = nFn=18F, (c) 8y™ = (8y)™.
2

If F is a function of z,y,y’, we have dF = %dm +Z—de +g—::dy’ 8o that by analogy we

Yy
oF
would expect to have §F = —3?870 + %f—l-'sy + %Sy'. Determine whether this analogy is correct

or not by comparing with the result in equation (16), page 376.
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16.38. Use the variational notation to justify the method of Lagrange multipliers given on page 376.
16.39. Work (a) Problem 16.5, (b) Problem 16.7, (c) Problem 16.33 by direct use of the variational symbol.
CONSTRAINTS

16.40. If the curve ¢ of Problem 16.5 is required to have a given length I, what is the shape of ¢ so that
when it is revolved about the x axis the surface generated will be a minimum? Compare the result
with that of Problem 16.5 and explain.

16.41. A curve ¢ of given length ! connects points (z,,%;) and (%,,%;). Find the shape of ¢ so that the
area bounded by ¢, the lines = = x,, z =z, and the z axis will be a maximum.

16.42. A rope of length ! suspended vertically from two fixed points hangs so that its center of gravity
is as low as possible. Prove that the curve in which the rope hangs is a catenary. [The principle
involved here is equivalent to the principle of minimum potential energy in mechanics.]

ki ki

16.43. Find a function y(x) for which (¥'2 —y2) dx is an extremum if J‘ yder =1 and y(0) =0,
1/(17) =1. 1] 0 .

16.44. Of all curves enclosing a region of given area A which one will have the minimum length? Discuss
the relationship of this problem with Problem 16.8.

GENERALIZATIONS

tz * *
16.45. Use the results of equations (20) and (21), page 377, to find extremals of f \,x2+y2 dt and
interpret the results. t
tz * * *
16.46. Find extremals of f \}x2+ ¥2+ 22dt and interpret the results.
t
16.47. Show that a necessary condition for
t2
F(t, 2y, %q, &y, o) dt
ty
subject to the two constraint conditions
t2 o e t2 P
F\(t, ®y, o, 21, %) dt = Ky, f Fo(t, ), 29,24, %) dt = K,
ty t
to be a maximum or minimum is
d/o6\ 96 _ o 4 [3G\_36 _ ,
dt \ oz, oxy ’ dt \ oz, axy
where Ay, A, are Lagrange multipliers and G = F; + M\F| + \F,.
16.48. Show that a necessary condition for
2
f F(e,y,9',9") dx
1
. oF d [oF d2 ( oF
to be an extremum is E —_ E(rf) + W(W) = 0
and explain how the result can be generalized.
T T

16.49. Find a function y(2) such that f y2dx =1 which makes f y”’2dx a minimum if »(0) =0,
Y@ =0, y"(0)=0, y"(xr)=0. ~° 0

1650. If G = G(x,y,2) in a closed region R, show that a necessary condition for

ff (G2 + G+ G2ydxdydz
X

to be an extremum [in this case a minimum] is that V2G =0 in R.
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16.51. (a) Show that in orthogonal curvilinear coordinates u,, us, u3
1 /8G\?2 1 /3G\2 1 /aG\2
— 2 2 2 __ 1 /G =[G = (e
VG2 = G, + Gy + G; = % <au1> + h§ <6u2> + h§ (au3>
where the element of arc length is ds? = A3 dul + hJdul + b3 duj.

(b) Use Problem 16.51 and the fact that dxdydz = hjhohydu, duydug to show that Laplace’s
equation in these curvilinear coordinates is

0 (hahsag) , o (Mhsag) | & (mh2oG) _
duy \ hy @; dug \ Ry dus dug \ hs dug

{ )4

16,52. A surface S having equation 2z = z(x,y) is bounded by | =g, ¥)
a closed curve C whose projection on the xy plane is C’ §
which forms the boundary of a region ® [see Fig. 16-12].
Show that a necessary condition for 2z = z(x,y) to be ;
an extremal of l
................................. - y
f F(z,y,2,p,q) dx dy
R N
where p = 8z2/8x, q = 8z/9y, is ‘ e
oF o [oF 3 [oF .
el el Bl Rl B . 16-1:
9% oz <ap> 3 <aq> 0 Fig. 16-12

16.53. (a) Show that the surface area of S in Problem 16.52 is

ff V1+p24q2dxdy
R
(b) Show that the surface with minimum surface area must be a solution of the equation

8/ » + S/ 2\ -
i <\/1+p2+q2> y <V1+p2+q2>

which can be written as

_ 922 3%z _ 8%

2)p — 2 =2 = = Z%
1+q%)r — 2pgs + (1 + p2)t where r 33 % = Ta e t 32

(¢) Show that pdy — gdx is an exact differential.

V1+p?+ ¢?

16.54. Generalize Problem 16.52 by showing that a necessary condition for z = z(z,y) to be an extremal of

[ Fevzparendd
R
where r,s,t are defined in Problem 16.53, is

OF 8 foF) _ 9 (oF\ , & (oF\ . & (oF)\ & (oF\ _
dz ox \ op 3y \ dq dz2 \ or dz dy \ 08 awr\at) —

16.55. Generalize Problem 16.52 to the case where F = F(z,y,z,u,z,, 2y, Uy, Uy).

16.56. (a) Find a necessary condition for z = z(z,y) to be an extremal of

J]‘ V1+p2+ q2dxdy

R
if ff zdedy =V (a constant)
R

(b) Give a geometric interpretation to part (a).
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16.57.

16.58.

16.59.
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Show that the problem of finding geodesics on a surface ¢(z,y,2) =0 joining points (x;, ¥),2,)
and (zg, Y2, 29) can be found by obtaining the minimum of

Xg 2 2
J; [1/1 + (3—:) + (%) + A=) o(2, ¥, z)] dx

and thus show that these geodesics can be found by solving simultaneously the equations

¢ d ! i
% __ v = )\(x)g—¢, a—x R S = )\(x)a_‘:‘; ¢(Z, Y, z) =0
V1+y2+22 4 V14 y2+22

Assuming that the line x = z, in Problem 16.16 is replaced by a curve g(x,y) = 0 in the vertical

plane, show that the shape of the wire should be a cycloid which intersects the curve at right
angles.

Investigate the problem of the brachistochrone (a) from a curve to a fixed point and (b) between
two curves.

HAMILTON’S PRINCIPLE AND LAGRANGE’S EQUATIONS

16.60.

16.61.

16.62.

16.63.

In a simple pendulum a mass m is suspended from a rod of negligible mass and length ! and the
system can vibrate in a plane {see Fig. 16-13].

() Show that the potential energy of the mass is V = mgl(l1 —cos¢) apart from an additive
constant.

(b) Show that the kinetic energy is T = jmi262.
() Use Lagrange’s equations to show that § + (g/l) sine = 0.

(d) Show that if ¢ is small so that sine¢ = ¢ very nearly, then the period of vibrations is
2rV1/g approximately.

i
|
|

e
wmmj__“w

e
P

N

i Ty
Fig. 16-13 Fig.16-14 Fig. 16-15

Two masses m, and m, are suspended vertically from an inextensible string which in turn passes

around a fixed pulley as shown in Fig. 16-14. Use Lagrange’s equations to show that the accelera-
tion of either mass is given numerically by

(m) — my)g

ml + my
A system consisting of masses m,, m, connected to massless springs having stiffness factors
Ky, o [Fig. 16-15] is free to vibrate vertically under the influence of gravity.

(a) If z, and x, are the displacements of m; and m, respectively from their equilibrium positions,
show that the potential energy of the system is

V = %xle + dxolxy — 24)2
(b) Write the equations of motion of the masses and solve.

(a) Show that for small angles 6y, 6, the equations of motion of the double pendulum of Fig. 16-3,
page 378, are given by

(ml + 7n2)l|.9.l + m212.0’2 = —(m, + mg)gol
Loy + L8y, = —ge,
and (b) find the natural frequencies of the motion.
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16.64. Use Lagrange’s equations to determine the motion of a mass m sliding without friction down an
inclined plane of angle a.

16.65. Show that the equations of motion of a particle of mass m in spherical coordinates (r,6,¢) if the
potential is V(r, ¢, ) are given by

m[¥ — ré2 — rsin2g ¢?| = -V,
d , e . . —
m %(r“’o) — r2singcosd ¢2| = -V,
nt [72sin2g ¢] = =V,
dt ¢
16.66. Use Hamilton’s principle to prove that a system which is in equilibrium has minimum potential

energy.

16.67. A particle of mass m resting on top of a fixed sphere of radius @ is given a slight displacement
so that it slides down the sphere. Assuming no friction, determine the place where it leaves the
sphere.

1668. () A membrane situated in the xy plane executes small transverse vibrations denoted by
2(x,9,t). Assuming that the density and tension are given by x and r respectively, show that
the membrane vibrates so that

5 f: £f {%ﬂ (g—iy — 4 [(g-;)z + (g—;y]} dzdydt = 0

where ® is the region in the xy plane occupied by the membrane.

(b) Use part (a) to show that
B _ (P2,
e @ <ax2+&y2>

STURM-LIOUVILLE SYSTEMS AND RAYLEIGH-RITZ METHODS
16.69. Compare the approximate and exact eigenfunctions of Problem 16.25(b) by first normalizing them

where a2 = r/y,

1
so that f y2dx =1 and then plotting their graphs on the same set of axes.
0

16.70. Express in variational form the problem of solving %" +Ay =0, »(0) =0, ¥'(1) =0 and find the
lowest eigenvalue and the corresponding eigenfunction. Compare with the exact solution.

16.71. Obtain an approximate solution for the extremals of
ks
for-vrtma it VO =y = 0
0
and compare with the exact solution.

16.72. Show that y = b, singz + b, sin 27x satisfies the boundary conditions in Problem 16.25 and
use this to find the approximate eigenvalue and eigenfunction. Discuss the significance of your
findings.

16.73. Use an appropriate trigonometric expansion to obtain an approximate solution to Problem 16.71.

16.74. The equation for a vib.rating spring [see Problem 16.19] is m ¥ + «x = 0. Assuming the boundary
conditions #(0) = 0, z(0) = v,, express the problem in variational form and show how to find the

period approximately by a Rayleigh-Ritz method.

16.75. Express the equation (1 — z2)y” — 2zxy’ + 12y = 0, y(0) =0, y(1) =1 in variational form and
obtain approximate solutions. Compare with the exact solution.

1
16.76. Is it possible to solve Problem 16.25 by finding extremals of f (w2 —My2)dx of the form
¥ = 21 —x)(ay + ayx)? Justify your answer. 0
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16.77. Show that eigenvalues and eigenfunctions for the fourth order Sturm-Liouville type differential
equation

% [S(Z) %:' + d%[p(w) g—ﬂ + [g@) +xr@)y = 0

can be obtained by considering the extremals of

T2
f (py'?2 — qy? —sy”"?) dx
(21

A =
X2
ry2dx
z1
16.78. In the periodic transverse vibrations y(x,t) = v(x) sinwt of a beam which is simply supported
at its endpoints x = 0, x = I, the boundary-value problem which arises is given by
div _ 0’2 — — —_— ’” —_ ’” —
izt b2v =0, v0) = o) = 20) = 2’ =0

(a) Express this in variational form using Problem 16.77 and (b) obtain the lowest “critical”
frequency for the beam.

Answers to Supplementary Problems

16.28. (b) pcos(p+c¢y) = ¢4

1633, y = B,sinnx, n = 1,2,8,...

16.35. (a) Circles (x—c¢)2+ (y—cg? = ¢Z  (b) Catenaries y = ¢, cosh <_‘”__'f'ﬁ>
4

(x—cy)?
(¢) Parabolas y = —z + %e?

2
1643. y = 4(1 —cosz) + }(2— ) sinex
1649, y = B,sinnz, n = 1,2,3,...

2

16.70. Exact solution y = B sin EZ.“."'., exact eigenvalue 1

16.71. y

27 cosx — 2 sinx + 22

16.75. y

3(523 — 3x)



Abel’s identity, 80
Absolute value, 3
of complex numbers, 12
Absolutely convergent series, 6, 7, 21
complex, 301
rearrangement of terms in, 6
Acceleration, 42, 126, 137
centripetal, 137
in eylindrical and spherical coordinates, 145
due to gravity, 42
along a space curve, 137
tangential and normal components of, 137
Amperes, 42
Amplitude, 57
of a complex number, 12, 29
Analytic continuation, 210
Analytic functions, 286, 296
condition for, 287
Analytic part of a Laurent series, 289
Anti-derivative, b
Applications of differential equations, 41, 42,
77, 102, 115, 116
to chemistry, 48, 60
to defiection of beams, 43
to electric circuits, 42, 92, 93, 105, 116
to mechanics, 42, 90-92, 115, 116
to miscellaneous problems, 43
to orthogonal trajectories, 43
Approximate integration, 19, 20, 23
Approximate solutions to differential
equations, 43, 44
Arbitrary constant, 38
Arc length, 126
in cylindrical and spherical coordinates,
140, 141
Area magnification factor, 291
Area under curve, 5, 19, 20
Argand diagram, 12
Argument of a complex number, 12, 29
Associated Legendre functions, 243, 244, 251
orthogonality of, 244
Associative law, for addition and
multiplication of numbers, 1
for addition and multiplication of vectors,
122, 130
for convolutions, 102
failure of for cross products, 124, 135
Asymptotic formula, for Bessel functions, 227
for gamma function, 211
Asymptotic series or expansions, 212, 218,
220, 221
Auxiliary equation, 73
Axioms, 2

Base of logarithms, 2
Battery, 42

INDEX
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Beams, 43
bending of, 43, 61
semi-infinite, 336, 337
Bending moment, 43
Ber and bei functions, 226, 235, 236
Bernoulli’s equation, 40, 52
Bessel functions, 224-241
of first kind and order n, 224, 229-232
functions related to, 235, 236
graphs of, 224
half odd integer order, 224, 229, 230
integral representation of, 233
integrals of, 230, 231
modified, 226
orthogonality of, 227, 236, 237
of second kind and order n, 224, 225, 233-235
series of, 227, 228, 237, 238
solutions of partial differential equations
using, 260, 272-274
zeros of, 227
Bessel’s differential equation, 224
equations transformed into, 226, 236
general solution of, 224, 229, 233-235
Beta function, 211, 212, 215-218
relation of to gamma function, 211
Bilinear transformation, 292
Binomial coefficients, 2
Binomial theorem, 2
Binormal vector, unit, 144
Box product, 124
Boundary-value problems, 41, 42, 46-48, 258, 262
[see also Differential equations]
methods of solving, 260, 261, 268, 271, 272
solution of by complex inversion formula,
335-338
Brachistochrone problem, 382, 386, 387
Branches, 287
Branch line, 310
Branch points, 289, 310
inverse Laplace transforms of functions with,
330, 331
Bromwich contour, 324, 325, 333
Bromwich’s integral formula, 324

Calculus of variations, 375-398
Canonical form, of a linear second order
differential equation, 76, 77, 87
of a quadratic form, 349
Capacitance, 42
Capacitor or condensor, 42
Catenary, 381
Cauchy or Euler equation, 76, 86
Cauchy-Riemann equations, 287, 295-297
in polar coordinates, 318
Cauchy’s inequality, 318
Cauchy’s integral formulas, 288
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Cauchy’s theorem, 287, 288, 297-300
proof of, 298, 299
Cayley-Hamilton theorem, 349, 366
Centimeter, 42
Centrifugal force, 92
Centroid, 157
of a surface, 168
C. G. S. units, 42
Characteristic equation, 73, 348
Characteristic functions, 245
Characteristic values, 245
of a matrix, 848
Characteristic vector, 348
Chemistry, applications of differential
equations to, 43, 60
Clairaut’s equation, 41, 53
Collection, 1
Commutatitive law, for addition and
multiplication of numbers, 1, 12

for addition and multiplication of vectors, 122

for convolutions, 102
for dot products, 123
Complementary equation, 71
solution of, 72, 78
Complete equation, 71, 81-83
Completeness, 194
Complex inversion formula for Laplace
transforms, 324-341
applications of to boundary-value problems,
325
Complex notation for Fourier series, 184
Complex numbers, 1, 11, 12, 28-30
commutative, associative and distributive
laws for, 12
operations with, 11, 28, 29
polar form of, 12, 29, 30
Complex plane, 12
Complex variables, 286-323
methods for solving partial differential
equations by, 261
Components, of a vector, 123
Component vectors, 123
Condensor or capacitor, 42
Conformal mapping, 291, 311-317
definition of, 291
of half plane on to a circle, 292
solutions of Laplace’s equation by, 293,
314-317
Conjugate of a complex number, 12
Conservative force field, 152, 176, 377
Constant coefficients, differential equations
with, 71, 78-76
Constant of integration, 38
Constraints, 11
in calculus of variations problems, 376,
382, 383
Continuity, 4, 14, 15
definition of, 4
for functions of a complex variable, 286,
294, 295
for functions of two or more variables, 8
in an interval, 4
piecewise, 99, 105

INDEX

Continuity (cont.)
relationship of with derivatives, 4, 16
of vector functions, 125
Contour, 290
Convergence, of sequences, 6
absolute [see Absolutely convergent series]
of series, 6
uniform [see Uniform convergence of series]
Convolution theorem, for Fourier transforms,
203, 206
for Laplace transforms, 102
Coordinate curve, 128
Cosine integral, 212
Coulombs, 42
Cramer’s rule, 10, 25, 26
proof of, 359, 360
used in solutions of differential equations, 89
Critical points, 311
Critically damped motion, 91
Cross-cut, 164
Cross or vector products, 124
distributive law for, 124, 132, 133
expressed as determinants, 129, 133
failure of associative and commutative
laws for, 124, 132
Curl, 127, 137-140
of the gradient, 127
in orthogonal curvilinear coordinates, 129
Curvature, 137, 144
Curve, 2
simple closed, 151
Curvilinear coordinates, 128, 140-142
special, 129
used in integrations, 148, 149
Cycloid, 382, 387
Cylinder, temperature in, 337, 338
Cylindrical coordinates, 129

Damped oscillatory motion, 91
Damping force, 91
De Moivre’s theorem, 12, 29, 30
Definite integrals, 5
evaluation of by complex variables, 290
Deflection curve, 43
Deflection of beams, 43
Degree, of a polynomial, 2
Degrees of freedom, 378
Del (V), 126
formulas involving, 127
Density, 259, 263
Density function, 185
Dependent variable, 2, 8, 261
Derivatives, 4, 15-18
definition of, 4
of functions of a complex variable, 286,
295-297
higher order, 4
Laplace transforms of, 106, 107
relationship of with continuity, 4, 16
theorems on, 15-18
of vector functions, 125
Determinants, 9, 10, 8344-346, 852-357
cofactors of, 345



Determinants (cont.)
Cramer’s rule for [see Cramer’s rule]
Laplace expansion of, 345, 353
minors of, 344, 345
of second order, 9
solutions of differential equations using, 89
theorems on, 345, 346
of third order, 10
value of, 845, 852, 365
Dextral system, 123
Difference, of matrices, 342
of vectors, 122
Differentiable functions, 4
Differential, 4, 9, 18, 24, 25
exact, 26
of vector, 125, 186, 137
Differential equations, 38-70, 258-285
classification of, 38, 44, 45
definition of, 38
of families of curves, 39, 46, 47
first order, 39, 40, 45, 46
general solutions of, 89, 45-49
of higher order than first, 41, 53, 54
Laplace transform solutions of, 102,114,115
linear, 71-97
order of, 38, 258
ordinary, 38-70
partial, 268-285
[see also Partial differential equations]
particular solutions of, 89, 45, 46, 48, 258, 262
singular solutions of, 39, 46, 59, 258
solutions of, 38, 45, 46, 102, 114, 115
solvable for one unknown, 41, 53
Differential operators, 71
Differentiation, 4
formulas, 4, 5
Diffusivity, 259, 268
Dirac delta function, 119
Directional derivative, 140
Dirichlet conditions, 188, 188, 189, 201
Dirichlet integrals, 212, 219, 220
Dirichlet problem, 293
Discharge coefficient, 59
Discontinuity, 15, 186, 189 [see also Continuity]
of sum of series, 21
Distributive law, for convolutions, 102
for dot products, 123, 181
for numbers, 1, 12
for vectors, 122
Divergence, of the curl, 127, 139
in cylindrical coordinates, 129, 141
in orthogonal curvilinear coordinates, 128
of a sequence or series, 6
in spherical coordinates, 129
of a vector, 126, 137-140
Divergence theorem, 154, 169-172
proof of, 169, 170
Division, 1
Dot product, 123, 124, 131, 132
Double integrals, 147, 155, 156
in curvilinear coordinates, 158
transformation of, 158
Drum, vibrations of, 273, 274
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Duplication formula for gamma function,
211, 218
Dynes, 42

Eigenvalues and eigenfunctions, 245, 378, 379,
391, 892
Eigenvalues and eigenvectors, 348, 349, 363-365
of a Hermitian matrix, 865, 366
theorems on, 349, 365-368
Elastic curve, 43
Electric and magnetic field vectors, 145
Electric circuits, 42, 56, 57
Electric potential, 259
Electricity, principles of, 42, 259
Electromagnetic theory, 145
Electromotive force, 42
Element, 2
Elementary functions of a complex variable, 286
E.m.f., 42
Envelope, 46, 59
Equality, of complex numbers, 12
of matrices, 342
of vectors, 121
Error function, 212, 221, 272, 331, 832
Essential arbitrary constants, 38
Essential arbitrary functions, 258
Essential singularity, 289, 802, 303
Euler’s constant, 222, 225
Euler’s equation, 76, 86, 375, 879-382
Euler’s formulas or identities, 12, 30, 184
Euler’s method for differential equations, 43,
61-63
Even and odd functions, 80, 183, 190-193, 201
Even extension, 193
Exact differential, 26, 39, 152
Exact Differential equation, 89, 40, 49-51, 77, 87
Existence and uniqueness theorems, 41, 71
Exponential function, 2
Exponential integral, 212
Exponential order, 99, 105
Exponents, 2
Extremal, 875
Extremum, 27, 375
necesary condition for integral to be,
376, 371, 379, 380, 384-386

Factorial function, 210
[see also Gamma function]
Factorial », 2
Factorization of operators, method of, 77, 87, 88
Farads, 42
Fermat’s principle, 893
Flexural rigidity, 43
Flow problems, 59
Force, 42
field, 152
Fourier coefficients, 182, 188
generalized, 199
Fourier cosine series, 183, 184
Fourier expansion [see Fourier series]
Fourier integrals, 201-210
methods of solving partial differential
equations by, 260, 271, 272
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Fourier series, 182-200
approximation to functions by, 194
complex notation for, 184
convergence of, 195-197
definition of, 182, 183
differentiation and integration of, 184, 195
half range, 183, 184, 190-193
methods for solving partial differential
equations by, 260, 267-271
Fourier sine series, 183, 184, 267
Fourier’s integral theorem, 201
[see also Fourier integrals]
connection of with complex inversion
formula, 326
proof of, 206-208
Fourier transforms, 202, 203-205
symmetric form for, 202
Fractional transformation, 292
Frenet-Serret formulas, 144
Frequency, 57
critical, 898
of vibration of a membrane, 274
of vibration of a string, 269
Fresnel sine or cosine integrals, 212
Frobenius, method of, 77, 88, 89
solution of Bessel’s equation, 228, 229
solution of Legendre’s equation, 246
Frobenius series, 77
Functional, 375
Functions, 2, 18, 14
of a complex variable, 286, 294, 295
[see also Complex variables]
multiple-valued, 286
single-valued, 286
of two or more variables, 8, 23-25
Fundamental theorem of caleulus, 5

Gamma function, 99, 103, 210-223
Bessel functions in terms of, 224
Beta function in terms of, 211
recursion formula for, 99
Generalized coordinates, 378
General solutions, of ordinary differential
equations, 39, 45-49
of partial differential equations, 260
Generating functions, for Bessel functions,
225, 232, 283
for Hermite polynomials, 244, 252
for Legendre polynomials, 247
Generator, 42
Geometry problems, 58, 59
Gradient, 126, 127, 137-140
in cylindrical coordinates, 129, 141
in orthogonal curvilinear coordinates, 128
Gram, 42
Gravitation, theory of, 259
Gravitational potential, 259
Gravity, acceleration due to, 42
Greater than, 1
Green’s theorem in space, 154
Green’s theorem in the plane, 151, 152, 162-165
proof of for multiply-connected regions,
163, 164

INDEX

Green’s theorem in the plane (cont.)
proof of for simply-connected regions, 162, 163

Half plane, mapping of on to the unit circle,
292, 298, 312, 316
Half range Fourier series, 188, 184, 190-193
Hamilton-Cayley theorem
[see Cayley-Hamilton theorem]
Hamilton’s principle, 877, 378, 387, 388
derivation of Lagrange’s equations from, 388
proof of, 387, 388
Hankel functions of first and second kinds,
226, 235
Harmonic functions, 287, 314, 315
Heat conduction equation, 259
derivation of, 263
Heat fiow, 43, 267
Heaviside’s unit step function
[see Unit step function]
Henries, 42
Hermite polynomials, 244, 252, 253
generating function for, 244, 252
orthogonality of, 252, 2563
Rodrigue’s formula for, 244
Hermitian matrix, 344, 249
eigenvalues of, 365, 366
Homogeneous differential equations, 40, 51, 52
Homogeneous equation, 71, 81, 82
solution, 72, 73
Hooke’s law, 90
Hyperbolic functions, 3
Hypocycloid, 59

Infinite series, 6
convergence and divergence of, 6
theorems on, 6, 7
Initial point, of a vector, 121
Integers, 1
Integral equations, 118, 204, 206
Integral test, 7, 20, 21
Integrals, 5, 18-20
of functions of a complex variable, 287,
297-300
line [see Line integrals]
maximum or minimum of, 875
multiple [see Multiple integrals)
Integrating factors, 40, 50, 51
depending on only one variable, 50, 51
Integration, §
formulas, 5, 6
interchange of order of, 148
by parts, 5, 19
by substitution, 6, 19
Interval of convergence, 8
Inverse, of addition, 1
of logarithmic functions, 2
of a matrix, 346, 357, 368, 360, 361
of multiplication, 1
Inverse Fourier transform, 202
Inverse hyperbolic functions, 38
expressed as logarithms, 3, 14
Inverse Laplace transforms, 99, 100
complex inversion formula for, 324-341



Inverse Laplace transforms (cont.)
elementary, 106
of functions with branch points, 825, 330-332
of functions with infinitely many

singularities, 332-334

theorems for finding, 111-113
uniqueness of, 100

Inverse operators, 75, 76

Inverse trigonometric functions, 3

Inversion, 292

Irrational number, 1
proof that V2 is an, 13

Isogonal, 291

Isolated singularity, 288

Isoperimetric problem, 376, 383

Iterated integrals, 147, 148

Jacobian, 127, 128, 142
for analytic function, 312
of a transformation, 128
used in transforming integrals, 149

Kilogram, 42

Kinetic energy, 377, 378, 387
Kirchhoff’s laws, 42, 66, 57, 93
Kronecker’s symbol, 185
Kutta-Runge method, 44, 64, 65

Lagrange multipliers, method of, 11, 26-28
proof of, 27, 28
used in calculus of variations, 376
Lagrange’s equations, 378, 388
Lagrangian, 378, 388
Laguerre polynomials, 244, 245, 253
orthogonality of, 253
Laplace inversion formulas, 102
complex, 102
Laplace transform operator, 98
linearity of, 98, 105
Laplace transforms, 98-120
convolution theorem for, 102
definition of, 98
of elementary functions, 98, 103-105
existence of, 98, 105
integration of, 101
inverse [see Inverse Laplace transforms]
methods of solving partial differential
equations by, 260, 277
special theorems on, 101, 102, 108-111
Laplace’s equation, 259, 263, 287
Laplacian, 127
in cylindrical coordinates, 129, 142
in orthogonal curvilinear coordinates, 129
Laurent’s series, 289, 302, 303
Laurent’s theorem, 319
Law of the mean, 8
Left and right hand limits, 188
Legendre functions, 242-251
[8ee also Legendre polynomials]
associated [see Associated Legendre functions]
of the second kind, 242, 243, 248, 249
Legendre polynomials, 242, 246, 247
[see also Legendre functions]
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Legendre polynomials (cont.)
generating function for, 242
orthogonality of, 243, 249, 250
recurrence formulas for, 242
series of, 248, 250, 251
solutions of partial differential equations
using, 275, 276
Legendre’s differential equation, 242, 243
general solution of, 242
Leibnitz’s rule for differentiating an integral,
11, 28
Length or magnitude of a vector, 121
Lerch’s theorem, 100
Less than, 1
Limits, 8, 4, 14, 15
definition of, 8
for functions of a complex variable,
286, 294, 295
for functions of two or more variables, 8
theorems on, 4, 15
of vector functions, 125
Linear dependence and independence, 72, 73,
79, 80
connection of with Wronskians
[see Wronskians]
Linear differential equations, 40, 51, 71-97, 258
first order, 40, 51
general, 71
homogeneous, 40, 51, 52, 258
solution of by determinants, 89
Linear equations, 9, 10, 25, 26
determinant of system of, 348
homogeneous, 347
inconsistent, 361
linearly dependent, 348, 362
matrix form of, 847
non-homogeneous, 347
solution of by Cramer’s rule
{see Cramer’s rule]
systems of, 847, 859-362
trivial solutions of, 348
Line integrals, 149-152, 160-162
connection of with complex integrals, 287
evaluation of, 150, 151
Green’s theorem and [see Green’s theorem]
independence of path of, 152
properties of, 151
vector notation for, 150
Logarithmic functions, 2
rules of, 13

Magnetic and eelctric field vectors, 145
Magnification factor, 291
Magnitude or length of a vector, 121
Mapping, conformal [see Conformal mapping)
Mass, 42, 167, 259
Mathematical formulation of physical
problems, 42
Mathematical models, 42
Matrices, 342-874
addition of, 342
associative and distributive laws for, 343, 350
column, 342
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Matrices (cont.)
complex, 342
complex conjugates of, 344
conformable, 343
definition of, 342
determinants of [see Determinants]
diagonal, 344
elements of, 342
equality of, 342
failure of commutative law for, 343, 350
Hermitian, 344, 349, 351, 365, 366
inverses of, 346, 357, 858, 360, 361
linear dependence of, 346, 356
multiplication of, 343
null or zero, 344
operations with, 350-352
as operators, 349
orthogonal, 346, 347, 358, 359, 365, 366
powers of, 343
principal or main diagonal of, 344
real, 342, 343
reduction of to diagonal form, 349
row, 342
singular, 346
skew-Hermitian, 344, 349
skew-symmetric, 348, 3851
square, 342
subtraction of, 342
symmetric, 343, 351
trace of, 8344
transform of, 349
transpose of, 343
unitary, 346, 347, 349, 358, 359
zero or null, 344
Maxima and minima, 11, 26-28
[see also Extremum]
for integrals, 376
Lagrange multipliers for finding, 11, 26-28
relative, 11
Maxwell’s equations, 145
Mean, 183
Mean square error, 194, 200
Mean-value theorem, 8
Mechanics, 42, 126
problems, 54-56
Member, 2
Membrane, vibrations of, 273, 274, 397
Meter, 42
M.K.S. system, 42
Modulus, of complex number, 12, 29
of elasticity, 259, 260
Young’s, 43
Moebius strip, 169
Moment of inertia, 48, 155, 167, 260
polar, 156-157
Moments, 157, 167
bending, 48
Momentum, 42
Multiple integrals, 147-149, 155-160
evaluation of, 155-157
transformation of, 158-160
Multiple-valued functions, 295
Multiply-connected regions, 164

INDEX

Musical tone, 269, 274

Natural base of logarithms, 2
Natural frequency, 91
Natural logarithms, 2
Natural modes, of a vibrating membrane, 274
of a vibrating string, 269
Natural numbers, 1
Negative numbers, 1
Negative sense for traversing a curve, 151, 162
Neumann function, 224
Newtons, 42
Newton’s law of cooling, 60
Newton’s law of mechanics, 42, 54
derivation of Hamilton’s principle from,
387, 388
Noise, 274
Non-analytic funections, 295, 296
Non-homogeneous equation, 71, 347
Non-linear differential equation, 71
Normalized functions, 185
Normal line to a surface, 139 .
Normal modes of vibration [gee Natural modes]
Normal plane to a space curve, 139, 140
Normal vector to a surface, 126, 138
unit, 137
Null vector, 122
Numerical methods, for integration, 19, 20, 28
for obtaining eigenvalues, 379, 390-392
for solving differential equations, 438, 44, 61-65
Odd extension, 192
0Odd functions [see Even and odd functions]
Ohms, 42
Operator, linear, 71, 78
Operator notation, 71
Operator polynomials in D, 71
Operator techniques for solving differential
equations, 75, 76, 83-86
Orthogonal curvilinear coordinates, 127, 128
Orthogonal functions, 184, 185, 197, 198
Orthogonal trajectories, 43, 58, 297
Orthogonality, of Bessel functions, 227, 236, 237
of Hermite polynomials, 244
of Laguerre polynomials, 244
of Legendre polynomials, 243
Orthonormal series, 185
Orthonormal set of functions, 185, 197
as solutions of Sturm-Liouville systems, 245
Orthonormal vectors, 859

Parabolic cylindrical coordinates, 145
Paralle] vectors, condition for, 124
Parallelepiped, volume of, 124, 134
Farallelogram, area of, 124, 133
Parallelogram law, for complex numbers, 85
for vectors, 121
Parameters, 89, 43, 47, 48
Parseval’s identity, 184, 193, 194, 241
for Fourier transforms, 202, 203, 205
Partial derivatives, 8, 9, 23-25
Partial differential equations, 258-285
classification of, 261
definition of, 258



Partial differential equations (cont.)
elliptic, 258, 261
existence and uniqueness theorems for, 258
general solution of, 268, 262, 263, 277
homogeneous, 258
hyperbolic, 258, 261
linear, 258, 261
non-homogeneous, 258
non-linear, 258, 261
order of, 258
parabolic, 258, 261
particular solution of, 258, 262
singular solutions of, 258
solutions of, 258, 262-264
sone important, 259, 260, 263, 264
Partial fractions, 84
used in finding inverse Laplace transforms,
102, 118,114
Partial sums, 6
Particular solution, 89, 45, 46, 268, 262, 263
of a linear differential equation, 72-74, 260
Pendulum, 378
Period, 57, 182
Periodic functions, 2, 182
Laplace transforms of, 101
Perpendicular vectors, condition for, 124
Picard’s method, 44, 63, 64
Piecewise continuity, 99, 105
Plane, equation of, 135
Planets, motion of, 389
Points, on a line, 1
Polar coordinates, 158, 168
Polar form of complex numbers, 12, 29, 30
Polar moment of inertia, 156
Poles, 288, 289
Polynomials, 2
Position vector, 123
Positive integers, 1
Positive normal, 154
Positive numbers, 1
Positive sense for traversing a curve, 151, 162
Postulates, 2
Potential, 42, 877, 878, 387
equation, 259
function, 377, 878
of a hollow sphere, 276, 277
Potential energy, principle of minimum, 394
Power series, 8
uniform convergence of, 8
Primitive, 39
Principal branch, 295
Principal normal vector to a space curve,
137, 144
Principal part of a Laurent series, 289
Principal value of logarithms, 295
Product, cross [see Cross product]
dot [see Dot product]
of matrices, 343

Quadratic equation, 29
Quadratic form, 349, 367, 368, 370
in n variables, 370
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Quadratic form (cont.)
reduction of to canonical form, 349, 368
symmetric, 370

Quotient, 1

Radioactivity, 43
Radium, decay of, 60
Radius of curvature, 137, 144
Radius of torsion, 144
Radius vector, 123
Ratio test, 7
Rational numbers, 1
Rayleigh-Ritz methods, 879, 390-392
Rayleigh’s principle, 391
Real numbers, 1, 13
Real part, of a complex number, 12, 286
Rectangular component vectors, 123
Rectangular coordinate system, right handed,
122
Rectangular coordinates, 128
Rectified sine wave, 111
Recurrence or recursion formulas, 77
for Bessel functions, 225, 230
for gamma function, 210
for Hermite polynomials, 244
for Laguerre polynomials, 245
for Legendre polynomials, 248
for modified Bessel functions, 235
Reduced equation, 71, 80, 81
Reduction of order, method of, 75, 77, 81
Region of convergence of series, 7
Relative maxima and minima, 11
[see also Maxima and minima]
Remainder, in Taylor series, 8
Removable singularity, 289, 303
Residue theorem, 289, 290, 304-306
evaluation of integrals by, 306-311
proof of, 304, 305
use of in finding inverse Laplace transforms,
324, 328-338
Residues, 289, 304-306 [see also Residue Theorem]
Resistance, 42
Resistor, 42
Resonance, 91
Resultant of vectors, 121
Riemann-Cauchy equations
[see Cauchy-Riemann equations]
Riemann’s mapping theorem, 291, 292
Riemann’s theorem, 195, 207
Right and left hand limits, 183
Right handed coordinate system, 128
Rodrigue’s formula, for Hermite polynomials,
244
for Laguerre polynomials, 244
for Lagendre polynomials, 242, 247
Roots, of complex numbers, 12
of polynomial equations, 2
Rotation, 292
expressed in matrix form, 350
Rules of algebra, 1
Runge-Kutta method, 44, 64, 65

Saturated solutions, 60
Scalar field, 125
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Scalar product [see Dot product]
of column vectors, 347
Scalar triple product, 124
expressed as a determinant, 134
Secalars, 121
Scale factors, 128, 140, 141
Schwarz-Christoffel transformation, 293,
312, 318
proof of, 312,313
Semi-infinite solid, temperature in, 335
Separation of variables, for first order
differential equations, 39, 48, 49

for partial differential equations, 260, 266, 267

Sequence, 6, 7, 20, 21
definition of, 6
limit of, 6, 20
Series, 6, 7
absolutely convergent
' [see Absolutely convergent series]
complex, 301-304
infinite, 6
methods, 77, 88, 89
power [see Power series]
Set, 1
Signs, rules of, 2
Simple closed curves, 151
Simple harmonic motion, 91, 92
Simple pole, 288, 303
Simply-connected regions, 151, 164
Green’s theorem for, 162, 163
Simpson’s rule, 32
Simultaneous differential equations, 77, 89
Sine integral, 212
Singular points, 288
[see also Essential singularity]
defined from Laurent series, 289
Singular solution, 39, 46, 59, 258
Slope, 4, 11
Soap films, 381
Space curve, 126
normal plane to, 139, 140
parametric equations for, 126
tangent line to, 139, 140
Special functions, 212, 220, 221
Specific heat, 259, 263
Speed, 126
Spherical coordinates, 129
Spring, weight suspended from, 90, 91, 388
Stationary value, 375
Steady-state current, 56, 92
Steady-state heat flow, 263
Steady-state temperature, 259, 268
of a plate, 270, 271
of a semi-infinite slab, 317
Step by step or Euler method, 43
Stirling’s asymptotic formula and series,
211, 219
Stokes’ theorem, 154, 172-176
proof of, 172, 178
Strain, 259
Stream funetion, 297
Stress, 259
Stretching, 292

Sturm-Liouville systems, 245, 254, 255, 378,
379, 390-392
formulated in terms of calculus of variations,
378, 379
orthogonality of solutions of, 255
reality of eigenvalues of, 254, 255
Submatrices, 370
Subset, 1
Subtraction, 1
Sum, of infinite series, 6
of matrices, 342
of vectors, 121
Superposition principle, 72, 260, 267
Surface area, 167, 168
Surface integrals, 163, 166, 167
minimum, 380, 381
Surfaces, 8
one sided, 169
two sided, 153
vectors perpendicular to, 138

Tangent line, 4
to a space curve, 139, 140
Tangent plane to a surface, 139
Tangent vector, unit, 126, 137, 144
Taylor series, 8, 23
for functions of a complex variable, 288, 302
for functions of two or more variables, 9, 25
method for solving differential equations,
44, 63, 65
Taylor’s theorem, 302
Temperature, 43
in a bar, 266, 267, 271, 272
in a circular plate, 272, 273
problem on, 60
in a solid, 259, 263
steady-state [see Steady-state temperature]
Tension, 259, 264
Terminal point, of a vector, 121
Thermal conductivity, 259, 263
Thermodynamies, 145
Torsion, 144
Transformation equations, 127
Transformations, 6
general, 292
integration using, 6, 158-160
involving complex variables, 310
involving matrices, 349, 350
of variables, 76, 77
Transient current, 56, 92
Translation, 292
Translation theorems, for Laplace transforms,
101
Transverse vibrations, of a beam, 260, 336, 337
of a string, 259, 336
Trapezoidal rule, 20, 32
Trial solution, 73, 74, 81, 82
Triangle, area of, 134
Trigonometric functions, 2, 8
Triple integrals, 148, 156, 157
in cylindrical coordinates, 160
in curvilinear coordinates, 159
transformation of, 159



Triple products, 124, 125, 134, 135
Trivial solution, 362

Undetermined coefficients method, 73, 74, 81, 82
for solving partial differential equations,
265, 266
Uniform convergence of series, 7, 21-23
with complex terms, 301
connection of with Fourier series, 184, 188, 193
continuity and, 22
and termwise integration, 22
theorems on, 7
Weierstrass M test for, 7, 22
Uniqueness and existence, of Laplace
transforms, 100
of solutions of differential equations, 41, 258
Unit circle or disk, 291
Unit step function, 100, 107, 108
Laplace transform of, 100, 107
Unit vectors, 122, 185
rectangular, 122, 123
Units, 42

Value of a function, 2
Variable coefficients, differential equations with,
71, 76, 717
Variation of parameters, 74, 77, 82
Variational notation, 876, 377, 383, 384
Vector [see also Vectors]
algebra, 121, 122, 130, 131
analysis, 121-146
column, 342
field, 125
functions, 125
multiplication of by a scalar, 122
product, 124
row, 342
triple product, 124
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Vectors, 121
geometric interpretation for derivatives of,
126
orthogonal, 846
Velocity, 42, 126, 137
of light, 145
along a space curve, 137
Velocity potential, 297
Vibrating spring, 90, 91, 388
Vibrating string equation, 259, 268, 269,
336, 389, 390
derivation of, 264, 389, 390
Vibrations of a beam, longitudinal, 259
transverse, 260
Vibrations of a membrane, 273, 274, 397
Virtual displacement, 387
Voltage, 42
Volts, 42
Volume element, in e¢ylindrical and spherical
coordinates, 129
in curvilinear coordinates, 128

Weierstrass M test, 7, 301
for integrals, 38, 208
Weight function, 185
Work, 150, 152, 162, 176, 387
Wronskians, 72-74, 79, 80
of Bessel functions, 282

xy coordinate system, 2
Young’s modulus, 43

Zero, 1
matrix, 344
vector, 122
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